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To our families



The dimmed outlines of phenomenal things all merge into one another unless we put on the
focusing glass of theory, and screw it up sometimes to one pitch of definition and sometimes
to another, so as to see down into different depths through the great millstone of the world.

Analogies, James Clerk Maxwell
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Preface

The idea for this book arose from the observation that similar-looking patterns
occur in widely different systems under a variety of conditions. In many cases
the patterns are familiar and have been studied for many years. This is true for
phase-segregating mixtures where domains of two phases form and coarsen in
time. A large spectrum of liquid crystal phases is known to arise from the organiza-
tion of rod-like molecules to form spatial patterns. The self-assembly of molecular
groups into complex structures is the basis for many of the developments in nano-
material technology. If systems are studied in far-from-equilibrium conditions, in
addition to spatial structures that are similar to those in equilibrium systems, new
structures with distinctive properties are seen. Since systems driven out of equilib-
rium by flows of matter or energy are commonly encountered in nature, the study
of these systems takes on added importance. Many biological systems fall into this
far-from-equilibrium category.

In an attempt to understand physical phenomena or design materials with new
properties, researchers often combine elements from the descriptions of equilibrium
and nonequilibrium systems. Typically, pattern formation in equilibrium systems
is studied through evolution equations that involve a free energy functional. In
far-from-equilibrium conditions such a description is often not possible. However,
amplitude equations for the time evolution of the slow modes of the system play the
role that free-energy-based equations take in equilibrium systems. Many systems
can be modeled by utilizing both equilibrium and nonequilibrium concepts.

Currently, a wide variety of methods is being used to analyze self-organization
and self-assembly. In particular, microscopic and mesoscopic approaches are being
developed to study complex self-assembly in considerable detail. On mesoscales,
fluctuations are important and influence the self-organization one sees on small
scales, such as in the living cell. Nevertheless, many common aspects of these
pattern-forming processes can be modeled in terms of order parameter fields, which
describe the dynamics of relevant collective variables of the system. The patterns
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xiv Preface

that are formed and the way they evolve are often controlled by certain common
elements that include the presence of interfaces, interfacial curvature, and defects.

In order to present an approach to the study of such self-assembled or self-
organized structures that highlights common features, we have intentionally limited
the scope of the presentation to descriptions based on equations for order param-
eter fields. Approaches of this type are able to capture the gross features of pattern
formation processes in diverse systems, including those in the equilibrium and far-
from-equilibrium domains. We have also intentionally omitted descriptions based
on various coarse-gained molecular dynamics methods and a variety of other meso-
scopic particle-based methods, which are proving to be powerful tools for the study
of such systems. In addition, to sharply focus our presentation we have restricted
our discussion to systems where hydrodynamic flows are not important.

Aselection of the material in this book formed the basis for a one-semester course
entitled “Interface Dynamics and Pattern Formation in Nonequilibrium Systems”
given jointly in the Departments of Chemistry and Physics at the University of
Toronto. Many of the topics covered in the book have been the subjects of intense
investigations, and a large literature exists. In order to make the material as self-
contained as possible, in most cases we have provided an introduction to each
topic in a form that allows the main ideas to be exposed and derived from basic
principles. The final chapters of the book provide some additional examples of
applications that combine the two underlying themes that are developed in the
book: free-energy-functional and amplitude-equation descriptions. These chapters
show how the dynamics of physical and biological systems can be modeled using
the concepts developed in the body of the book.

Some of the material presented in the book derives from work with our col-
leagues and students. In particular we would like to acknowledge the contributions
of Augustí Careta, Hugues Chaté, Francisco Chávez, Mario Cosenza, Jörn David-
sen, Ken Elder, Simon Fraser, Leon Glass, Martin Grant, Andrew Goryachev,
Daniel Gruner, Christopher Hemming, Zhi-Feng Huang,Anna Lawniczak, François
Léonard, Roberto Livi, Anatoly Malevanets, Paul Masiar, Alexander Mikhailov,
Gian-Luca Oppo, Antonio Politi, Sanjay Puri, Tim Rogers, Katrin Rohlf, Chris
Roland, Guillaume Rousseau, Celeste Sagui, Ken Showalter, Kay Tucci, Mikhail
Velikanov, Xiao-Guang Wu, Chuck Yeung, and Meng Zhan. We also owe a special
debt of gratitude to our colleagues who read and commented on portions of the book:
Markus Bär, Jörn Davidsen, Walter Goldburg, Jim Gunton, Christopher Hemming,
Zhi-Feng Huang, Chuck Knobler, Maureen Kapral, Alexander Mikhailov, Steve
Morris, Evelyn Sander, Len Sander, Celeste Sagui, Peter Voorhees, Tom Wanner,
Chuck Yeung, and Royce Zia. The preparation of this book would have been dif-
ficult without the help of Suzy Arbuckle and Raul Cunha, and we would like to
express our special gratitude to them for their assistance.



1

Self-organized and self-assembled structures

Almost all systems we encounter in nature possess some sort of form or structure.
It is then natural to ask how such structure arises, and how it changes with time.
Structures that arise as a result of the interaction of a system with a template that
determines the pattern are easy to understand. Lithographic techniques rely on
the existence of a template that is used to produce a material with a given spa-
tial pattern. Such pattern-forming methods are used widely, and soft lithographic
techniques are being applied on nanoscales to produce new materials with dis-
tinctive properties (Xia and Whitesides, 1998). Less easily understood, and more
ubiquitous, are self-organized structures that arise from an initially unstructured
state without the action of an agent that predetermines the pattern. Such self-
organized structures emerge from cooperative interactions among the molecular
constituents of the system and often exhibit properties that are distinct from those
of their constituent elements. These pattern formation processes are the subject of
this book.

Self-organized structures appear in a variety of different contexts, many of which
are familiar from daily experience. Consider a binary solution composed of two
partially miscible components. For some values of the temperature, the equilibrium
solution will exist as a single homogeneous phase. If the temperature is suddenly
changed so that the system now lies in the two-phase region of the equilibrium
phase diagram, the system will spontaneously form spatial domains composed of
the two immiscible solutions with a characteristic morphology that depends on the
conditions under which the temperature quench was carried out.The spatial domains
will evolve in time until a final two-phase equilibrium state is reached. The evolution
of such structures is governed by thermodynamic free energy functions, suitably
generalized to account for the heterogeneity of the medium and the existence of
interfaces separating the coexisting phases. The spontaneous formation of such
structures is the system’s response to an initial instability or metastability (Bray,
1994; Debenedetti, 1996; Dattagupta and Puri, 2004).
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2 Self-organized and self-assembled structures

Fig. 1.1. Schematic depictions of hexagonal, gyroid and lamellar nanocompos-
ites that result from the self-assembly of diacetylenic surfactants on silica. From
Brinker (2004), p. 631, Figure 6a.

The formation of macroscopic coherent spatiotemporal structures arising from an
initial instability or metastability is often a consequence of some inherent symmetry-
breaking element. Fluctuations and conservation laws also play an important role in
determining the character of the time evolution leading to self-organized structures.
As the system evolves, interfaces which delineate the boundaries of local domains
also move: thus an understanding of interface dynamics, and more generally of
defect dynamics, is a central feature of the evolution of self-organized structures.

Ultimately, self-organized structures have their origin in the nature of the inter-
molecular forces that govern the dynamics of a system. In some instances, the
connection between the macroscopic coherent structure and specific features of the
intermolecular forces is rather direct. Self-assembly of molecular constituents in
solution is such a process. Self-assembly leads to a variety of three-dimensional
structures: strong hydrophobic attraction between hydrocarbon molecules can cause
short chain amphiphilic molecules to organize into spherical micelles, cylindrical
rod-like micelles, bilayer sheets, and other bicontinuous or tri-continuous struc-
tures (Fig. 1.1) (Gelbart et al., 1994; Grosberg and Khokhlov, 1997; Brinker,
2004; Ozin andArsenault, 2005; Pelesko, 2007). Self-assembly of long-chain block
copolymers can also occur through microphase separation as a result of covalent
bonds between otherwise immiscible parts of the polymer. This process can lead
to three-dimensional structures with topologies similar to those of amphiphilic
molecules (Fredrickson and Bates, 1996; Bates, 2005). Similarly, two-dimensional
systems, such as Langmuir monolayers at a water–air interface or uniaxial ferromag-
netic films, can self-assemble into unidirectional periodic stripes and hexagonally
arranged circular drops as a result of the competition between long-range repulsive
dipolar interactions and relatively shorter-range attractive van der Waals inter-
actions. Monolayers on a metallic substrate can also self-organize into ordered
structures (Fig. 1.2). The most direct way to model such self-assembly is by fol-
lowing the motions of the constituent elements by molecular dynamics. A number
of different coarse-grain schemes have been devised in order to extend the size,
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Fig. 1.2. Results of a molecular dynamics simulation of a densely packed assembly
of 16-mercapto-hexadecanoic acid molecules tethered to a gold surface. From
Lahann and Langer (2005), p. 185, Figure 2.

Fig. 1.3. Spiral wave CO oxidation patterns on the surface of a Pt(110) sur-
face. Reprinted with permission from Nettesheim et al. (1993). Copyright 1993,
American Institute of Physics.

length, and timescales of such simulations (Karttunen et al., 2004; Nielsen et al.,
2004; Venturoli et al., 2006). On mesoscopic scales self-assembly can be analyzed
and understood through models based on free energy functionals and relaxational
dynamics.

Self-organized structures also arise in systems that are forced by external flows
of matter or energy to remain far from equilibrium (Nicolis and Prigogine, 1977;
Kapral and Showalter, 1995; Walgraef, 1997; Manrubia et al., 2004; Hoyle, 2006;
Pismen, 2006). If chemical reagents are continuously supplied to and removed from
a container where an oxidation reaction takes place on a catalytic surface, in many
circumstances the chemical reaction does not occur homogeneously over the entire
surface but instead proceeds by the propagation of chemical waves of oxidation that
travel across the catalytic surface. The combination of nonlinear chemical kinetics
and conditions that force the reaction to occur in far-from-equilibrium conditions
is responsible for the existence of the evolving patterns of chemical waves seen on
the surface of the catalyst (Fig. 1.3).



4 Self-organized and self-assembled structures

Biological systems almost always operate under far-from-equilibrium conditions
since input of chemical and other energy sources is needed to maintain the living
state. Consequently, the conditions for the appearance of self-organized structures
are present in these systems. Indeed, the nonlinear chemistry associated with bio-
chemical networks, in combination with diffusion of chemical species, can lead
to the formation of chemical waves which are often implicated in the mechanisms
responsible for biological function (Winfree, 1987, 2001; Murray, 1989; Goldbeter,
1996). Chemical waves are known to play a role in cell signaling processes leading
to cell division, aggregation processes in colonies of the amoeba Dictyostelium
discoideum, and the pumping action of the heart, to name a few examples. Per-
haps even more interesting is the fact that chemical patterns have been observed in
individual living cells (Petty et al., 2000).

Although applications to fluid dynamics are not considered in this book, fluid flow
also provides many examples of self-organized structures (Cross and Hohenberg,
1993; Frisch, 1995; Nicolis, 1995; Walgraef, 1997). The hexagonal patterns arising
from Rayleigh–Bénard convection when a fluid is heated from below are familiar,
as are the complex spatiotemporal patterns seen in turbulent fluids. In such cases,
descriptions of the origins and dynamics of the patterns are usually based on an
analysis of the Navier–Stokes equation; the instabilities are seen to emerge as a
result of the convective nonlinear terms in this equation.

In contrast to equilibrium systems, in far-from-equilibrium systems free energy
functions do not always exist, and the description of the dynamics of self-organized
structures must be based on different premises. In the case of chemical and bio-
chemical systems the starting point is usually a reaction–diffusion equation, while,
as noted above, for fluid dynamics problems the Navier–Stokes equation is a natural
starting point for the analysis.

In spite of the fundamental differences in the origins of diverse self-organized
structures, there are often superficial similarities in their forms, and there exist com-
mon basic elements which are needed to understand their formation and evolution.
At the macroscopic level, one needs a description in terms of suitable field variables
or order parameters that account for the existence of spatial structure in the system.
Other common elements include the presence of interfaces that separate phases
or spatial domains that constitute the self-organized structure, and the existence of
defects in the medium. Both of these features often control the dynamical evolution
of the structure on certain time scales.

During the second half of the twentieth century, the concept of universality
played a major role in our understanding of structural correlations and dynamics
in condensed matter systems. Starting with Landau’s unifying concept of the order
parameter (Landau, 1937) and culminating in the renormalization group theory of
critical phenomena (Wilson and Kogut, 1974), these developments demonstrated
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that a description of the relevant physics does not necessarily lie at the smallest
available length or time scales for many fundamental problems. In many instances,
the description of the dynamics of self-organized structures in nonequilibrium sys-
tems can be examined within a similar context. Consequently, often a macroscopic
perspective may be adopted to describe the dynamics of these structures. Even for
situations such as self-assembly where the crucial role of the underlying intermolec-
ular forces is evident, the nature and dynamics of the self-assembled structures on
long distance and time scales can be captured by approaches based on suitably
defined field variables. While the use of such a perspective limits the spatial and
temporal scales on which the description is valid, it is general enough to pro-
vide a basis for understanding most of the commonly observed structures, even on
mesoscopic scales.

In the chapters that follow we describe the dynamics of self-organized structures
based on equations of motion for order parameter fields, which provide a descrip-
tion of systems at the mesoscopic and macroscopic levels. Equations of motion
for such order parameter fields can be constructed for systems described by free
energy functionals, as well as for systems which are constrained to lie far from
equilibrium, for which no such functionals exist. Such formulations enable one to
identify similarities in both the forms of the self-organized structures and features
that determine their evolution in equilibrium and far-from-equilibrium systems.

We begin with an analysis of the familiar phenomenon of phase segregation fol-
lowing a quench of a system into the two-phase region of the phase diagram. An
essential ingredient in the dynamics is the behavior of interfaces separating domains
of coexisting phases, and we develop a description of such interface dynamics.
Domain segregation is modified when long-range repulsive interactions exist: the
theoretical description of these systems is considered. In the far-from-equilibrium
regime, the order parameter equations are constructed on the basis of weakly non-
linear theory where crucial slow modes are identified in the dynamics. Once again
interfaces and fronts play an important role in determining the evolution of the
system. Because of the lack of a free energy functional, a much richer variety of
self-organized structures is observed, which includes structures with periodic or
chaotic temporal behavior. While no truly unified picture of diverse self-organizing
structures is possible, the presentation in this book provides the tools needed to ana-
lyze and understand the origins of various types of self-organized structure. The
material should permit one to see similarities in the structures observed in nonequi-
librium and driven systems, and draw parallels in the methods used to describe the
phenomena.



2

Order parameter, free energy,
and phase transitions

The kinetics of first-order phase transitions involves the separation of an initially
one-phase system into two coexisting phases. The formation and coarsening of
domains of the coexisting phases as the system evolves are of central interest. The
phase segregation process is usually studied by first preparing the system in a region
of the phase diagram where the homogeneous state is stable. The system is then
suddenly quenched into the two-phase region, and segregation into domains of the
two stable phases takes place. Such phase segregation arises in a variety of phys-
ical contexts, including binary alloys and fluid mixtures, ferromagnetic systems,
superfluids, polymer mixtures, and chemically reacting fluids. The temperature–
composition (T , c) phase diagram for a binary mixture composed of constituents
A and B is shown in Fig. 2.1. For low enough temperatures, in the region bounded
by the coexistence curve the binary mixture will segregate into A-rich and B-rich
phases.

A quench that takes the system from a homogeneous to a two-phase region is
often performed by changing temperature suddenly at fixed concentration. Such
a quench from the one-phase state at high temperatures may be carried out either
along the critical isoconcentration line that passes through the critical point (path a),
or along off-critical paths (path b). Phase segregation may be monitored by the
changes in the local concentration of the binary mixture. In general, the variable
that signals the passage from the one-phase to two-phase regions is called the order
parameter φ.

The kinetics of the phase separation process in a binary mixture is often discussed
in terms of a free energy function f (c). In the one-phase region the free energy
function has a simple single minimum, while it is bistable in the two-phase region
(Fig. 2.2). The chemical potential is defined as μ = (∂f /∂c)T ,ρ . In mean field
descriptions based on the free energy function, the spinodal line (dashed line in
Fig. 2.1) is defined as the locus of points where the derivative of the chemical
potential with respect to the concentration is zero. The definition of the spinodal

6
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Fig. 2.1. Binary mixture phase diagram in the concentration–temperature plane
showing critical (path a) and off-critical (path b) quenches into the two-phase
region from the one-phase region. Path a starts at Ti and ends at Tf .
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Fig. 2.2. Mean field free energy as a function of concentration for temperatures
in the (a) one-phase and (b) two-phase regimes.

line may be generalized to any order parameter. A quench to a state within the
spinodal region may lead to a labyrinthine pattern if it is associated with decay
from an initial unstable state corresponding to the maximum in the free energy
barrier. The evolution to a labyrinthine pattern is called spinodal decomposition.
In contrast, an off-critical quench, such as the one shown as path b in Fig. 2.1,
corresponds to evolution from an initial metastable state and involves a nucleation
mechanism.
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Both the morphology and phase separation dynamics depend crucially on the
nature of the order parameter field. The order parameter may be conserved as in
binary alloys or fluids, or nonconserved as in chemically reacting systems and
antiphase domain growth in crystals. Dynamical models for the order parameter
field that embody these conditions may be constructed and used to simulate phase
separation dynamics. The system may require more than a single order parameter
field for its description, and these order parameter fields may have different char-
acters and symmetries. In such more general cases it may not be possible to define
a free energy functional, and new phenomena may exist.

2.1 Mean field theory

2.1.1 Binary mixtures: alloys, fluids, and polymer blends

The specification of the thermodynamic state of a binary mixture requires three
independent thermodynamic variables, say, the number density ρ, the concentration
of the A species c and the temperature T . Only the (c, T ) pair is relevant for the
phase segregation process: thus, we consider a mixture of Na molecules of type A
andNb molecules of type B with a fixed total number of moleculesNo = Na +Nb
and fixed volume V . We define c = Na/No, which implies (1 − c) = Nb/No. The
differential Helmholtz free energy for a binary mixture may be expressed as

dF = −SdT + μadNa + μbdNb,

= −SdT +Noμdc, (2.1)

where the fixed No constraint is used in the second equality and μ = (μa −μb). It
follows that the differential of the free energy per molecule f = F/No is

df = −sdT + μdc, (2.2)

where s = S/No. From this equation one can deduce that

μ =
(
∂f

∂c

)
T

. (2.3)

The chemical potential μ is thermodynamically conjugate to c, and the product
of such a conjugate pair has dimensions of energy. The equation of state specifies
the functional dependence among the three variables μ = μ(c, T ) and defines a
surface in the three-dimensional (c, T ,μ) space. A projection of this surface in the
(c, T ) plane was sketched in Fig. 2.1. The binary mixture critical point (cc, Tc) is
at the apex of the coexistence curve and is also referred to as the consolute point.
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There are two other projections of the equation-of-state surface. The (μ, T )
projection consists of two regions: a homogeneous A-rich-phase region and a
homogeneous B-rich-phase region. The two are separated by a monotonically
increasing coexistence line of first-order phase transitions, which ends at the critical/
consolute point, (μc, Tc). The three coordinates of the critical point are obtained
by simultaneously solving the following three equations:(

∂μ

∂c

)
T=Tc

= 0,

(
∂2μ

∂c2

)
T=Tc

= 0, μc = μ(cc, Tc). (2.4)

The projection on the (μ, c) plane reveals what the (μ, T ) projection hides,
and it is useful to consider the behavior of isotherms in this plane. To gain an
understanding of the qualitative structure of the chemical potentialμ(c, T ), consider
the free energy functions sketched in Fig. 2.2. Differentiation of these functions
with respect to c will result in two isotherms, one for the one-phase region and the
other for the two-phase region. The isotherm for the one-phase region is monotonic
and starts with a negative value of μ for small c. It becomes zero at the free energy
minimum and increases monotonically to positive values ofμbeyond the minimum.
In contrast, the two-phase isotherm has a so-called van der Waals loop, since the
free energy has three extrema at which μ vanishes.

To examine these features quantitatively, consider an analytic free energy func-
tion obtained from a mean field theory of a binary mixture (Bragg and Williams,
1934; Bethe, 1935; Huang, 1987),

f (c, T )

kBT
= c ln(c)+ (1 − c) ln(1 − c)+ χ c(1 − c). (2.5)

The first two terms in this function arise from the increase in the translational
entropy due to mixing. In the last term, χ is a parameter describing the enthalpic
interaction between the two species. For small molecules it is

χ = z

kBT

[
εAB − 1

2
(εAA + εBB)

]
, (2.6)

where z is the effective coordination number and εij is the interaction energy
between monomers of species i and j . It is straightforward to obtain the
corresponding chemical potential

μ(c, T )

kBT
= ln(c)− ln(1 − c)− χ(2c − 1),

= 2 tanh−1(2c − 1)− χ(2c − 1). (2.7)
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By equating each of the first two derivatives of μ with respect to c to zero, one
finds cc = 1/2, χc = 2 and μc = 0. Since χ = χ(T ), one can obtain Tc from χc.
If χ is large and positive, phase segregation is favorable. The tanh−1(x) function
increases monotonically from −∞ to +∞ as x goes from −1 to +1. For small χ
(high T ), the linear term in Eq. (2.7) does not change the monotonic nature of μ;
however, for χ > χc, one obtains a van der Waals loop.

In the region around the critical point, it is appropriate to expand the free energy
in powers of c∗ = (c − cc). At the critical point fc/(kBTc) = 1

2 + ln(1
2 ), and the

Taylor series expansion leads to the result

f (c∗, T )

kBT
− fc

kBTc
= a2

2
c∗2 + a4

4
c∗4 + . . . (2.8)

where a2 = 2(χc−χ), which is proportional to T −Tc for χ ∼ T −1, and a4 = 16
3 .

This expansion is an example of what is generically called a Landau expansion of
the free energy around the critical point.

AnA–B polymer blend is a binary mixture of long-chain polymer molecules, and
Flory–Huggins (FH) theory is a mean field theory for such a polymer mixture. In
FH theory, polymer chains are placed on a lattice in such a way that each monomer
unit occupies a lattice site, and connected polymer chains are placed so that they
are locally self-avoiding. For an incompressible blend, all lattice sites are occupied
by either A or B monomers. Let NA (NB) be the number of monomers (degree of
polymerization) in an A(B) polymer chain. If c is the concentration of A in the
polymer blend, the free energy of mixing per site for an incompressible blend is

f (c, T )

kBT
= c

NA
ln(c)+ (1 − c)

NB
ln(1 − c)+ χ c(1 − c), (2.9)

where the Flory interaction parameter χ depends on c and T in a more complicated
way than that for small molecule mixtures. It is often empirically fitted to a form
χ = a + (b/T ). The equation of state now takes the form

μ(c, T )

kBT
= (N−1

A −N−1
B )+N−1

A ln(c)−N−1
B ln(1 − c)+ χ(1 − 2c). (2.10)

For a symmetric polymer blend (NA = NB = N ) the critical point coordinates are
μc = 0, cc = 1/2, χc = 2/N . More generally, for non-symmetric polymer blends,
cc = N

1/2

B /(N
1/2

A +N 1/2

B ), χc = (N
1/2

A +N 1/2

B )2/(2NANB). The Landau expansion
for a symmetric blend has the same form as that for the small molecules with
a2 = 2(χc − χ) and a4 = 16/3N . Many blends have an upper critical point where
the blend is miscible for χ < χc (T > Tc) and immiscible for χ > χc (T < Tc)
at the critical concentration cc. Two limiting cases of a phase-separated blend are
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often considered: a weak segregation limit where χN ≈ 2 (close to the mean field
critical point), and a strong segregation limit where χN � 2 and the blend is
strongly immiscible.

2.1.2 Para-ferromagnetic transition

The Curie–Weiss theory is a mean field theory for the para-ferromagnetic phase tran-
sition in magnets. The free energy per spin for the Curie–Weiss model is expressed
in terms of the magnetization per spin m and the temperature T , and is typically
derived from an Ising model for a system of spin 1

2 particles. Fluctuations in the
magnetization are an important element for the para-ferromagnetic transition. The
magnetization M has the magnetic field H as its thermodynamically conjugate
variable, and the triplet (M , T ,H) forms the relevant thermodynamic space. The
functional relation H = H(T ,M) is the equation of state. The mean field crit-
ical temperature Tc for the para-ferromagnetic transition is Tc = zJ/kB , where
J is the spin–spin interaction constant in the Ising model on a lattice with coor-
dination number z. The critical point of the system occurs at (M = 0, T = Tc,
H = 0). It is useful to introduce reduced variables: m∗ = M/Mo, T ∗ = T /Tc,
H ∗ = (HMo/kBTc), where Mo = M(T = 0,H = 0). The Helmholtz free energy
per spin is then given by

f

kBT
= f ∗(T ∗,m∗)

= − ln 2 + 1

2
(1 −m∗) ln(1 −m∗)

+ 1

2
(1 +m∗) ln(1 +m∗)− m∗2

2T ∗ . (2.11)

The equation of state for the system is obtained by using the relation H ∗/T ∗ =
(∂f ∗/∂m∗)T ∗ . The result is

m∗ = tanh[(H ∗ +m∗)/T ∗]. (2.12)

The scaled equation of state may also be written as

tanh(H ∗/T ∗) = m∗ − tanh(m∗/T ∗)
1 −m∗ tanh(m∗/T ∗)

. (2.13)

For T ∗ < 1 this equation of state displays a van der Waals loop. Near the critical
point bothH ∗ andm∗ are small, and one can use the small x expansions for tanh(x)
and ln(1 + x) to construct a Landau expansion in order to study the behavior of the
thermodynamic properties of the mean field model near the critical point.
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2.1.3 Liquid–vapor transition

For the liquid–vapor transition the number density ρ is the order parameter and also
a relevant thermodynamic variable. The pressureP is thermodynamically conjugate
to v = V /N = 1/ρ. The appropriate thermodynamic space is (ρ, T ,P), and the
associated mean field theory is the well-known van der Waals theory (Kittel and
Kroemer, 1980). In the van der Waals model, the Helmholtz free energy per particle
f (v, T ) is given by

f (v, T ) = −kBT
(
1 + ln[nQ(v − b)])− a

v
. (2.14)

The parameter nQ = (
(mkBT )/(2π�

2)
)3/2 is called the quantum concentration

for a system of N particles (each of mass m) in the volume V : it is roughly the
concentration associated with one atom in a cube with linear dimension equal to
the thermal average de Broglie wavelength. Using the thermodynamic relation,
P = −(∂f /∂v)T , one obtains the van der Waals equation of state:

P = kBT

v − b
− a

v2 . (2.15)

Solution of the equations (∂P /∂v)T = 0, (∂2P/∂v2)T = 0, and P = P(v, T )
yields the critical-point coordinates Pc = a/(27b2), vc = 3b, and Tc =
(8a)/(27bkB). The equation of state in scaled variables P ∗ = P/Pc, v∗ = v/vc,
T ∗ = T /Tc is

P ∗ = 8

3

T ∗

v∗ − 1
3

− 3

v∗2
. (2.16)

For given values of P ∗ and T ∗, the van der Waals equation is a cubic polynomial
in v∗. Figure 2.3 shows sketches of three isotherms. The critical point is indicated by
a dot on the critical isotherm (T ∗

c = 1). For temperatures greater than Tc (T ∗ > 1),
the isotherms are monotonic. For temperatures less than Tc (T ∗ < 1), the isotherms
contain a van der Waals loop.

Near the liquid–vapor critical point, density fluctuations dominate the physics,
and the intensive Gibbs free energy g = f +Pv is the appropriate thermodynamic
energy density. (For a one-component system, g is the chemical potential, but
the symbol μ is not used, in order to avoid confusion with the binary mixture
chemical potential.) The scaled equation of state can be obtained from the minimum
of g∗ = g/Pcvc, (∂g∗/∂v∗)T ∗ = 0. By integrating the scaled equation of state at
constant T ∗ and P ∗, one gets, apart from an additive function of T ∗,

g∗ = P ∗v∗ − 3

v∗ − 8

3
T ∗ ln

(
v∗ − 1

3

)
. (2.17)
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P∗
c.p.

Po
∗

v L
∗ v v

∗

T 2
∗ > 1

T 1
∗ < 1

T C
∗ = 1

v ∗

Fig. 2.3. Sketches of van der Waals isotherms and the Maxwell construction.

For T < Tc (T ∗ < 1), in the region of a first-order transition, g∗ must have
two equal minima. Let these occur at v∗

V and v∗
L. Then at these minima, one has

(partial derivatives taken at fixed P ∗ and T ∗)

(∂g∗/∂v∗)|v∗
V

= (∂g∗/∂v∗)|v∗
L

= 0, (2.18)

and the equality of the minimum values implies

g∗(v∗
V ) = g∗(v∗

L). (2.19)

The first of these two constraints arises from mechanical equilibrium and implies
P ∗(v∗

V ) = P ∗(v∗
L). We denote this common value of the pressure by P ∗

o . The
second constraint, which arises from chemical equilibrium, can be rewritten as

g∗(v∗
V )− g∗(v∗

L) = P ∗
o (v

∗
V − v∗

L)−
∫ v∗

V

v∗
L

(
8

3

T ∗
v∗ − 1

3

− 3

v∗2

)
dv∗ = 0, (2.20)

and is the prescription for the construction of Maxwell’s equal area rule. Figure 2.3
shows this equal area construction. For a system in equilibrium, at a temperature
less than Tc the isotherm is obtained by replacing the van der Waals loop with the
constant-pressure line (horizontal dashed line in Fig. 2.3). The coexistence curve is
the locus of the end points of such constant pressure lines obtained for temperatures
less than Tc. For a system in thermodynamic equilibrium the isotherms in the
(P ∗, v∗) plane exhibit nonanalytic behavior at the two phase boundaries. Mean
field equations of state such as the van der Waals equation are analytic through the
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two-phase region, since global minimization of the free energy is not incorporated
in these models.

Phase separation is a nonequilibrium process. An appropriate mean field theory
is often used as a mesoscopic model to study the dynamics of such processes.
In phase segregation studies, the Maxwell construction is not necessary, and the
nonequilibrium states within the coexistence curve are the central focus.

2.2 Order parameter

The work of Landau (Landau, 1937; Landau et al., 1980) unified our understanding
of phase transitions.The concept of anorder parameter was introduced by Landau
and, through its appearance in the pair of functions (φ, ∂f /∂φ), our understanding of
the central role played by the free energy in the thermodynamics of phase transitions
was enhanced.

The concepts illustrated by the examples discussed above can be extended to
systems with a general order parameter. The three variables (φ, T , ∂f /∂φ) together
form the relevant portion of the thermodynamic phase space of the system. The
equation of state gives the functional interdependence among the three variables
when the system is in equilibrium. The mean field form of the free energy f (φ, T )
can be used to obtain an explicit expression for (∂f /∂φ)T , giving an approximate
equation of state.

Figure 2.4 schematically shows the projections of the thermodynamic surface
on the (T ,φ) and (T , ∂f /∂φ) planes. Figure 2.5 is a sketch of the (φ, ∂f /∂φ)
projection. It has a van der Waals loop for T < Tc.

For equilibrium systems, thermodynamic stability requires that the thermody-
namic force ∂f /∂φ be a monotonically increasing function of the order parameter
φ. We saw that mean field theories yield a van der Waals loop in the two-phase

fc

f

∂f
∂f

T

(a) (b)

T
Tc

Fig. 2.4. Projections of the thermodynamic surface for a generic system with a
scalar order parameter (a) on the (T ,φ) plane and (b) on the (T , ∂f /∂φ) plane.
The heavy dots denote the critical point.
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f− f f+

∂f
∂f

Fig. 2.5. Generic diagram showing thermodynamic force ∂f /∂φ as a function of
order parameter φ. The three solid lines are the mean field isotherms: the top curve
is for T > Tc, the middle curve for T = Tc, and the bottom curve for T < Tc,
which has a van der Waals loop. The dash-dot curve is the spinodal, which is the
curve joining the extrema of the mean field isotherms for T < Tc. The Maxwell
construction can be used to generate the equilibrium isotherm, which consists of
two monotonic sections of the mean field isotherm connected by the horizontal
dashed line. The curve joining the end points of the horizontal line is the coexistence
curve (dotted line).

region of the phase diagram. The monotonicity condition is violated in the mid-
dle section of the van der Waals loop. Maxwell’s construction replaces the loop in
the mean field isotherm by a “constant thermodynamic force line” such that the
area under the isotherm with the van der Waals loop is equal to the area under the
isotherm with the horizontal constant thermodynamic force line (see Fig. 2.5). This
construction yields the equilibrium isotherm. For T < Tc, the locus of the endpoints
of the constant thermodynamic force line is the coexistence curve (dotted line in
Fig. 2.5). The equilibrium system is inhomogeneous for T < Tc and consists of two
coexisting phases. The lever rule determines the volume fractions of the two coex-
isting phases: if φ− and φ+ are the order parameter values at the two end points of
the constant thermodynamic force line, and the mean value of the order parameter
is φ, then the equilibrium volume fraction of the (+) phase is (φ−φ−)/(φ+ −φ−),
and that of the (−) phase is (φ − φ+)/(φ− − φ+).

For a homogeneous system in thermodynamic equilibrium, thermodynamic
forces do not possess spatial gradients: thermal equilibrium implies a spatially
uniform temperature, mechanical equilibrium requires a uniform pressure, and
chemical equilibrium corresponds to a uniform chemical potential. A mean field
isotherm augmented with the Maxwell construction leads to an isotherm that is
appropriate to an inhomogeneous system in thermodynamic equilibrium: i.e. even
though φ is an inhomogeneous function of space for a system with two coexisting
phases, the thermodynamic force ∂f /∂φ is constant over the entire system.
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The locus of the extrema of the mean field isotherms for T < Tc is the clas-
sical spinodal, which is shown in Fig. 2.5. All homogeneous states within the
coexistence curve are nonequilibrium states. The states within the spinodal curve
are thermodynamically unstable in a mean field phenomenological picture, and the
states corresponding to points between the spinodal and coexistence curves are
thermodynamically metastable.

In all of the examples discussed above, the system undergoes a continuous tran-
sition for a quench through the critical point, and a first-order transition when the
system is quenched through any point on the coexistence curve other than the crit-
ical point. In both quenches, the system undergoes a reduction in some symmetry.
The symmetry reduction is one of the features that is useful in identifying the order
parameter, which is defined such that it vanishes in the higher-symmetry phase.
For example, in the magnetic case the system is rotationally invariant in the para-
magnetic phase above Tc, while below Tc spontaneous magnetization occurs and
this rotational symmetry is lost. For the ferromagnetic phase the broken-symmetry
variable is the magnetization, which is zero in the paramagnetic phase. A new exci-
tation referred to as a Goldstone mode is associated with a spontaneously broken
symmetry. For the ferromagnet, these excitations are spin waves. For the vapor to
liquid transition, for which the order parameter can be identified as (ρL − ρV ),
translational symmetry is broken in the direction of the gravitational field, and the
associated Goldstone excitations are capillary waves at the liquid–vapor interface.
For the first-order liquid to crystal transition, the continuous translational symmetry
in the liquid gives way to a lower discrete lattice symmetry in the crystal. In this
case the Goldstone modes are phonons (Forster, 1975; Mazenko, 2006). In each of
the above examples, the order parameter was a real scalar variable. In general this
need not be so, but for simplicity we continue the discussion of this simple case.

2.3 Order parameter and its spatial correlations

Near the critical point the order parameter φ is the important thermodynamic vari-
able. The Landau expansion (Landau, 1937; Landau et al., 1980) for the free energy
(per unit volume), as described above for binary mixtures, takes the form

f (φ∗, T ) = fc + a2

2
φ∗2 + a4

4
φ∗4 + . . . , (2.21)

where a2 = ao (T − Tc), and ao and a4 are positive constants independent of
temperature. This is an expansion of the free energy around the critical point,
φ∗ = φ − φc. Often the zero level of energy is chosen so that fc = 0. Since the
order parameter is defined such that it is zero in the higher-symmetry phase, the
expansion should be used in the lower-symmetry phase. The odd powers of φ∗ are
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absent in Landau expansion on account of an assumed symmetry between φ∗ and
−φ∗ as in a symmetric 50–50 binary mixture. This expansion yields

∂f

∂φ∗ = a2φ
∗ + a4φ

∗3 (2.22)

for the thermodynamic force conjugate to the order parameter and

∂2f

∂φ∗2
= ao (T − Tc)+ 3a4φ

∗2 (2.23)

for the inverse susceptibility. At the critical point T = Tc, and the order parameter
vanishes. As a consequence, due to the temperature dependence of a2, the inverse
susceptibility also vanishes. In the three examples considered earlier, the inverse
susceptibilities that vanish are the following isothermal derivatives: (∂P /∂ρ)T for
the vapor to liquid transition, (∂μ/∂c)T for binary mixtures, and (∂H/∂M)T for the
magnetic transition. At the liquid–vapor critical point, this leads to the divergence
of the isothermal compressibility

κT = 1

ρ

(
∂ρ

∂P

)
T

(2.24)

and gives rise to the phenomenon of critical opalescence: the strong scattering
of light that makes the fluid appear very turbid. The isothermal compressibility
κT can also be related to density fluctuations in the system by using standard
thermodynamic fluctuation theory (Pathria, 1972). If n(r) is the microscopic local
density at position r in a d-dimensional system with volume V , its average is the
thermodynamic density,

〈n〉 = ρ, (2.25)

where 〈. . .〉 denotes a configurational average (Pathria, 1972), and

κT = V

kBT

〈(δn)2〉
〈n〉2

= V

kBT

〈n2〉 − 〈n〉2

〈n〉2
, (2.26)

where δn = n(r)−〈n〉. The vanishing of the quadratic term in the Landau expansion
at the critical point leads to the divergence of κT , which can now be seen to be
connected to anomalous (diverging) density fluctuations in the system. In general,
the divergence of the susceptibility is the consequence of the anomalous fluctuations
of the order parameter at the critical point.

The quantity n dV ≡ n ddr is the number of particles present in ddr at a given
instant. To represent the correlation between the densities of particles at two points
in space, one can introduce

〈δn1 δn2〉 = 〈n1 n2〉 − 〈n〉2, (2.27)
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where the suffixes 1 and 2 denote values of local density at two points r1 and r2, and
δn = n−〈n〉. In a homogeneous isotropic medium, the correlation function depends
only on the scalar distance r12 = |r1−r2|.As this distance becomes large, the fluctu-
ations at the two points become statistically independent and the correlation function
tends to zero. We introduce the quantity g(r12) such that (〈n〉2g(r12)d

dr1d
dr2) is

the joint probability that there is a particle in ddr1 at r1 and a distinct particle in
ddr2 at r2. This implies

〈n1d
dr1 n2d

dr2〉 = 〈n〉2g(r12) d
dr1d

dr2, (2.28)

provided r1 �= r2. In general,

〈n1 n2〉 = 〈n〉2g(r12)+ 〈n〉δ(r1 − r2). (2.29)

Since g(r12) approaches 1 as r12 → ∞, one has

〈δn1 δn2〉 = 〈n〉2 �(r12)+ 〈n〉δ(r1 − r2), (2.30)

where
�(r) = g(r)− 1. (2.31)

The function �(r) is the space-dependent density–density correlation function.
Integrating Eq. (2.30) with respect to ddr1 and ddr2 over a finite volume V , one
finds

V 2〈(δn)2〉 = V 〈n〉
(

1 + 〈n〉
∫
ddr �(r)

)
. (2.32)

Comparing this result with Eq. (2.26), we obtain the connection between the
isothermal compressibility and the density–density correlation function:

κT = 1

ρkBT

(
1 + 〈n〉

∫
ddr �(r)

)
. (2.33)

It is clear from this relation that the divergence of κT can occur only if the correlation
function �(r) acquires an infinite correlation range at the critical point. The range
of the correlation function is referred to as the correlation length ξ and is the length
that dominates all other lengths in the critical region. Outside the critical region,
for r � ξ , �(r) behaves as

�(r) ∼ exp(−|r|/ξ)
|r|(d−1)/2 ξ (d−3)/2

. (2.34)

Near the critical point ξ(T ) diverges as (T − Tc)
−ν , with ν = 1

2 in a mean field
theory. A mean field theory leads to a power law behavior for the long-distance
behavior of the correlation function near the critical point:

�(r) ∼ |r|−(d−2+η) (2.35)
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withη = 0. The exponents ν andη are examples of critical exponents. For additional
information on critical phenomena see, for example, Goldenfeld (1992).

The relations in Eqs. (2.33)–(2.35) have analogs for the binary mixture phase
transition and the magnetic (para-ferromagnetic) transition. More generally, one
needs to consider fluctuations in the order parameter and introduce a space- and
time-dependent order parameter density field φ(r, t). The correlations of this field
provide insight into the divergence of the generic susceptibility (∂2f /∂φ2)−1

T at
the critical point.

From the above, we see that it is appropriate to introduce local quantities cor-
responding to the global thermodynamic and other variables. If the system is in
equilibrium, local variables are useful for understanding the behavior of fluctuations
in the system. If the system is inhomogeneous, the spatial dependence is manifest
at the macroscopic level. If the system is in a nonequilibrium state, the global and
local variables may also acquire time dependence. The free energy density f (φ, T )
is a central quantity in the thermodynamic description of the system. Its extension
to inhomogeneous systems and to nonequilibrium situations is considered in the
next chapter.



3

Free energy functional

Self-organized and self-assembled structures are inhomogeneous, and many
systems supporting such structures are in nonequilibrium states. In order to describe
inhomogeneous and nonequilibrium systems, a generalization of the free energy
function to a free energy functional is often useful. While this generalization is con-
sidered here, there are many nonequilibrium systems which cannot be described in
terms of a free energy functional. A discussion of such more general situations is
considered later in the book.

For inhomogeneous and nonequilibrium systems, it is natural to introduce the
space- and time-dependent order parameter field, φ(r, t). In a field theory descrip-
tion, the free energy F(φ, T ) is generalized to a free energy functional F[φ(r, t)],
where the dependence on other thermodynamic quantities which do not require a
field description is suppressed. This formulation naturally leads to the extended
thermodynamic force as the f unctional derivative of F with respect to φ.

The free energy functional F[φ(r, t)] has meaning only in terms of some coarse-
grain or cellular approximation. The procedure for constructing the functional
usually involves dividing the physical system into semi-macroscopic cells of fixed
volume centered at positions ri . The order parameter takes on values φi in each of
the cells. The partition function is written as a sum over the microscopic degrees of
freedom, subject to constraints that keep the average order parameter in each cell
i fixed at φi ,

e−F[φ]/kBT =
∑′

e−E/kBT (3.1)

where E is the energy as a function of the microscopic variables, and the prime on
the sum indicates that it is over the constrained microscopic variables. The order
parameter field φ(r) has values φi at positions ri and is allowed to vary smoothly
only over distances comparable to the separation between cells. An equivalent way
to obtain this result is to integrate out an appropriate set of short-wavelength Fourier

20



3.1 Ginzburg–Landau–Wilson free energy functional 21

components of the microscopic variables as in renormalization group methods
(Wilson and Kogut, 1974; Wilson, 1975; Goldenfeld, 1992).

For the continuum description to make sense, the cells should be large compared
with the volume per molecule (microscopic volume) and small enough that the
material within each cell can rapidly reach local equilibrium. This implies that the
linear dimension of each cell should be of the order of the correlation length.

In practice, such a coarse-graining procedure is rarely performed explicitly, and
one simply assumes that a functional F[φ] exists for a suitable choice of the coarse
grain size and is physically plausible on the space of smooth functions φ(r).

3.1 Ginzburg–Landau–Wilson free energy functional

The Ginzburg–Landau–Wilson free energy functional is

FGLW [φ(r, t)] =
∫
ddr

[
f (φ)+ κ

2
(∇φ)2

]
, (3.2)

where f (φ) is the local free energy density, which reduces to the thermodynamic
free energy density for a uniform equilibrium system. The typical functional form of
f (φ) was shown in Fig. 2.2. The gradient energy κ

2 (∇φ)2 arises from the inhomo-
geneity of φ and is associated with short-range interactions. It accounts for the
presence of interfaces within an equilibrium inhomogeneous system.

The dimension of FGLW [φ(r, t)] is the same as that of the system’s Helmholtz
free energy F introduced in Section 2.1.1. For a homogeneous system,

∫
ddr f (φ)

integrated over the system volume V is the same as F . Thus the local free energy
density f (φ) has the same dimensions as that of F/V .

The form of the free energy functional given in Eq. (3.2) is motivated as follows.
In regions where the order parameter is nonuniform, the free energy density is
expected to depend on its local value at a point in the system and on the values it
takes in the immediate neighborhood of this point. Thus, it is appropriate to take φ
and its spatial derivatives ∇φ, ∇2φ, . . . as independent variables. The free energy
density f ∗ is assumed to be a continuous function of these variables. A Taylor
expansion around the uniform state yields

F[φ(r, t)] =
∫
ddr f ∗(φ, ∇φ, ∇2φ, . . . ), (3.3)

with

f ∗(φ, ∇φ, ∇2φ, . . . ) = f (φ)+
∑
i

Li
∂φ

∂ri
(3.4)

+ 1

2

∑
ij

[
2κ(1)ij

∂2φ

∂ri∂rj
+ κ

(2)
ij

∂φ

∂ri

∂φ

∂rj

]
+ . . . ,
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whereLi = [∂f ∗/∂(∂φ/∂ri)]o, κ(1)ij = [∂f ∗/∂(∂2φ/∂ri∂rj )]o, andκ(2)ij = [∂2f ∗/
∂(∂φ/∂ri)∂(∂φ/∂rj )]o. For a d-dimensional system, subscripts i, j take values
1, 2, . . . , d .

In general, κ(1)ij and κ(2)ij are tensors reflecting the symmetry of the system. TheLi
are polarization vector components if the system has a special symmetry direction,
such as an electric polarization or a magnetization vector. For a cubic crystal or
an isotropic medium (we restrict ourselves to these simple cases), the free energy
is invariant under reflections (ri → −ri) and under rotation about a fourfold axis
(ri → rj ). These symmetry-related restrictions imply that Li vanishes, κ(1)ij =
κ1δij , and κ(2)ij = κ2δij , with κ1 = [∂f ∗/∂∇2φ]o and κ2 = [∂2f ∗/(∂|∇φ|)2]o.
Hence, for an isotropic medium or for a cubic lattice, one has

f ∗(φ, ∇φ, ∇2φ, . . . ) = f (φ)+ 1

2
κ2(∇φ)2 + κ1∇2φ + . . . . (3.5)

The coefficients κ1, κ2, . . . can in general be φ-dependent. The term proportional
to κ1 can be further reduced by applying the divergence theorem over the entire
system volume and choosing the external boundary such that the normal component
of ∇φ vanishes at every point on this boundary surface. This yields the Ginzburg–
Landau–Wilson free energy functional given in Eq. (3.2) with κ = κ2 − 2dκ1

dφ
. The

expression for κ is appropriate for small gradients. More generally, one can include
the effects of all higher-order gradients of f ∗ by defining κ

2 (∇φ)2 to be the differ-
ence f ∗ − f (Cahn and Hilliard, 1958, 1959). Thus, the phenomenological form
of the free energy functional given in Eq. (3.2) has a broad applicability to systems
with short-range interactions.

3.2 Interfacial tension and the coefficient κ

The coefficient κ of the square gradient term in the Ginzburg–Landau–Wilson free
energy functional is related to the interfacial tension. From a thermodynamic point
of view, the presence of an interface introduces an additional surface contribution
to the free energy. Consider an equilibrium system composed of two coexisting
phases (denoted by subscripts + and −) separated by a planar interface, whose
normal is in the z direction. The free energy density of such a system is

f ∗ = f (φ)+ κ

2

(dφ(z)
dz

)2
. (3.6)

The interfacial tension σ̃ is the surface excess free energy per unit area when the
reference surface (at z = 0) is chosen to make the surface excess ‘mass’ vanish: i.e.∫ 0

−∞
dz(φ(z)− φ+)+

∫ ∞

0
dz(φ(z)− φ−) = 0. (3.7)
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Then

σ̃ =
∫ ∞

−∞
dz

[
�f + κ

2

(dφ(z)
dz

)2]
, (3.8)

where

�f =
{
(f (φ)− f+), for − ∞ < z < 0,

(f (φ)− f−), for 0 < z < ∞.
(3.9)

The equilibrium order parameter profile minimizes the excess surface free energy
in Eq. (3.8). This leads to the condition that

κ
d2φ(z)

dz2
− d�f

dφ
= 0. (3.10)

After a multiplication by (dφ/dz), this equation can be integrated to yield

�f (φ) = κ

2

(dφ(z)
dz

)2
. (3.11)

Using this result we may write the surface tension as

σ̃ = κ

∫ ∞

−∞
dz

(dφ(z)
dz

)2
. (3.12)

Since the creation of a stable surface requires energy, both σ̃ and κ must be positive
for stability. Equation (3.12) is the mean field approximation for the surface tension.
A detailed and exact treatment is given in Rowlinson and Widom (1982).

3.3 Landau expansion of the local free energy density

The local free energy densityf (φ) can be thought of as a straightforward generaliza-
tion of the thermodynamic free energy function in which the global thermodynamic
variable φ is replaced by its local field value φ(r, t). Many universal features of
kinetics are insensitive to the detailed shape of f (φ). Following Landau (Landau,
1937; Landau et al., 1980), one often uses a form for the free energy that is obtained
by expanding f (φ) around the value of φ at the critical point, φc. If the mean value
of φ is φ, then the order parameter fluctuation is

δφ ≡ (φ − φ) = (φ − φc)− (φ − φc) ≡ φ∗ − φo, (3.13)

with φ∗ = (φ − φc) and φo = (φ − φc). The Landau expansion is written in terms
of φ∗ as

f (φ∗) = fc + 1

2
a2φ

∗2 + 1

4
a4φ

∗4 − Hφ∗, (3.14)
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where a2 = ao(T − Tc) and a4 is a temperature-independent constant. The last
term in Eq. (3.14) accounts for an external field H that couples linearly to φ∗.
The coefficient a2 is positive for temperatures above Tc, and negative below. The
parameters ao and a4 are assumed to be positive constants. When appropriate, we
shall set the external field to zero and choose the zero of energy to be fc. This
corresponds to a symmetric expression for Landau free energy density,

f (φ∗) = 1

2
a2φ

∗2 + 1

4
a4φ

∗4, (3.15)

which leads to a φ-dependence analogous to that sketched in Fig. 2.2. At the critical
point f = fc, T = Tc, φ = φc, and H = 0. For a symmetric system, φ = φc and
δφ = φ∗. In the absence of H, f (φ) has a single minimum for temperatures above
Tc at φ∗ = 0, and two minima for temperatures below Tc at

φ∗ = ±φ∗
min = ±[−a2/a4]1/2 ≡ ±[ao(Tc − T )/a4]1/2, (3.16)

corresponding to the two coexisting ordered phases in equilibrium (see Fig. 2.2).
At the two minima, the Landau free energy density is f (±φ∗

min) = −a2
2/(4a4).

In later chapters we shall often find it convenient to use a dimensionless Landau
free energy density. Let us denote dimensional free energy density by f̃ (φ∗).
Using the dimensionless quantities ψ = φ∗/φ∗

min and f (ψ) = a4 f̃ (φ
∗)/a2

2, the
dimensionless Landau free energy density acquires the form f (ψ) = ψ4/4−ψ2/2.

The quantities denoted as φ− and φ+ in Section 2.2 are related to ±φ∗
min by

−φ∗
min = φ− − φc and +φ∗

min = φ+ − φc. Since φo = (φ − φc) and φc =
(φ− +φ+)/2, the volume fraction of the (−) phase is (φ∗

min−φo)/(2φ∗
min) and that

of the (+) phase is (φ∗
min + φo)/(2φ∗

min).
Comparison of the quadratic term 1

2a2φ
∗2 with the square gradient term κ

2 (∇φ)2
allows one to identify an important characteristic length inherent in the model free
energy functional: the correlation length

ξ = √
κ/|a2|. (3.17)

At the critical point a2 vanishes and ξ diverges. The correlation length is formally
defined as the correlation range of the order parameter auto-correlation function
�(r), which was explicitly discussed earlier for the liquid–vapor critical point. The
divergence of ξ in the neighborhood of the critical point leads to the divergence of
susceptibility as well as singularities in other physical quantities.
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Phase separation kinetics

Growth of order from disorder is a natural phenomenon which is seen in a
variety of systems. An important class of such phenomena involves the kinetics
of phase ordering and phase separation. The examples of such growth processes
that were described in Chapter 2 had common characteristics. Now, we dis-
cuss the experimental results that point to common features of the kinetics of
phase separation processes. A combination of techniques from nonequilibrium
statistical mechanics and nonlinear dynamics is used to study the formation and
evolution of spatial structures. Substantial progress in our understanding of the
kinetics of domain growth during a first-order phase transition has been made
over the past few decades. The knowledge gained in these studies forms the
underpinning of the descriptions of many such processes which create order from
disorder.

4.1 Kinetics of phase ordering and phase separation

Phase separation is usually initiated by a rapid change or quench in a thermodynamic
variable (often temperature and sometimes pressure), which places a disordered sys-
tem in a post-quench initial nonequilibrium state. The system then evolves towards
an inhomogeneous ordered state of coexisting phases, which is its final equilib-
rium state. Depending on the nature of the quench, the post-quench state may be
either thermodynamically unstable or metastable (see Fig. 2.1). In the former case,
the onset of separation is spontaneous, and the kinetics that follows is known as
spinodal decomposition. For the metastable case, nonlinear fluctuations are needed
to initiate the separation process. The system is said to undergo phase separation
through homogeneous nucleation if the system is pure. Phase separation occurs by
heterogeneous nucleation if the system has impurities or surfaces which initiate
nucleation events.
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In both cases the late stages of the kinetics show power law domain growth.
The power law depends on the nature of the fluctuating variables which drive
the phase separation process: i.e. on the characteristics of the order parameter.
For phase separation in a binary mixture, the order parameter φ(r, t) is the relative
concentration of one of the two species, and its fluctuation around the mean value co
is δc(r, t) = c(r, t)−co. In the disordered phase the concentration is homogeneous,
and the order parameter fluctuations are microscopic. In the ordered phase, the
inhomogeneity created by two coexisting phases leads to a macroscopic spatial
variation in the order parameter field near the interfacial region.

Depending on the system and the nature of the phase transition, the order parame-
ter may be scalar, vector, or complex, and may be conserved or nonconserved. Here
we consider nonconserved and conserved scalar order parameters. Binary mixture
phase separation is an example of the latter case, while the former occurs in a variety
of systems including some order–disorder transitions and antiferromagnets. For the
para-ferromagnetic transition in magnets the magnetization is a conserved quantity
in the absence of an external magnetic field but is nonconserved when such a field
is present.

For a one-component fluid, the vapor–liquid transition is characterized by density
fluctuations. For this transition the number density ρ is the order parameter, and
it is conserved. The density–density correlation function �(r) was introduced in
Eq. (2.30). Its Fourier transform is the equilibrium structure factor,

S(k) = 1 + ρ

∫
ddr e−ik·r�(r) ≡ ρ

∫
ddr e−ik·rG(r), (4.1)

where
G(r) = ρ−2〈δn(r)δn(0)〉 = �(r)+ ρ−1δ(r). (4.2)

The functionsG(r) andS(k) can also be defined for binary mixtures and magnetic
systems. In many instances, S(k)may be measured in appropriate elastic scattering
experiments. Figure 4.1 reiterates the thermodynamic aspects of phase separa-
tion discussed in Chapter 2, and elucidates the role of density fluctuations in the
vapor → liquid phase transition by either nucleation or spinodal decomposition.

In a quench experiment which monitors the kinetics of the phase transition, the
spatial structure of the system evolves in time.As a result, the equal-time correlation
function of the order parameter fluctuations,

G(r, t) ≡ 〈δφ(r, t)δφ(0, t)〉ne, (4.3)

which would be time independent in equilibrium, acquires time dependence asso-
ciated with the growth of order in the nonequilibrium system. The spatial Fourier
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Fig. 4.1. Vapor–liquid phase transition. Panel (a) shows how one can obtain the
free energy and the coexistence and spinodal curves of the phase diagram for
T < Tc from an equation of state with a van der Waals loop. The homogeneous
states within the coexistence curves are nonequilibrium states, and the spinodal
curve is the result of a mean field approximation. Panel (b) depicts the unstable
and metastable regions for a homogeneous density state. The lower part of this
panel shows the types of density fluctuation that lead to nucleation in the metastable
region and to spinodal decomposition in the unstable phase. The spinodal boundary
between the two regions is sharp only in the mean field approximation. Reprinted
from Abraham (1979). Copyright 1979, with permission from Elsevier.

transform of G(r, t),

S(k, t) =
∫
ddr e−ik·r G(r, t), (4.4)

is called the time-dependent structure factor.
In some experiments, the system morphology can be observed directly. An early

example is the work by Oki et al. (1977) and Sagane et al. (1977) on iron-rich iron–
aluminum alloys, where electron microscopy was used to unfold the time evolution
of the morphology of ordered and disordered domains in Fe3Al. The results are
reproduced in Fig. 4.2. In this figure time increases from top to bottom. The central
set of panels corresponds to a near-critical quench and the two side panels to off-
critical quenches. For the near-critical quench, after an initial transient period,
well-defined domains with a “stringy” complex morphology form. As time evolves
this structure coarsens. In contrast, in the off-critical quenches the phase segregation
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Fig. 4.2. Coarsening of domain structure following quenches from the disordered
phase region at T = 630◦C to the region of two coexisting phases at T = 570◦C.
Two concentrations corresponding to off-critical paths (left and right panels) and a
concentration corresponding to a near-critical path (center set of panels) are shown.
Reprinted photo 1 with permission Oki et al. (1977).
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patterns take the form of droplets. As time evolves, the coarsening consists of the
growth of large droplets at the expense of small droplets.

The evolution of a system following the quench comprises different stages. The
early stage involves the emergence of macroscopic domains from the initial post-
quench state. It is characterized by the formation of interfaces (domain walls)
separating regions of space within which the system approaches one of its final
coexisting states (domains). Late stages are dominated by the motion of these
interfaces as the system acts to minimize its surface free energy. During this stage
the mean size of the domains grows with time while the total amount of interface
decreases.

4.2 Dynamical scaling

The late-stage domain growth kinetics exhibits dynamical scaling, which arises
when a single characteristic length dominates the time evolution. The structure of
the space-dependent order parameter at a given time instant is referred to as the sys-
tem’s morphology at that time. Various measures of the morphology depend on time
only through the characteristic length. The evolution of the system then acquires
self-similarity in the sense that the spatial patterns formed by the domains at two
different times are statistically identical apart from a global change of length scale.
Dynamical scaling has been observed in binary alloys (Gaulin et al., 1987), binary
fluids (Wong and Knobler, 1978; Chou and Goldburg, 1981), glasses (Craievich
and Sanchez, 1981), and polymer blends (Hashimoto et al., 1986a, 1986b).

The time-dependent structure factor S(k, t), which is proportional to the intensity
I (k, t) measured in an elastic scattering experiment (Wong and Knobler, 1978;
Chou and Goldburg, 1979), is a measure of the strength of spatial correlations in a
phase-orderingsystemwithwavenumberk at time t . It exhibitsapeakwhoseposition
is inversely proportional to the average domain size. As the system phase separates
(orders), the peak moves towards increasingly smaller wavenumbers (see Fig. 4.3).

A signature of dynamical scaling is the collapse of the experimental data to a
scaled form. For a d-dimensional system we have

S(k, t) = (
R(t)

)d
So
(
kR(t)

)
, (4.5)

where So is a universal function andR(t) is a characteristic length, such as the aver-
age domain size (see Fig. 4.4). Other lengths in the system, such as the interfacial
width, may play an important role in the kinetics; dynamical scaling may be valid
only asymptotically at very late times. The power law growth, R(t) ∼ tn, is also
an asymptotic relation, and extraction of the exponent n from experimental data
requires care. For systems which can be described using a scalar nonconserved
order parameter the growth exponent is n = 1

2 , while for systems with a scalar
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Fig. 4.3. Time-dependent structure factor as measured in light-scattering
experiments on a phase-separating mixture of polystyrene (M = 1.5 × 105)
and poly(vinylmethylether) (M = 4.6 × 104), following a fast quench from a
homogeneous state to T = 101◦C located in the two-phase region. The time
in minutes following the quench is indicated for each structure factor curve.
Reprinted with permission from Hashimoto et al. (1983). Copyright 1983,
American Chemical Society.

Fig. 4.4. Time-dependent structure factor measured in light-scattering experi-
ments on a phase-separating mixture of 2,6-lutidine and water. The results of a
fast quench from a homogeneous state through the critical point to a temperature
0.6 mK below the critical temperature are shown. The time (in seconds) following
the quench is indicated for each structure factor curve. The collapse of data in panel
(b) indicates dynamic scaling. Reprinted Figures 2 and 4 with permission from
Chou and Goldburg (1981). Copyright 1981 by the American Physical Society.
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conserved order parameter it is 1
3 . The growth exponent can also be obtained from

the inverse perimeter density P(t), defined as

P(t) = (1 − ψo)
1/2 V

Vp
, (4.6)

where Vp is the volume covered by interfaces in a system with volume V and
ψo = φo/φ

∗
min (see Section 3.3). One expects P ∼ Pot

n. Dynamic scaling and
power law growth together also imply that

G(r , t) = (
1 − φ2

o

)
Go(rt

−n). (4.7)

During domain coarsening following a quench, the pattern formation process
can be experimentally observed using phase-contrast microscopy and quantified
through a digital image analysis (Tanaka et al., 1990; Tanaka, 1994). An important
characteristic of the late stages of phase separation kinetics for asymmetric mixtures
is the cluster size distribution function of the minority phase clusters. The number
of clusters of the minority phase per unit volume with radii between R and R+dR
is n(R, τ)dR. The zeroth moment of this distribution gives the mean number of
clusters at time τ , and the first moment is proportional to the mean cluster size.

If the shape of the cluster evolves with time, one can analyze the dynamics of the
deviations from a symmetric shape. Domain growth is significantly altered if the
system also has long-range interactions and supercrystal periodic equilibrium states.
Systems with such long-range interactions are discussed in detail in Chapters 13,
14, and 15.
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Langevin model for nonconserved order
parameter systems

Although the microscopic Hamiltonian contains all of the information needed to
describe phase separation kinetics, in practice the large number of degrees of free-
dom in the system makes it necessary to construct reduced descriptions. Generally
a subset of slowly varying macrovariables, such as the hydrodynamic modes, is
a useful starting point for theoretical models. The equations of motion of the
macrovariables can be derived from the microscopic Hamiltonian, but in practice
one often begins with a phenomenological description. The set of macrovariables
is chosen to include the order parameter and all other slow variables to which it
is coupled. Such slow variables are typically obtained from consideration of the
conservation laws and broken symmetries of the system. The remaining degrees of
freedom are assumed to vary on a much faster time scale and enter the phenomeno-
logical description as random thermal noise. The resulting coupled nonlinear
stochastic differential equations for such a chosen “relevant” set of macrovariables
are collectively referred to as the Langevin field theory description. In two of the
simplest Langevin models, the order parameterφ is the only relevant macrovariable;
in modelA(introduced in this chapter) it is nonconserved and in model B (described
in the next chapter) it is conserved. The labels A, B, etc. have an historical origin
from the Langevin models of critical dynamics. The scheme is often referred to as
the Hohenberg–Halperin classification scheme (Hohenberg and Halperin, 1977).

5.1 Langevin model A

For model A the Langevin description assumes that, on average, the time rate of
change of the order parameter is proportional to the thermodynamic force that
drives the phase transition. For this single-variable case, the thermodynamic force
is canonically conjugate to the order parameter; if φ is a state variable, then its
canonically conjugate force is ∂f /∂φ (see Fig. 2.5), where f is the local free
energy density.

32
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In a field theory description, the thermodynamic free energy F is generalized
to a free energy functional F [φ(r, t)], leading to the thermodynamic force as the
analogous functional derivative. The Langevin equation for model A is then

∂φ

∂t
= −MδF

δφ
+ η∗(r, t), (5.1)

where the proportionality coefficientM is the mobility coefficient, which is related
to the random thermal noise η∗ through the fluctuation–dissipation relation,

〈η∗(r, t)η∗(r′, t ′)〉 = 2kBTMδ(r − r′)δ(t − t ′). (5.2)

The Langevin equation for model A is often referred to as the time-dependent
Ginzburg–Landau (TDGL) equation. Its name derives from its use in the analysis
of superconductivity and superfluidity, for which the order parameter is complex.

The free energy functional F plays a crucial role in the kinetics of model A.
Its functional form depends on the nature of the system under investigation. We
first consider systems with only short-range interactions, where F = FGLW , and
use the form given in Eqs. (3.2) and (3.15) with the external field H set to zero.
Systems with nonzero H are treated in Chapter 13. The Landau expansion of f (φ)
given in Eqs. (3.14) and (3.15) is an expansion around the critical point: i.e. in
φ∗ ≡ (φ − φc). For critical quenches, the average order parameter is φc, and
φ∗ is also the order parameter fluctuation δφ. For off-critical quenches, the order
parameter fluctuation is δφ = (φ−φ) = (φ∗−φo), where φo = (φ−φc). Thus, for
off-critical quenches, one needs to replaceφ∗ by (δφ+φo) in the Landau expansion.
The Langevin equations describe the dynamics of the order parameter fluctuation
δφ. Using the GLW form of free energy functional, Eq. (5.1) becomes

∂δφ

∂t
= −M[(a2 − κ∇2)φ∗ + a4φ

∗3] + η∗(r, t), (5.3)

which defines the kinetics of model A for time-independent φ. (See Chapter 13
for an example where φ is time-dependent.) The quadratic coefficient a2 in the
Landau expansion of the local free energy density has a temperature dependence
a2 = −ao(Tc − T ) such that a2 is negative for T < Tc.

The Langevin equation for model A may be rewritten in terms of scaled (dimen-
sionless) variables. For critical quenches φ∗ = δφ. The various scaling quantities
were introduced in Section 3.3 and may be expressed in terms of the square
gradient coefficient κ that appears in the Ginzburg term and the quadratic and
quartic coefficients a2 and a4 in the Landau expansion of the local free energy
density. They are the correlation length ξ = (−a2/κ)

−1/2, the magnitude of the
order parameter φ∗

min = (−a2/a4)
1/2 for which the double-well local free energy
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density is minimum, and the mobility coefficient M . The scaled variables are
ψ(x, τ) = δφ/φ∗

min, x = r/ξ , and the dimensionless time τ , which is defined
as τ = 2M|a2|t . In terms of these variables, the model A Langevin equation for
critical quenches in absence of an external field reduces to a dimensionless form

∂ψ(x, τ)

∂τ
= 1

2

(∇2
xψ + ψ − ψ3)+ ε1/2η(x, τ), (5.4)

where the fluctuation–dissipation relation is

〈η(x, τ)η(x′, τ ′)〉 = δ(x − x′)δ(τ − τ ′), (5.5)

and the strength of the thermal noise ε is

ε = kBT a4

a2
o(Tc − T )2

(ao|Tc − T |
κ

)d/2 = kBT

φ∗2
minao(Tc − T )

(ao|Tc − T |
κ

)d/2
. (5.6)

The transformation used to obtain Eq. (5.4) is useful for kinetics following deep
quenches in the unstable regions. The dimensionless noise strength ε and the
correlation length ξ diverge at the critical point (for d < 4). Thus, the scaling
transformation is not so useful for shallow quenches close to the critical point.

5.2 Model A reaction–diffusion system

Some chemical reactions carried out under far-from-equilibrium conditions can be
described by the model A equation. An often-studied model of a chemical system
exhibiting bistability is the Schlögl model (Schlögl, 1972). It is defined by the
reaction scheme

A
k1�
k−1

X, 2X + B
k2�
k−2

3X. (5.7)

In thermodynamic equilibrium,

k1 c
eq
A = k−1 c

eq
X ,

k2 (c
eq
X )

2 c
eq
B = k−2 (c

eq
X )

3, (5.8)

where ceqA , ceqB and ceqX are the equilibrium densities ofA,B, andX, respectively. The
ratio of ceqA and ceqB is related to the ratio of the rate constants by detailed balance:

Keq = c
eq
A /c

eq
B = (k−1k2)/(k1k−2). (5.9)

If the concentrations of species A and B are held at constant values c0
A and c0

B by
flows of reagents into and out of the system, the system is in a nonequilibrium state.
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Only the concentration of speciesX varies with time and space. We let cX ≡ c, c0
A ≡

a, and c0
B ≡ b. The time evolution of c(r, t) satisfies the reaction–diffusion equation

∂c(r, t)

∂t
= k1a − k−1c + k2bc

2 − k−2c
3 +D∇2c. (5.10)

If we define the free energy functional

F[c(r, t)] =
∫
d3r

{
f [c(r, t)] + 1

2
D|∇c|2

}
, (5.11)

where

f [c] = −k1ac + k−1

2
c2 − k2b

3
c3 + k−2

4
c4, (5.12)

then the reaction–diffusion equation may be rewritten as

∂c(r, t)

∂t
= −δF[c(r, t)]

δc(r, t)
. (5.13)

The local free energy functional f [c] can be transformed to the form in Eq. (3.14)
by a suitable choice of co and defining c = co + δc. The resulting one-variable
reaction–diffusion equation has the same form as the time-dependent Ginzburg–
Landau equation without the noise term. The thermal noise term can be added to
account for fluctuations. (Compare Eq. (5.1) with Eq. (5.13) and Eq. (5.4) with
Eq. (5.10).) Consequently, the domain-coarsening phenomena for a system with a
nonconserved order parameter can be observed in this reacting system. In general
it is not always possible to write a reaction–diffusion system in the gradient form
of model A involving a free energy functional.

The homogeneous steady states of Eq. (5.10) occur when k1a− k−1c+ k2bc
2 −

k−2c
3 = 0. This cubic equation is similar to the van der Waals equation (see Sec-

tion 2.1.3, Eqs. (2.15) and (2.16)). If the ratio a/b is held fixed, the three steady-state
values of c, (co, c±), need not correspond to a state of thermodynamic equilibrium.
As in the case of the van der Waals equation, it can be shown that the two states c±
are stable and the state co is unstable. The Schlögl model has been studied often. Its
stochastic dynamics has been modeled using reactive lattice-gas, master, Fokker–
Planck and Langevin equations. In the presence of fluctuations the bistable states are
metastable, since noise can induce transitions between them. The lifetimes of such
metastable states can be extremely long (Langer, 1969; Gunton and Droz, 1983;
Debenedetti, 1996). In simulations on finite systems fluctuation-induced transitions
occur only rarely.

Figure 5.1 shows domain formation and growth for this system following a
critical quench starting from an unstable state (see Gruner et al., 1993). The long-
time dynamics is driven by the curvature of the boundaries separating the stable
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Fig. 5.1. Phase separation dynamics of a critically quenched Schlögl system. The
times of the configurations are indicated below the panels.

Fig. 5.2. Results for a system at equistability: (a) square of the domain size as
a function of time. The system was prepared with a disk of radius R(0) = 150
of the high-density steady state in a sea of low-density steady state. (b) Dynamic
structure factor at different times. The curves are the average of many realizations
of a critically quenched system with an initial density corresponding to the deter-
ministic unstable state, co. Reprinted with permission from Gruner et al. (1993).
Copyright 1993, American Institute of Physics.

phases. In an infinite system, although the average order parameter (c−co) is zero,
domains of arbitrarily large size can exist. In finite systems, different realizations
of the evolution process lead to pure c+ or c_ phases, or mixtures of these phases
separated by zero-curvature interfaces. The order parameter is zero when averaged
over many realizations. At early times the boundaries are indistinct, while at later
times sharp boundaries form and evolve slowly due to diffusive motion of the
interfaces.

The evolution of domains may be monitored by the nonequilibrium correlation
function 〈δc(r, t)δc(0, t)〉ne ≡ G(r, t) and its Fourier transform S(k, t). If one
assumes that the domain sizeR(t) is the only characteristic length in the system, and
its dynamics is governed by the interfacial curvature, then R(t) ∼ t1/2, and S(k, t)
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is predicted to have a scaling form S(k, t) ∼ tSo(kt
1/2) for this two-dimensional

system. Figure 5.2 shows the linear behavior of R2(t) along with the results of
simulations of the universal scaling function So(x) through a plot of log

(
S(k, t)/t

)
as a function of kt1/2. Collapse of the data for sufficiently long times confirms the
scaling structure.
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Langevin model for conserved order
parameter systems

In model B systems of the Hohenberg–Halperin classification scheme the order
parameter φ is conserved and is the only relevant macrovariable. The model B
Langevin equation can be used to describe binary alloys and spin-exchange kinetic
Ising models. Phase separation in binary fluid mixtures is more complex than that
in Ising models due to a possible coupling of the concentration order parameter to
a transverse velocity field. The model B description can be used for binary fluid
mixtures only if this fluid flow effect is neglected. The model B Langevin descrip-
tion has been put on a firm microscopic basis by Langer (1971), who examined the
dynamics of the spin-exchange kinetic Ising model. Langer’s analysis was carried
out by coarse-graining the master equation, which describes the dynamics of the
conserved Ising spins, in order to obtain a Fokker–Planck equation for the probabil-
ity distribution of the magnetization order parameter. The Fokker–Planck equation
is equivalent to the Langevin equation for model B. The discussion in this chapter
is limited to the Langevin equation.

6.1 Langevin model B

The structure of the Langevin equation for model B can be deduced from the fol-
lowing considerations. Sinceφ is conserved, it obeys a conservation law (continuity
equation),

∂φ

∂t
= −∇ · j(r, t), (6.1)

where j is the current associated with φ. Provided j itself is not a conserved variable,
one can write the transport law,

j(r, t) = −[M∇μ(r, t)+ ζ ∗]. (6.2)

Here ζ ∗ is the order parameter current arising from thermal noise and μ(r, t) is
the local chemical potential, which is synonymous with the thermodynamic force

38
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introduced in Chapter 2. More specifically, the local chemical potential is related
to the free energy functional by

μ(r, t) = δF
δφ

. (6.3)

Combining these results, one has the Langevin equation for model B,

∂φ

∂t
= M∇2

(
δF
δφ

)
+ ζ(r, t), (6.4)

where ζ = ∇ · ζ ∗ is the random thermal noise, which satisfies the fluctuation
dissipation theorem

〈ζ(r, t)ζ(r′, t ′)〉 = −2kBTM∇2δ(r − r′)δ(t − t ′). (6.5)

The Langevin equation for model B is also known as the Cahn–Hilliard–Cook
equation due to its applications in the kinetics of alloy ordering and segregation.

As in the case of modelA, we set F = FGLW and use the form given in Eqs. (3.2)
and (3.14). On account of the overall Laplacian on the right hand side of Eq. (6.4),
the term arising from the external field vanishes, and the model B Langevin equation
reduces to

∂δφ

∂t
= M∇2[(a2 − κ∇2)φ∗ + a4φ

∗3] + ζ(r, t), (6.6)

where φ∗ = (δφ + φo) as in model A.

6.2 Critical quench in a model B system

For critical quenchesφo = 0, and Eq. (6.6) can be cast in terms of the dimensionless
variables ψ(x, τ) = δφ/φ∗

min, x = r/ξ , and the dimensionless time τ defined as
τ = (

2Ma2
o(Tc−T )2/κ

)
t . In these dimensionless variables the model B Langevin

equation that is appropriate for the description of critical quenches takes the form

∂ψ(x, τ)

∂τ
= −1

2
∇2(∇2ψ + ψ − ψ3) + ε1/2η(x, τ). (6.7)

The random thermal noise η satisfies the fluctuation–dissipation relation

〈η(x, τ)η(x′, τ ′)〉 = −∇2δ(x − x′)δ(τ − τ ′). (6.8)

Figure 6.1 shows how spinodal decomposition proceeds for a symmetric mixture
following a critical quench (see Rogers et al., 1988; Rogers, 1989). The growth of
the domain size R(τ) is evident from the morphology of the pattern. The effect of
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Fig. 6.1. Time evolution of the order parameter field during phase separation of
a system with a conserved order parameter for ψo = 0.0. The shaded regions
correspond to one phase (ψ > 0) and the white regions to the other phase. For
panels (a), (b), (c), and (d), ε = 0. Panels (a), (b), and (c) correspond to times
τ = 150, 600, and 2200, respectively. Panel (d) shows a uniform contraction of
the configuration (c) to match the average domain size of (a). Self-similar growth
implies that, on average, (d) and (a) have the same domain morphology. Panel (e)
shows a snapshot of the configuration for ε = 0.5 and τ = 3000.

noise on the structure of the pattern is shown in panel (e). Panels (a) and (d) illustrate
self-similarity and dynamic scaling: the spatial patterns formed by domains at two
different times are statistically identical, apart from a global change of the length
scale.

As discussed in Chapter 4, dynamic scaling arises when a single length dominates
the time evolution. As a result, various measures of the morphology depend on time
only through this length. Dynamical scaling is valid only at late times. At early and
intermediate times, the interfacial width ξ is another important length that enters
the description and leads to a breakdown of scaling. The ratio ξ/R(τ) is negligibly
small only at late times, and dynamic scaling can be justified only when this ratio
vanishes. Figure 6.1(e) shows that the interfacial structure is significantly more
diffuse when thermal noise is present during the time evolution. The larger the value
of the noise strength ε, the longer it takes for sharp interfacial structure to develop.
Thus, longer times are required for the onset of dynamical scaling. However, the
spatial distribution of domains in late-stage coarsening is qualitatively similar for
zero and nonzero ε.

Using renormalization group techniques, Bray (1994) showed that thermal noise
is irrelevant for deep-quench kinetics. This is so because the free energy has two
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stable fixed points to which the system can flow: the infinite-temperature fixed
point for T > Tc, and the zero-temperature strong-coupling fixed point for T < Tc.
Since the strength of the noise ε vanishes at T = 0, the thermal noise term η can
be neglected in model B phase separation kinetics for T < Tc. While thermal noise
may often be neglected, there are many examples of kinetics where it can play an
important role.

6.3 Off-critical quench in a model B system

If the thermal noise term is ignored in the model B Langevin equation, the resulting
deterministic equation is known as the Cahn–Hilliard (CH) equation (see Eq. (6.6)),

∂δφ

∂t
= M∇2[(a2 − κ∇2)φ∗ + a4φ

∗3], (6.9)

where φ∗ = (δφ + φo). In critical quench experiments on symmetric systems the
right-hand side of the CH equation has only linear and cubic terms. For asymmetric
mixtures and off-critical quenches φo is nonzero, and for T < Tc the CH equation
has an additional quadratic nonlinear term. Its explicit form can be deduced from
Eq. (6.9), and is given by

∂δφ

∂t
= −M∇2[(|a2| − 3a4φ

2
o + κ∇2)δφ − 3a4φo(δφ)

2 − a4(δφ)
3]. (6.10)

In terms of dimensionless variables, ψ(x, τ) = δφ/φ∗
min, x = r/ξ , τ =

(2Ma2
2/κ) t , and ψo = φo/φ

∗
min, which are defined for T < Tc, the resulting

dimensionless CH equation is

∂ψ

∂τ
= −1

2
∇2([∇2 + q2

c ]ψ − 3ψoψ2 − ψ3), (6.11)

where q2
c = (1−3ψ2

o ). This is the scaled Cahn–Hilliard equation for an off-critical
quench where the field variable ψ is the scaled order parameter fluctuation around
the average value ψo = φo/φ

∗
min.

For a critical quench where ψo = 0, the bilinear term vanishes, q2
c = 1, and the

CH equation reduces to its symmetric parameter-free form (see Eq. (6.7)). For an
off-critical quench, ψo is nonzero and is the only parameter in Eq. (6.11). Thus, it
is useful to summarize its attributes. It is a measure of how far the system is from
a critical quench. The volume fraction of the (−) phase is (1 − ψo)/2 and that
of the (+) phase is (1 + ψo)/2. For ψo = 0, one has a symmetric system that is
quenched through the critical point, while forψo = ±1 the system is quenched to the
coexistence curve. The conservation law for model B dictates that the average value
of the order parameter remain time-invariant: as a consequenceψo remains constant
throughout the time evolution. Since the final equilibrium phase corresponds to two
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coexisting phases with φ = ±φ∗
min, a nonzero value of ψo reflects an asymmetry

in the spatial extent of these two phases. The degree of asymmetry is given by the
lever rule. Finally, it can be shown that the equation of the classical spinodal, shown
in Figs. 2.1 and 2.5, is q2

c = 0 or |ψo| = ψsp ≡ 1/
√

3. For unstable states within
the classical mean field spinodal, q2

c ≡ (1 − (ψo/ψsp)
2) > 0.

Equation (6.11) must be supplied with appropriate initial conditions describing
the system prior to the onset of phase separation. The initial post-quench state is
characterized by the pre-quench order parameter fluctuations at the initial tem-
perature To (Elder et al., 1988). From renormalization group arguments, any initial
short-range correlations should be irrelevant, and one can take the initial conditions
to represent a completely disordered state at T = ∞. For example, one can choose
the white-noise form 〈ψ(x, 0)ψ(x′, 0)〉 = εoδ(x − x′), where the angular brack-
ets represent an average over an ensemble of initial conditions, and εo (εo � 1)
controls the size of the initial fluctuations in ψ . In this context, the fundamental
problem in phase separation kinetics is the construction of the late-time solutions
of deterministic equations, such as Eq. (6.11), subject to random initial conditions.
Even though Eq. (6.11) is a mathematically intractable nonlinear partial differential
equation, some qualitative observations concerning its structure and solution can
be made.

The cubic term in this equation treats both phases in a symmetric manner. This is
the only nonlinear term for a symmetric binary mixture, and it leads to a labyrinthine
morphology in which both the phases have an equal share of the system volume.
Labyrinthine patterns are a characteristic of systems undergoing spinodal decom-
position. The partial differential equation is parameter-free for the symmetric case,
and there is no convenient small expansion parameter, especially for early times.
The linear approximation loses its validity around τ ∼ 10. For late times, the ratio
of the interfacial width to the time-dependent domain size ξ/R(τ) has been used
as a small parameter by Pego (1989) in a matched asymptotic expansion analysis.
It provides a connection between this nonlinear problem and the Mullins–Sekerka
instability on long time scales and to the classic Stefan problem on short time
scales.

The quadratic term in Eq. (6.11) treats the two phases in an asymmetric manner
and is the source of droplet-like morphology. As the off-criticalityψo increases, the
quadratic nonlinearity gradually assumes a greater role compared with the cubic
nonlinear term and leads to a transition from the labyrinthine to the droplet-like
morphology.

The different morphologies that the order parameter field adopts are shown in
Fig. 6.2 (see Rogers and Desai, 1989). For the critical quench shown in panels
(a) and (b), the symmetry of ψ between the two phases is apparent and expected,
since neither phase can be a minority phase for a 50–50 mixture. The qualitative
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Fig. 6.2. The order parameter field morphology from two-dimensional simulations
of Eq. (6.11). A critical quench (ψo = 0.0) at (a) τ = 500 and (b) τ = 5000; and
an off-critical quench (ψo = 0.4) at (c) τ = 500 and (d) τ = 5000. The dark
regions have ψ < 0.

differences in the morphology for critical and off-critical quench evolutions at
late times are also clear: bicontinuous for a critical quench, and isolated closed-
cluster morphology for an asymmetric off-critical quench. Domain coarsening is
also evident in each of the two cases.

The spatial correlation function

G(x, τ) ≡ 〈ψ(x, τ)ψ(0, τ)〉 (6.12)

and the time-dependent structure factor S(k, τ)

S(k, τ) =
∫
ddx e−ik·x G(x, τ) (6.13)

can be computed from simulations of the model B order parameter equations. There
are a number of ways to obtain the time-dependent domain size, R(τ), from such
results. The first zero ofG(x, τ) provides a length which is a measure ofR(τ). One
may also extract a characteristic wavelength from either the first moment of S(k, τ)
or the value km where S(k, τ) is maximum and identify such a wavelength with
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Fig. 6.3. Late-stage scaling function go(z). (a) Solid line, ε = 0; open squares,
ε = 0.05; crosses, ε = 0.2. The dashed line corresponds to the longest simulation
time for ε = 0.5 and indicates that the scaling regime has not yet been reached.
(b) go(z) at τ = 5000: solid line, ψo = 0.4; circles, ψo = 0. Reprinted Figure 8
with permission from Rogers et al. (1988) and Figure 9 from Rogers and Desai
(1989). Copyright 1988 and 1989 by the American Physical Society.

R(τ). The result that is now firmly established from experiments and simulations
is that

R(τ) ∼ τ 1/3, (6.14)

independent of the system dimensionality d.
Simulation results confirm the existence of dynamic scaling of the time-

dependent structure factor, S(k, τ) = (
R(τ)

)d
So
(
kR(τ)

)
, at late times. Dynamic

scaling can also be discussed in terms ofG(x, τ), which may be written in the form

G(x, τ) = G
(
x/R(τ)

) ≡ (1 − ψ2
o )

−1go(z), (6.15)

where z = x/R(τ). The factor (1 − ψ2
o ) is included to ensure that go(z) → 1 as

z → 0 for an infinite system. This normalization factor is unity for a critical quench.
Figure 6.3 shows go(z) obtained from the simulation of the model B Langevin
equation for a 2d system. The scaling function go(z) is independent of thermal
noise strength and the off-criticality parameter ψo. Note that the larger the value
of ε, the longer it takes a simulation to reach the asymptotic scaling regime. The
dependence ofG(x, τ) onψo is removed through the scaling byR(τ) and the factor
(1 − ψ2

o )
−1 in Eq. (6.15).

In Fig. 6.3, go(0) has not yet attained its asymptotic value of unity, because the
ratio of the interfacial width to the domain size is not small enough at the longest
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Fig. 6.4. Late-stage scaling function go(z) for a 3d cell dynamical model of a
binary alloy. (a) Simulation results for various values of τ . (b) Hardened data
corresponding to (a). Note that the curves from each time step are nearly indistin-
guishable. Reprinted Figures 18 and 20 with permission from Shinozaki and Oono
(1993). Copyright 1993 by the American Physical Society.

times probed in the simulation. One way to obtain the asymptotic scaled correlation
function is to “harden” the morphology data by applying a transformation ψ →
sign(ψ), so that ψ(x, τ) becomes a field with only two possible values, ±1. The
implicit value of the ratio of the interfacial width to the domain size is zero for
such hardened data, and the resulting scaled correlation function go(z) has the
correct limit go(0) = 1. This is illustrated in Fig. 6.4, where a 3d symmetric binary
alloy was simulated using a discrete cell-dynamical system to probe the phase
separation process. The original simulation data on the left may be contrasted
with the hardened data on the right. A comparison of Figs. 6.3 and 6.4 shows
that the dynamically scaled correlation function is also independent of the system
dimensionality.

6.4 Model B interfacial structure

Interfaces play a central role in the phase transition kinetics of both modelsAand B.
Figure 6.5 shows the interfacial structure corresponding to Fig. 6.2(b) (see Rogers,
1989). The relative magnitudes of the interfacial width and the domain size for a
late-stage configuration are clearly seen in this figure. In Fig. 6.6, the interfacial
structure at early times is shown for an off-critical quench (see Elder and Desai,
1989). The interfacial evolution at early times is apparent. Large interconnected
clusters begin to break apart into small circular droplets because the quadratic
nonlinearity in the free energy functional eventually outpaces the cubic nonlinearity
when off-criticality ψo is large.

Interface morphologies, such as those shown in Figs. 6.5 and 6.6, are highly
complex structures. While the correlation function and the structure factor provide
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Fig. 6.5. Interface structure for τ = 5000, ψo = 0. In (a) the shaded
regions correspond to interfaces separating the domains, defined as regions where
0.75ψ− < ψ < 0.75ψ+. In (b) a cross-sectional view of the order parameter ψ
along the horizontal line in (a) is given.

Fig. 6.6. Time dependence of the domain boundary morphology for an off-critical
quench with ψo = 0.48. The classical spinodal corresponds to ψo ∼ 0.58. The
interface separating two domains is defined as the locus of points where ψ = 0.
The evolution is shown for early times τ of (a) 50, (b) 100, (c) 150, (d) 200, (e) 250,
and (f) 300.

information on the time evolution of the characteristic length scale, averaging
removes morphological details. Topological methods have been used to obtain
quantitative information on the connectivity within such structures (Jinnai et al.,
2000; Gameiro et al., 2005; Kwon et al., 2007). Two structures are topologically
equivalent if they can be deformed into each other without cutting or gluing. Thus,
a pyramid, a sphere, and a cube are topologically equivalent. Similarly, a doughnut
and a cube with a handle are equivalent.

The Betti numbers βi , which are topological invariants, provide a measure
of the similarity among microstructures. They have been used to quantify the
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microstructure geometry, including the boundary effects that exist in finite systems.
They can also be used to monitor basic topological changes, such as the transi-
tion from a bicontinuous structure to an isolated cluster morphology. Within a
microstructure, the zeroth Betti number β0 is the number of different connected
components, the first Betti number β1 is the number of tunnels (in 2d tunnels
reduce to loops), and the second Betti number β2 is the number of enclosed vol-
umes (cavities). In systems that can be described by models A and B, the time
variation of the Betti numbers indicates how the structural connectivity evolves as
the systems coarsen. The Betti number β1 is equivalent to the genus g of a structure,
which is defined as the number of cuts that can be made on a closed surface without
separating it into two disconnected bodies. Thus, a pyramid, a sphere, and a cube
have β1 = g = 0 while a doughnut and a cube with a handle have β1 = g = 1. The
pinching of a tube that can occur during the evolution of a bicontinuous structure
is a topologically singular event and decreases g.

For coarsening in systems governed by the Allen–Cahn (model A) and Cahn–
Hilliard (model B) equations, the genus per unit volume gV ≡ g/V decays in
time as gV ∼ t−ng , with ng approximately 3

2 for model A and 1 for model B
(Kwon et al., 2007). If we identify the interface area per unit volume SV as an
inverse characteristic length of the system, then SV ∼ t−n, with n = 1

2 for model
A and n = 1

3 for model B and ng = 3n. As a consequence, a scaled genus, defined
as gV S

−3
V , is dimensionless. It becomes time-independent at late times in the scaling

region. Its value is approximately 0.14.
Another quantity that is used to characterize an interface is its curvature, which

is associated with the change in the normal as one moves along the surface. Since
the normal direction and the directions along the surface are vectors, the curvature
is a tensor quantity. It is useful to describe the curvature tensor by its invariants,
since these quantities do not change if the coordinate system used to describe the
surface is rotated. Invariants are intrinsic properties of the surface. In a 2d system,
the surface is a 1d curve and the curvature tensor can be expressed as a 2 × 2
matrix, which has two invariants: the curvature K and its determinant, which is
zero. In a 3d system, the surface is two-dimensional, and the curvature tensor,
expressed as a 3 × 3 matrix, has three invariants: its determinant, its trace, and the
sum of three principal minors (minors of the three diagonal elements). Again the
determinant vanishes. It is useful to diagonalize the curvature tensor. Out of the three
eigenvalues, one is zero and the other two are the principal curvatures, denoted as
κ1 and κ2. Eigenvectors corresponding to the two nonzero eigenvalues are known as
principal directions of the surface, and the surface curvatures κ1 and κ2 along these
directions are also extrema (κ1 is the minimum and κ2 the maximum). It is then easy
to see that the invariant trace is (κ1 + κ2). The mean curvature H ≡ (κ1 + κ2)/2
is the more commonly used invariant. From the diagonalized curvature tensor,
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Fig. 6.7. Top panels: Interface structures color-coded by the scaled Gaussian
curvature. Bottom panels: Scaled interfacial shape distribution (ISD), normalized
to unity. A-1: model A, τ = 480, S−1

V = 56.79; A-2: model A, τ = 4000, S−1
V =

158.93; B-1: model B, τ = 64000, S−1
V = 35.61; B-2: model B, τ = 179200,

S−1
V = 77.81. Four regions in the ISDs (as marked in B-1: bottom panel) are

divided by lines where κ1 = κ2 on which spherical patches lie, κ1 = −κ2 on
which patches with H = 0 lie, and κi = 0 (i = 1, 2: two axes) on which cylin-
drical patches with K = 0 lie. The planar patches (κ1 = κ2 = 0) lie at the origin.
Physically attainable surfaces are to the left of the κ1 = κ2 line, since κ2 ≥ κ1 by
definition. Much of the distribution lies in regions 2 and 3 whereK < 0, indicating
a predominance of saddle-shaped patches. The scaled ISDs are symmetric with
respect to the H = 0 line; the distribution width

√〈H 2〉/SV is much larger for
model A than for model B. Reprinted Figure 2 with permission from Kwon et al.
(2007). Copyright 2007 by the American Physical Society.

whose diagonal elements are (0, κ1, κ2), one can obtain the three principal minors
as (κ1κ2, 0, 0), which gives the invariant sum as κ1κ2. This invariant sum is referred
to as the Gaussian curvatureK .An essential measure of the morphology is provided
by K: for a saddle-shaped or hyperbolic surface it is negative, and for an elliptic
or parabolic surface it is positive. These two- and three-dimensional results can be
generalized to higher dimensions.



6.4 Model B interfacial structure 49

A detailed characterization of the interfacial structure can be made through a
study of the interfacial shape distribution (ISD), P(κ1, κ2), which is the prob-
ability of finding a patch of interface with (κ1, κ2). Figure 6.7 displays the 3d
interface structures and P(κ1/SV , κ2/SV ) for critical quenches corresponding to
a symmetric two-phase system with equal volume fractions. Results are shown
for both nonconserved and conserved dynamics at two different late-stage times.
Time-independence of P(κ1/SV , κ2/SV ) indicates self-similarity at late times in
the coarsening process.

Jinnai et al. (2000) obtained the joint probability density P(H ,K) for the gyroid
structure from an experimental measurement of the microstructure of a triblock
copolymer. This unusual structure also occurs in various lipid–water systems. It
consists of two interpenetrating networks, one of which is right-handed and the
other is its mirror image (space group Ia3d); it is a three-dimensional analog of the
honeycomb lattice. A gyroid surface is a periodic surface with a constant (nonzero)
mean curvature H , and has smooth internal interfaces which form three tubes at
a junction (Schick, 1998).

While the model B Langevin equation captures the essence of the phase segrega-
tion kinetics, real binary mixtures have additional physical effects. Hydrodynamic
interactions contribute at late times for binary polymer melts (Glotzer, 1995), hydro-
dynamic flow effects become important at late times for small molecule binary fluid
mixtures (Siggia, 1979), and elastic effects play a subsidiary, but important, role for
binary alloys (Cahn, 1961, 1966, 1968). For small molecule binary fluid mixtures
the concentration order parameter can also couple to the total density, especially
within the interface region if the interaction between the unlike molecules is strongly
repulsive (Denniston and Robbins, 2004). The kinetics of phase ordering and phase
separating systems is complex. Laboratory experiments, model simulations, and
analytical theories have contributed to our current understanding.

For systems whose kinetics can be modeled through a free energy functional,
our discussion was limited to the two simplest models, A and B. In many instances
more complex models are appropriate. For example, the coarsening of the domain
structure shown in Fig. 4.2 is for the disorder–order transition in Fe3Al, which has a
tricritical point. The kinetics of such first-order transitions requires the consideration
of elastic fields (Sagui et al., 1994) where a nonconserved order parameter is coupled
to a conserved variable (model C).
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Interface dynamics at late times

The dynamics of interfaces plays an important role in the evolution of the morphol-
ogy of phase-ordering and phase-separating systems. After a short transient period,
well-defined domains of the coexisting phases are separated by sharp interfaces,
often with a complex structure. Curvature-driven interface dynamics governs the
manner in which the system evolves in the late stages of the domain-coarsening
process. The focus in this chapter is on the quantitative description of interface
structure and dynamics for models A and B; however, the results have more
general applicability and will be used in applications to diverse systems in later
chapters.

7.1 Model B interface

In order to construct the interfacial profile for model B, we consider a d-dimensional
system and start with Eq. (6.7), which can be rewritten as

∂ψ

∂τ
= −∇2

(
∇2ψ − δf

δψ

)
. (7.1)

We have set ε = 0 in order to neglect thermal noise and have absorbed the factor of
1
2 in the unit of dimensionless time τ , which for model B is now τ = (

Ma2
o(Tc −

T )2/κ
)
t . For a symmetric system, we use the dimensionless form of the bulk

free energy density f (ψ) = ψ4/4 − ψ2/2 (see discussion following Eq. (3.15)).
Equation (7.1) is often called the Cahn–Hilliard equation (Cahn, 1961; Bray, 1994).
In the arguments given below, only the double-well nature of f (ψ), and not its
explicit analytic form, is needed. Since the correlation length ξ plays a central role
in the analysis, we rewrite Eq. (7.1) as

∂ψ

∂τ
= −∇2

(
ξ2∇2ψ − δf

δψ

)
, (7.2)

50
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even though ξ = 1 in our dimensionless units. The domain size R(τ) is much
larger than ξ at late times, and it is appropriate to consider first a locally planar
interface with its normal in the x direction. Let x = xo be the interface position.
Then ψ ∼ ψ(x, τ), and the stationary solution of Eq. (7.2), ψo(x), satisfies

ξ2 d
2ψo

dx2
= δf

δψo
, (7.3)

which has a kink profile solution

ψo(x) = ± tanh((x − xo)/
√

2ξ), (7.4)

for a free energy with the form f (ψ) = ψ4/4 − ψ2/2. This can be verified
either by integrating Eq. (7.3) with the boundary conditions ψo(±∞) = ±1 and
ψo(xo) = 0, or by direct substitution. It is instructive to expand ψ around ψo and
convert Eq. (7.2) to a linear eigenvalue problem. With ψ(x, τ) = ψo(x)+ ζ(x, τ),
one gets

∂ζ

∂τ
= �̂[ψo(x)]ζ (7.5)

where the linear operator �̂ is

�̂ = d2

dx2

[ δ2f

δψ2
o

− ξ2 d
2

dx2

]
. (7.6)

Let ζn(x) be an eigenfunction of �̂ with eigenvalue −ωn so that �̂ζn(x) =
−ωnζn(x). We may expand ζ(x, τ) in a complete set of eigenfunctions, {ζn(x)},

ζ(x, τ) =
∑
n

anζn(x)e
−ωnτ . (7.7)

Differentiation of Eq. (7.3) with respect to x shows that ζo(x) ≡ dψo(x)/dx is an
eigenfunction of �̂ corresponding to an eigenvalue zero. This eigenfunction goes
to |ψ+−ψ−|δ(x−xo) as ξ → 0 (in comparison with the domain sizeR(τ)), where
ψ± are the values ofψo(x) at ±∞. The eigenfunction ζo(x) is the Goldstone mode
arising from the broken translational invariance symmetry (see Fig. 7.1). Since
ψo(x) is a stationary solution, ζ(x, τ) must be orthogonal to ζo(x), which implies
that ao = 0. This is a consequence of the broken translational symmetry.

Now consider the more general case of a curved interface which is far from other
interfaces. This assumption is valid at late times. For a one-dimensional system the
interface is a point: x = xo. In d dimensions, the interface is a (d− 1)-dimensional
surface. The interfacial profile is the variation of ψ along the coordinate u ortho-
gonal to the (d − 1)-dimensional interface, which is described by the coordinates
(s1, s2, . . . , s(d−1)). In two dimensions (compared with d = 1), the additional



52 Interface dynamics at late times

(a)

(b)

Fig. 7.1. Interfacial structure in model B. (a) The hyperbolic tangent profileψo(x)
of the one-dimensional equilibrium solution corresponding to two coexisting
phases. (b) The Goldstone mode dψo(x)/dx for this model.

qualitative feature that must be accounted for is the curvatureK of the 1d interface.
Thus, we have two lengths, ξ and K−1, in the problem. The length K−1 is related
to the domain size R(τ). In the late-stage regime K−1 is large, and the parameter
λ ≡ ξK is a natural small parameter for expansion.

It is useful to introduce normal coordinates that move with the interface (Zia,
1985). To be explicit, we consider d = 2, and write (see Fig. 7.2)

x(s, u) = R(s)+ un̂(s), (7.8)

where R(s) is the position of the interface as a function of the arc length s, a
curvilinear coordinate parallel to the interface, and n̂(s) is the unit vector normal
to the interface at the arc length value s. For interface dynamics, only points in the
system with u comparable to ξ and much smaller thanK−1 are relevant. Typically
−ξ < u < +ξ is often an adequate range for u. In Fig. 7.2 the edges of the
diffuse interface correspond to u = ±ξ . Clearly x(s, 0) = R(s) is the center of the
interface, and the vector

t̂ ≡ dR
ds

(7.9)

is the unit vector tangent to the interface at s, so that n̂ · t̂ = 0. It is convenient
to transform the Cartesian components (x, y) of the vector x to the curvilinear
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n

R
s

Fig. 7.2. Curvilinear coordinate system for the moving interface. The central
darker solid line (u = 0) denotes the position of the interface. The figure also
shows a portion of an interface that separates two phases in the late stage of the
evolution.

interfacial coordinates (u, s) ≡ (u1, u2). The unit vectors (x̂, ŷ) may also be
transformed to the unit vectors (n̂, t̂).

Let θ(s) be the angle between n̂ and x̂. In terms of θ(s),

t̂(s) = x̂ sin θ(s)− ŷ cos θ(s)

n̂(s) = x̂ cos θ(s)+ ŷ sin θ(s). (7.10)

As one moves along the interface, t̂ and n̂ change their orientation. The relation-
ship of these changes to the curvature K is given by the geometrical relationships
embodied in the Frenet equations:

d t̂
ds

= −Kn̂,
dn̂
ds

= K t̂. (7.11)

By convention, a protrusion of the ψ− phase into the ψ+ phase is chosen to have
a positive curvature. In Fig. 7.2, the region with positive (negative) u is the ψ+
(ψ−) phase. Substituting Eq. (7.10) into Eq. (7.11), one can obtain the relationship
between the curvature K and the angle θ ,

K(s) = −dθ(s)
ds

. (7.12)

Another important relationship connects the curvature K and the normal to the
interface n̂:

∇ · n̂ = (
n̂
∂

∂u
+ t̂

∂

∂s

) · n̂

= t̂ · ∂n̂
∂s

= t̂ ·K(s)t̂ = K(s), (7.13)
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where Eq. (7.11) has been used in writing the second line. The orientation of t̂ and
n̂ with respect to the fixed Cartesian system (x, y) varies from point to point, and
Eq. (7.13) explicitly describes the relation of this change along the interface with
the curvature. With this definition the curvature of a straight line is zero, while the
curvature of a circle is the inverse of its radius. The generalization of Eq. (7.13) to
a d-dimensional system is ∇ · n̂ = (d − 1)H , where H is the mean curvature.

As the interface moves, its velocity is given by

v(s, τ) = −du(X, τ)

dτ
, (7.14)

where X ∼ (s, u = 0) is a point on the interface. The need for the negative sign is
clear since, if the interface moves in positive u direction by an amount � in time
dτ , the coordinate value u at point x decreases to (u−�). We now write ψ(x, τ)
in the form

ψ(x, τ) = ψo[u(x, τ)] + δψ , (7.15)

where ψo is given by (see Eq. (7.4))

ψo(u) = ± tanh(u/
√

2ξ), (7.16)

and assume that δψ is small for small values of u. The function δψ arises from
degrees of freedom associated with the bulk. Substituting this form into Eq. (7.2)
and keeping leading-order terms yields

−v dψo
du

= ∇2
[
�̂2δψ − ξ 2K

dψo

du

]
, (7.17)

where, to lowest order in ξK , the expressions for ∇2 and �̂2 are

∇2 ≈ ∂2

∂u2 + ∂2

∂s2 +K
∂

∂u
, (7.18)

and

�̂2 ≈ δ2f {ψo}
δψ2

o

− ξ2
( ∂2

∂u2 + ∂2

∂s2

)
. (7.19)

The details of the derivation of these results are given in the Appendix. In Eq. (7.17)
the outer Laplacian can be inverted by introducing the diffusion Green function

∇2G(x, x′) = δ(x, x′), (7.20)
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which converts Eq. (7.17) to

�̂2δψ − ξ2K(s)
dψo

du
= −

∫
d2x ′ G(x, x′)dψo(u

′)
du′ v(x′). (7.21)

The operator �̂2 has the form

�̂2(u, s) = �̂A(u)− ξ2 ∂
2

∂s2
. (7.22)

The eigenvalue problem for this operator can be written as

�̂2ζ̃n(u)X̃m(s) = −(ω̃n + α̃m)ζ̃n(u)X̃m(s), (7.23)

where the eigenfunctions of �̂2 have been expressed as products, ζ̃n(u)X̃m(s), of
eigenfunctions of �̂A and ξ2∂2/∂s2,

�̂A(u)ζ̃n(u) = −ω̃nζ̃n(u), (7.24)

and

ξ2 ∂
2

∂s2 X̃m(s) = α̃mX̃m(s). (7.25)

It is straightforward to show that X̃m(s) = N exp(−ims), where N is a normal-
ization factor and α̃m = −m2ξ2. The operator �̂A(u) has a nontrivial null space
associated with the Goldstone mode, �̂A(u) (dψo(u)/du) = 0. Thus, the interface
dynamics can be projected out of the full system dynamics through this Goldstone
mode as follows. We expand the contribution from the bulk degrees of freedom, δψ ,
in terms of the eigenfunctions of �̂A: δψ = ∑∞

n=0 an(s)ζ̃n(u). The bulk degrees of
freedom have to remain orthogonal to the interfacial degrees of freedom, which are
represented by the Goldstone mode, ζ̃o(u) ≡ (dψo(u)/du), with ω̃o = 0, the right
eigenmode of �̂A with zero eigenvalue. It is also a left eigenvector. The orthogo-
nality condition reduces to ao = 0. We can use this condition by left-multiplying
Eq. (7.21) by ζ̃o(u) and integrating over u. This eliminates the �̂2 term. The sec-
ond term on the left-hand side becomes (−σξ 2K), where we identify the surface
tension (dimensionless) with

σ =
∫
du

(dψo(u)
du

)2
. (7.26)
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By comparing this result with Eq. (3.12) we see that σ̃ = σξ/(κφ∗2
min). For the

double-well free energy f (ψ) = ψ4/4−ψ2/2, this reduces to σ̃ = σa4/(a2
√
a2κ)

(see also Eq. (3.15)). The resulting u-integrated equation becomes

σξ2K(s) =
∫
du dx′G(x, x′)dψo(u

′)
du′

dψo(u)

du
v(x′), (7.27)

which is correct to lowest order in ξK . To the extent that dψo(u′)/du′ has short
range, this result connects the interfacial curvature K(s) at a point s to the inter-
facial velocity at points in its neighborhood. The (mean field) surface tension is
seen to be the driving force for the dynamics of the interfaces. The diffusion
Green function inextricably couples the interface motion at two points s and s′
on the interface (u = u′ = 0) to the bulk dynamics. For a conserved order param-
eter the interface dynamics and domain growth at late times are governed by an
evaporation–diffusion–condensation mechanism.

7.2 Model A interface

The interface analysis is considerably simpler for model A. There is no outer Lapla-
cian in Eq. (7.2) or in Eq. (7.17). The Goldstone mode ζ̃o is still the interface profile
gradient, but the Green function is replaced by G(x, x′) = −δ(x − x′), which has
the consequence that Eq. (7.27) simplifies to

σξ 2K(s) = −
[∫

du
(dψo(u)

du

)2]
v(s) = −σv(s), (7.28)

after performing the integration over x′. The surface tension σ cancels from both
sides and we get the well-knownAllen–Cahn result (Lifshitz, 1962;Allen and Cahn,
1979),

v(s) = −ξ2K(s). (7.29)

This equation for model A shows that the interface motion is driven entirely by the
local curvature, and interface dynamics decouples from the bulk dynamics. Even
though the surface tension plays an important implicit role, it is the local curvature
that drives the interface velocity.

The quantities K , v, and σ are dimensionless. We denote the corresponding
quantities with dimensions by K̃ , ṽ, and σ̃ . A similar analysis starting from the
model A Langevin equation (5.1), which contains the thermal noise and is not in
dimensionless form, leads to the result that interface velocity ṽ is related to the
curvature K̃ by

ṽ(s) = −λ̃ σ̃ K̃(s)+ η̃, (7.30)
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where σ̃ is given by Eq. (3.12). The parameter λ̃ is

λ̃ = M

[∫ ∞

−∞
dz

(dφo(z)
dz

)2
]−1

, (7.31)

and the random noise η̃ satisfies the fluctuation–dissipation relation,

〈η̃(R(s), t)η̃(R(s′), t ′)〉 = 2λ̃kBT δ(r − r′)δ(t − t ′), (7.32)

where r ≡ R(s), r′ ≡ R(s ′) are two points on the interface. From Eq. (3.12), the
integral within the square brackets in Eq. (7.31) is σ̃ /κ . Thus, the product λ̃σ̃ in
Eq. (7.30) reduces to Mκ . Even though the interface motion decouples from the
bulk dynamics in both derivations of the Allen–Cahn result, the surface tension
plays an important role.

The results in either Eq. (7.29) or (7.30) are also starting points for demonstrating
the following interesting result for model A kinetics. Consider a circular domain
with average radius R(τ) growing in time during the late-stage regime. SinceK ∼
1/R and v ∼ −dR/dτ , one has R2(τ ) ∼ τ . Thus, for model A, R(τ) ∼ τn with
n = 1/2. For a sphere in d dimensions the result is

dR

dτ
∼ (d − 1)

R
, (7.33)

since

K ∼ (d − 1)

R
. (7.34)

This in turn leads to the result

R2(τ ) ∼ (d − 1)τ . (7.35)

Starting from Eq. (7.27), in the next chapter we carry out an analysis which leads
to the domain growth law for model B.

Appendix: Derivation of equation for interface velocity

Here we give details necessary for the derivation of Eqs. (7.17), (7.18), and (7.19).
As one moves along the interface, t̂ and n̂ change their orientation. The relationship
between these changes and the curvatureK is given by the Frenet equations (7.11).
For planar curves of length L with periodic boundary conditions, where the origin
is chosen so that −L/2 < s < L/2, one can integrate Eq. (7.12) to get

θ(s) = θ(−L
2
)−

∫ s

−L
2

K(s′)ds′. (7.36)
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Examples of curves for which this result applies are the boundary of a closed planar
domain and a percolating curve within a planar cluster with periodic boundary
conditions. In Eq. (7.9), if we use the definition of t̂ given in Eq. (7.10) and then
integrate the result, we obtain the interface position

R(s) = R(−L
2
)+ x̂

∫ s

−L
2

sin θ(s′)ds′ − ŷ
∫ s

−L
2

cos θ(s ′)ds′. (7.37)

Thus, the curvature K(s) defines the curve uniquely to within a rigid translation
R(−L

2 ) and a rotation θ(−L
2 ). Therefore, it is useful to focus attention on the

intrinsic function K(s, τ) to define the time evolution of the domain morphology.
The transformation (x, y) → (u, s) is governed by the covariant metric tensor

gαβ = ∂x
∂ωα

· ∂x
∂ωβ

, α,β = 1, 2 with ω1 = u and ω2 = s. The determinant of gαβ is
g, and it appears in the transformation of the area element,

dxdy = √
gduds. (7.38)

The Laplacian ∇2 has the general form

∇2 =
∑
α,β

1√
g

∂

∂ωα
√
g gαβ

∂

∂ωβ
(7.39)

in curvilinear coordinates. The contravariant tensor gαβ is related to the inverse
of gαβ so that gαγ gγβ = δαβ . Here the repeated index γ is summed, and the
quantity δαβ is unity if α = β and zero if α �= β. This result for the Laplacian

can be used to find ∇2 in the time-dependent (u, s) coordinate space, noting
that g11 = 1, g12 = g21 = 0, g22 = (1 + uK)2, and g11 = 1, g12 = g21 = 0,
g22 = (1 + uK)−2. To obtain the interface dynamics from the field equation (7.2),
the mapping (x, y) → (u, s) must be used only within the boundary layer of the
interface: i.e. −ξ/2 < u < ξ/2. During the late stages of the evolution ξ � K−1.
Therefore, one needs to evaluate ∇2 only to first order in uK , so that the determi-
nant g = (1 + uK)2 ≈ 1, but

√
g = (1 + uK) and gαβ ≈ δαβ is a unit tensor. This

leads to the result

∂

∂u

√
g
∂

∂u
= √

g
∂2

∂u2 +
(∂√g
∂u

) ∂
∂u

= ∂2

∂u2 +K
∂

∂u
, (7.40)

and

∇2 ≈ ∂2

∂u2
+ ∂2

∂s2
+K

∂

∂u
, (7.41)

since uK ∂2/∂u2 is a higher-order term.
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In the linearization using ψ = ψo + δψ , both δψ and (∂u/∂τ) are small. Thus,

∂ψ

∂τ
= ∂ψo

∂τ
+ ∂δψ

∂τ
= ∂ψo

∂u

∂u

∂τ
+ ∂δψ

∂u

∂u

∂τ

≈ ∂ψo

∂u

∂u

∂τ
= −v ∂ψo

∂u
. (7.42)

The third and final ingredient needed to obtain Eq. (7.17) concerns δf /δψ −
ξ 2∇2ψ . For the equilibrium profile ψo,

δf
δψo

= ξ2 d2ψo
du2 . Using this relation and

ψ = ψo + δψ , to linear order in δψ we have

δf

δψ
= δf

δψo
+ δ2f

δψ2
o

δψ , (7.43)

and

∇2ψ =
( ∂2

∂u2
+ ∂2

∂s2
+K

∂

∂u

)
(ψo + δψ)

≈ d2ψo

du2 +K
dψo

du
+
( ∂2

∂u2 + ∂2

∂s2

)
δψ , (7.44)

since ψo is independent of s and K ∂
∂u
δψ is of higher order and may be neglected

in the linearization procedure. Putting all these results together, we get

−∂ψo
∂u

v = ∇2
[
�̂2δψ − ξ 2K

dψo

du

]
, (7.45)

where

�̂2 = δ2f {ψo}
δψ2

o

− ξ2
( ∂2

∂u2
+ ∂2

∂s2

)
. (7.46)

This is Eq. (7.17).
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Domain growth and structure factor for model B

As a phase-separating mixture evolves towards equilibrium, domains of coexisting
phases grow in size and the domain structure coarsens. During this coarsening
process the system exhibits self-similarity, which can be exploited to deduce general
features of the late-stage domain growth for model B. If the dynamics is self-similar
then, on average, the pattern formed by domains at a given time τ can be made
to match that at an earlier time τ ′ by a uniform rescaling of the system size (see
Fig. 6.1). This scaling factor is

l = R(τ)

R(τ ′)
, (8.1)

where R is some measure of the average domain size. The dynamics also becomes
invariant if time is rescaled in accordance with the growth law, R(τ) ∼ τn. Thus,
on average, the equations describing the system should be invariant to a renormal-
ization in which lengths are scaled by a factor of l and time is scaled by a factor of
l1/n, with n the unknown growth exponent.

8.1 Domain growth law

The analysis of the model B domain growth law begins with the nonlocal relation
between interface curvature and the interface velocity in Eq. (7.27), which we
reproduce here:

σξ2K(s) =
∫
dudx′ G(x, x′)dψo(u

′)
du′

dψo(u)

du
v(x′). (8.2)

Even though this result was deduced in Chapter 7 for two-dimensional systems, it
is also true for d ≥ 2 if s is replaced by a (d − 1)-dimensional surface vector s.
At late times we expect interfaces to be sharp. The interfacial profile ψo(u) can
then be approximated by a step function with infinitesimal width. Then, if �(u) is

60
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the Heaviside function, which is zero for negative arguments and unity for positive
arguments, one has ψo(u) = ψo(−∞)(1 −�(u))+ψo(+∞)�(u) = �ψ�(u)+
ψo(−∞), where �ψ = [ψo(+∞)− ψo(−∞)]. From this relation it follows that
dψo/du = �ψ δ(u). Substituting these expressions into Eq. (8.2), and noting that
x′ ≡ (u′, s′), we get

σξ2K(s) = |�ψ |2
∫
d(d−1)s′ G

(
R(s), R(s′)

)
v(s′). (8.3)

Applying the scaling operation to this equation yields

σξ2Kl(s) = |�ψ |2
∫
d(d−1)s′l Gl

(
R(sl), R(s′l)

)
vl(s′l), (8.4)

where the superscript l denotes a scaled quantity. Here we assumed that ξ l → ξ :
i.e. the interface width is a time-invariant nonscaling length. Next we use
dimensional analysis to find the dependence of s, K , and v on l. We find:

d(d−1)s′l → l(d−1)d(d−1)s′, Kl → l−1K , and vl → l1− 1
n v. Since the Green

function satisfies Eq. (7.20), it must scale with l such that[∇ l
]2
Gl = δ(lx − lx′). (8.5)

In d dimensions,
[∇ l

]2 → l−2∇2, and δ(lx − lx′) → l−dδ(x − x′), so that Gl →
l2−dG. Substituting these scaling results into Eq. (8.4) gives

σξ2K(s) = l3− 1
n |�ψ |2

∫
d(d−1)s′ G

(
R(s), R(s′)

)
v(s′), (8.6)

which should be identical to Eq. (8.3) if self-similarity is to hold. Thus, invariance
under the scaling operation requires that n = 1

3 . The origin of this growth exponent
is related to the nonlinear structure of the model B field theory,

∂ψ

∂τ
= ∇2μ, (8.7)

with μ = −ψ + ψ3 − ∇2ψ . All three terms in the expression for the chemical
potential are needed to construct the interfacial profile. The result, as discussed in
Chapter 7 (see the analysis between Eqs. (7.2) and (7.27)), is that the order parameter
field ψ decomposes into a kink-like solution ψo(u) describing the interface and
a bulk contribution δψ(u, s). The growth exponent, n = 1

3 , emerges from the
time independence of the interfacial width ξ inherent in the kink solution ψo and
the coupling of the bulk dynamics to the interfacial curvature through the surface
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tension. These two features are also the key ingredients of the well-known Lifshitz–
Slyozov–Wagner theory of coarsening (see Chapter 12).

The emergence of sharp interfaces is a significant aspect of the late stage coars-
ening in model B. Because the interface is coupled to the bulk through the surface
tension, the interfacial width remains an important length scale in the problem, even
during the late stages. This is a particularly subtle point, since ξ is an asymptotically
irrelevant length scale with respect to the shape of the scaling function discussed
later in Chapter 9. By contrast, in model A, where the bulk and the interfacial
dynamics are not coupled, ξ can be ignored in the late-stage dynamics. For model B,
the correct late-stage theory must be such that the surface tension emerges in a
natural way.

8.2 Porod’s law and other consequences of sharp interfaces

Sharp interfaces in systems with a scalar order parameter ψ are examples of topo-
logical defects. More generally, for a system in which the order parameter is an
n-component vector ψ , other types of stable topological defect that depend on the
space dimensionality d can also be generated. For n = 1 (a scalar ψ), the topolog-
ical defect is a (d − 1)-dimensional domain wall; for n = d = 2 it is a vortex; it is
a string if n = 2, d = 3, and a monopole or a “hedgehog” if n = d = 3. In general
all the n components of ψ must vanish at the defect core, which defines a surface
of dimension (d − n). The existence of such defects therefore requires d ≥ n. For
n = 1, a domain wall is the defect core where ψ is identically zero at all points.

For a system undergoing phase ordering or separation, the existence of topo-
logical defects has important consequences for the short-distance correlations of
the order parameter: i.e. the small x behavior of G(x, τ) or the large k behavior
of S(k, τ). Short distance means ξ � x � R(τ) for two points xo and (xo + x).
Consider a scalar order parameter ψ in a system in the late stages of the evolution
following a quench to a point within the coexistence region, such that sharp domain
walls have been established andψ = ±1 within the bulk regions. Then, the product
ψ(xo)ψ(xo + x) will be −1 if a wall passes between the two points and will be
+1 otherwise. Since R is the typical inter-defect distance, for low defect densities
x = |x| � R and the probability of finding more than one wall can be neglected.
The probability that a randomly placed rod of length x will cut a domain wall is of
the order of x/R, so that, for x � R, we have

G(x) ≡ 〈ψ(xo)ψ(xo + x)〉 ≈ (−1)
x

R
+ (+1)(1 − x

R
),

= 1 − 2
x

R
+ · · ·,

= 〈ψ(xo)ψ(xo)〉 − 1

2
|�ψ |2 x

R
+ · · ·, (8.8)
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whereR = R(τ) and�ψ is the change inψ across a domain wall. A more accurate
calculation for n = 1, d = 2 leads to

G(x, τ) = G(x = 0, τ)− |�ψ |2 L
πA

x + |�ψ |2 L

24πA
〈K2〉x3 + · · · , (8.9)

where L is the total interface length in a system of area A (Rogers, 1989).
A number of observations follow from an examination of Eq. (8.9). For d > 1,

G(x, τ) is nonanalytic in x at x = 0, since it is linear in x = |x|. This presents
no difficulty, since the result is valid only for x > ξ and breaks down within the
defect core. The coefficient of x2 is zero in the expansion (8.9). This is due to
the smoothness of the interface, as was first pointed out in 1952 by Porod (1952,
1982) and later by Tomita (1984). The fact that the coefficient of x2 is zero is often
referred to as the Tomita sum rule. The coefficient of x3 contains 〈K2〉, which is
an average of the square of the curvature K over the length of the interface. Both
the linear and cubic terms are proportional to the interface perimeter density L/A,
which is proportional to 1/R(τ).

Generalization of Eq. (8.9) to a d-dimensional system with an n-component
vector order parameter has been made by Bray and Puri (1991) and independently
by Toyoki (1992), and the leading singular term takes the form

Gsing(r) =
{

−2 r
R(τ)

for n = 1,

Bd,n ρd |x|n for n ≤ d,
(8.10)

where ρd is the defect density and Bd,n is a universal constant depending only on
d and n.

Equation (8.9) was obtained using only the geometrical properties of the system
and the existence of random sharp interfaces. Consequently, the result is valid for
both models A and B, and for any other universality class in which defects are
created. The nonanalytic form of G(x, τ) in Eq. (8.9) implies a power law tail in
its Fourier transform S(k, τ). Using the fact that the defect density L/A typically
scales as 1/R(τ), a simple power-counting argument for large k leads to

S(k, τ) ≡
∫
ddx eik.rG(x, τ) ∼ 1

R(τ)kd+1
, (8.11)

for a scalar order parameter. This result is known as Porod’s law, since it is implicit
in the early work of Porod (see also Debye et al., 1957).

Using a similar power-counting argument on Eq. (8.10), the Fourier transform
of Gsing(r) leads to

S(k, τ) ∼ ρd

kd+n
= 1

[R(τ)]nkd+n . (8.12)
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The expressions in Eqs. (8.11) and (8.12) are consistent with scaling, since

S(k, τ) = k−d F (kR(τ)), (8.13)

when the domain size R(τ) is the dominant length.

8.3 Small-k behavior of S(k, τ)

For a scalar order parameter, S(k, τ) ≡ 〈|ψk(τ)|2〉 has two peaks at late times. One
peak is a rather broad Lorentzian ∼ kBT /(k

2 + ξ−2) arising from the equilibrium
Ornstein–Zernicke structure. This peak is rather difficult to see in experiments
(see, however, Nagler et al., 1988). The other Bragg peak arises from growth and
ordering processes. This peak evolves in time and takes the formψ2

o (2π)
dδ(k − ko)

at τ = ∞. For model A the Bragg peak is centered at k = 0 and its width is of order
1/R(τ). For a scalar conserved order parameter the Bragg peak is qualitatively
different: for small k one has

∂ψk

∂τ
= −k2μk(τ),

due to the conservation law. Yeung (1988) and Furukawa (1989) have argued that
S(k, τ) ∼ k4 for small k, implying thatμk(τ) contains a k-independent term. These
arguments have been put on a firm basis by Fratzl et al. (1991).

Another consequence of sharp interfaces is Nozieres’ estimate for the order
parameter autocorrelation function G(τ) ≡ 〈ψ(xo, τ)ψ(xo, τ)〉. At late times
ψ(x, τ) = ±ψo except near interfaces, where it is approximately zero. The
“volume” in which it is zero is proportional to Rd−1ξ/Rd , so that

G(τ) = ψ2
o

(
1 − C ξ

R(τ)
+ · · ·

)
, (8.14)

where C is a constant of order unity. This result is true regardless of the explicit
time dependence of R(τ): e.g. τ 1/2 for model A and τ 1/3 for model B.
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Order parameter correlation function

The model A Langevin equation without thermal noise is known as the time-
dependent Ginzburg–Landau (TDGL) equation. In dimensionless form this
equation is

∂ψ

∂τ
= ξ2∇2

xψ − δf

δψ
. (9.1)

The interface dynamics in a system governed by this equation is described most
conveniently by transforming to the interface-specific, space-and-time-dependent
coordinates (u, s). The coordinate u is zero on the interface. If n̂ is a unit vector
normal to the interface pointing in the direction of increasing ψ , then u is positive
(negative) in the + (−) phase. The (d − 1)-dimensional vector s is tangent to
the interface, such that x = R(s) + un̂(s), with R the position of a point on the
interface. In Chapter 7 we used the broken symmetry due to the interface to expand
ψ as ψ = ψo(u(x, τ))+ δψ , where δψ = ∑∞

n=1 an(s)ζ̃n(u). The sum starts with
n = 1 since the n = 0 coefficient ao = 0 on account of the orthogonality of the
bulk degrees of freedom, δψ , to the Goldstone mode ζo(u) ≡ dψo(u)/du.

A simple way to determine the velocity of the interface from Eq. (9.1) is as

follows: close to the domain wall, ∇ψ =
(
∂ψ
∂u

)
τ
n̂ so that

∇2ψ =
(∂2ψ

∂u2

)
τ

+
(∂ψ
∂u

)
τ
∇ · n̂. (9.2)

Also, since
(
∂ψ
∂τ

)
u

= −
(
∂ψ
∂u

)
τ

(
∂u
∂τ

)
ψ

, Eq. (9.1) becomes

−
(∂ψ
∂u

)
τ

(∂u
∂τ

)
ψ

= ξ2
(∂ψ
∂u

)
τ
∇ · n̂ + ξ2

(∂2ψ

∂u2

)
τ

− δf

δψ
. (9.3)
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Assuming that the profile is given by the equilibrium condition

ξ2
(∂2ψ

∂u2

)
τ

≈ δf

δψ
, (9.4)

the last two terms in Eq. (9.3) cancel and one gets the Allen–Cahn result,(∂u
∂τ

)
ψ

≡ v = −ξ2∇ · n̂ ≡ −ξ2K , (9.5)

where K ≡ ∇ · n̂ is (d − 1) times the mean curvature H . For 2d systems, the
interface is a one-dimensional curve, and there is only one curvature K . For 3d
systems, the mean and Gaussian curvatures were introduced in Chapter 6, and are
useful in describing surfaces, interfaces, and membranes (Safran, 2003). In model
A the bulk and interface motions decouple, and since in dimensionless units ξ = 1,
one gets v = −K . Note that here K = (d − 1)H and should not be confused with
the Gaussian curvature.

9.1 Dynamic scaling and Ohta–Jasnow–Kawasaki theory

In approximate theories the physical field ψ(x, τ) is often replaced by an auxiliary
fieldm(x, τ), which is akin to, but not exactly the same as, the curvilinear coordinate
u(x, τ). Such theories are exemplified by the work of Ohta, Jasnow, and Kawasaki
(1982) (OJK) . Sincem(x, τ) is smooth on all length scales, standard approximation
methods that do not work for ψ(x, τ) may work for m(x, τ). The replacement of
the physical field is carried out by introducing the approximate nonlinear relation

ψ(m) ≈ tanh(m/
√

2), (9.6)

for a sigmoid-shape profile or

ψ(m) ≈ sign(m), (9.7)

for a step function shape profile. Since K ≡ ∇ · n̂ and n̂ ∼ ∇u is a unit vector
normal to the interface, we have n̂ = ∇m/|∇m|, which leads to

v = −K = −∇ · n̂ = −∇· ∇·m
|∇·m|

=
(
−∇2m+ (n̂.∇)(n̂.∇)m

)/|∇·m|. (9.8)

In a frame of reference co-moving with the interface,

dm

dτ
= 0 = ∂m

∂τ
+ v · ∇m. (9.9)
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Since v is parallel to ∇m, v · ∇m = v|∇m|, and Eq. (9.9) then gives v = − ∂m
∂τ

1
|∇m| .

Substituting this result into Eq. (9.8) to eliminate v, we obtain an equation for m:

∂m

∂τ
= ∇2m− (n̂ · ∇)(n̂ · ∇)m. (9.10)

This equation was first obtained by Ohta et al. (1982). Since n̂ depends on m,
this is a nonlinear equation. In the OJK theory (n̂ · ∇)(n̂ · ∇) is replaced by its
(isotropic) spherical average, nαnβ ≈ δαβ/d, where α,β = 1, 2, . . . , d. This yields
(n̂ · ∇)(n̂ · ∇) ≈ 1

d
∇2 and, using this approximation, Eq. (9.10) reduces to a linear

diffusion equation,

∂m

∂τ
= D∇2m, (9.11)

with D =
(

1 − 1
d

)
. Provided there are no long-range correlations present in the

system at τ = 0, random initial conditions should not play an important role in
late stages of the evolution. This justifies the assumption that m(x, τ) is a random
Gaussian field initially:

〈m(x, 0)〉 = 0,

〈m(x, 0)m(x′, 0)〉 = �δ(x − x′). (9.12)

Since Eq. (9.11) is linear, an initial Gaussian field will continue to remain Gaussian
at all later times. Thus, Eq. (9.11) may be solved and averaged over initial conditions
using Eq. (9.12) (equivalent to a nonequilibrium average) to obtain the equal time
correlation function of m. We obtain

〈m(x1, τ)m(x2, τ)〉 = �

(8πDτ)d/2
exp

(
− r2

8Dτ

)
, (9.13)

where x2 ≡ x1 + r. If we denote m(xi , τ) by m(i), i = 1, 2, we also get

so(1) ≡ 〈m(1)2〉 = �

(8πDτ)d/2
= so(2) ≡ 〈m(2)2〉. (9.14)

The normalized correlation function γ (12) is

γ (12) = 〈m(1)m(2)〉
(so(1)so(2))

1
2

= exp
(
− r2

8Dτ

)
. (9.15)
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The joint probability form(1) andm(2)may be expressed in terms of γ , so(1) and
so(2), since m(i) is a Gaussian field:

P
(
m(1),m(2)

)
= N exp

(
− 1

2(1 − γ 2)

[m(1)2
so(1)

+ m(2)2

so(2)
− 2γ

m(1)m(2)√
so(1)so(2)

])
.

(9.16)

The normalization constant N is given by

N = (2π)−1
[
(1 − γ 2)so(1)so(2)

]− 1
2
. (9.17)

Assuming the step function form for ψ(m) given in Eq. (9.7), the order parameter
correlation function takes the form

G(r , τ) = 〈ψ(m(1))ψ(m(2))〉 = 〈sign(m(1))sign(m(2))〉
= 2

π
sin−1(γ (12)

)
, (9.18)

where the average 〈 . . . 〉 is over the distribution P
(
m(1),m(2)

)
in Eq. (9.16). Since

γ (12) is a function of r2/(Dτ),G is also a function of this combination of variables.
Thus, the domain size R(τ) can be calculated as

R(τ) = 〈r〉(τ ) =
∫
ddr rG

(
r2

Dτ

)/∫
ddr ,

= (Dτ)
1
2

∫
ddx xG(x2)

/∫
ddx. (9.19)

From OJK theory one obtains dynamic scaling, the scaled correlation function, and

the power law domain growth, R(τ) ∼ (Dτ)
1
2 , with D = (d − 1)/d. Since an

analytic expression for the order parameter correlation function G is obtained in
the theory, the proportionality constant in the expression for the domain size is also
obtained in this theory, as seen from Eq. (9.19). The scaling function compares well
with the results from numerical simulations for d = 2 and 3.

9.2 Other theories

The domain growth law R(τ) ∼ τ
1
2 for model A is firmly based on results from

experiments and computer simulation. It was also among the results obtained by
Kawasaki, Yalabik, and Gunton (1978) (KYG) using a weak coupling, long-time
approximation. The KYG theory used earlier ideas of Suzuki (1976a, 1976b) to
carry out a resummation of an approximate infinite order perturbation theory for
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the TDGL equation. For the quartic potential f (ψ) = (1 − ψ2)2/4 this equation
takes the form

∂ψ

∂τ
= ∇2ψ + ψ − gψ3, (9.20)

where g is an expansion parameter which is set equal to unity at the end of calcu-
lation. The basic idea in this approach is to treat g as a small parameter and extract
the leading asymptotic behavior in τ of each term in the series. The resulting series
may then be resummed to obtain the result. The KYG solution can be expressed as

ψ(m) = m

(1 +m2)
1
2

, (9.21)

with m satisfying the equation

∂m

∂τ
= ∇2m+m. (9.22)

This equation contains exponential growth and diffusion terms akin to the “reac-
tive” and “diffusive” elements in Eq. (9.20). These equations may be contrasted with
those in the OJK theory by comparing Eq. (9.22) with Eq. (9.11), and Eq. (9.21)
with Eq. (9.7). If Eq. (9.7) is used instead of Eq. (9.21), one obtains Eq. (9.18)
for the correlation function G(r , τ), with γ as in Eq. (9.15) but with D = 1.
If Eq. (9.21) is substituted into Eq. (9.20), one finds that m satisfies

∂m

∂τ
= ∇2m+m− 3

m(∇m)2
1 +m2 . (9.23)

The third nonlinear term cannot be neglected. A weakness of the KYG theory is
a lack of self-consistency, which arises from the difference between Eqs. (9.23)
and (9.22).

Other similar approaches have been attempted by Mazenko (1989, 1990, 1991)
and Bray and Humayun (1993). Dynamic scaling emerges naturally in the Bray and
Humayun approach.

9.3 Extension to model B

Thus far we have discussed theories for modelAwith a scalar order parameter. Using
similar ideas and approximations, attempts have been made to obtain the functional
form of the structure factor and the correlation function for model B. The motions
of interfaces are strongly correlated as a consequence of the existence of the con-
servation law. This feature introduces major challenges for theoretical descriptions.
The Gaussian closure technique, which was quite successful for model A, does not
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appear to work as well for model B. Yeung et al. (1994) compared the Gaussian
closure theory with simulation results for the 3d model B system of Shinozaki
and Oono (1991, 1993). The theory compares very well with the simulation results
for the scaled correlation function G̃(X) up to its second zero, but the agreement
becomes progressively worse for larger values ofX. The theory gives the incorrect
small-k behavior of the structure factor S(k, τ): S ∼ k2 instead of the correct k4

behavior. With the assumption that m(x, τ) is a random Gaussian field, the OJK
relation betweenG and γ (Eq. (9.18)) is independent of the dynamical model, and
remains true for model B. Using this relation the spectral density γ was extracted
from the simulation data. By definition, γ (k) is positive for all k, but for k < 0.5
and 1.5 < k < 4 it was found to be negative. This leads to the inevitable conclusion
that the Gaussian approximation cannot be used to recover either the correlation
function G̃(X) or the structure factor S(k, τ) over the entire X or k ranges.
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Vector order parameter and topological defects

Domain walls or interfaces are the simplest forms of topological defect, and occur
in systems with a scalar order parameter. The link between interfaces and the Gold-
stone mode was pointed out earlier. A planar interface is topologically stable, since
local changes in the order parameter may move the interface but cannot destroy
it. For curved interfaces with an intrinsic width ξ , at late times the local radius of
curvature K−1 ∼ R(τ). Since R(τ) � ξ , the interface is locally planar to a good
approximation, and curved interfaces are also topologically stable.

Now consider vector fields. The O(n) model is appropriate for systems with an
n-component vector fieldψ(x, τ). The generalization of the free energy functional is

F [ψ(x)] =
∫
ddx

[
f (ψ)+ 1

2
(∇ψ)2

]
, (10.1)

where

(∇ψ)2 =
d∑
i=1

n∑
α=1

(∂ψα
∂xi

)2
; (10.2)

i.e. a scalar product over both spatial and internal coordinates. Here

f (ψ) = (1 − ψ2)2, (10.3)

is the “mexican hat”-like double well potential shown in Fig. 10.1(a). The free
energy functional F[ψ] is invariant under a global rotation of ψ (a continuous
symmetry) for n > 1. This should be contrasted with the inversion symmetry
(ψ → −ψ), which is a discrete symmetry for the scalar (n = 1) case.

The generalized TDGL model A is

∂ψ

∂τ
= ∇2ψ − δf

δψ
. (10.4)

71
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f (y )(a) (b) (c)

(d) (e) (f)

y 2

y 1

Fig. 10.1. For theO(n)model, (a) the double well free energy with n = 2, (b)–(f)
different types of topological defect: (b) n = 1, domain wall; (c) n = d = 2,
vortex; (d) n = 2, d = 3, string; (e) n = d = 3, monopole or “hedgehog”;
(f) antivortex. After Bray (1994).

For model B (conserved vector fields), the generalization is obtained by acting on
the right-hand side with (−∇2). As in the case of a scalar order parameter field,
the stationary solutions of Eq. (10.4) with appropriate boundary conditions lead to
stable topological defects for vector order parameter fields. In order to accommodate
the global rotation symmetry, the order parameter field configurations are radially
symmetric with respect to the defect core. In d dimensions all n components of
ψ vanish at the defect core. This constraint generates a surface of dimension (d−n):
e.g. a planar interface (domain wall) is a surface of dimension (d−1) (Fig. 10.1(b)).

The existence of such defects requires that d ≥ n. For d = n the defects are
point defects. For n = 2 they are vortices if d = 2 (Fig. 10.1(c)) and strings or
vortex lines if d = 3 (Fig. 10.1(d)). For d = n = 3 the defects are point monopoles
or hedgehogs (Fig. 10.1(e)).

For d > n, ψ vanishes only in the n dimensions “orthogonal” to the defect core;
it is uniform in the remaining (d−n) dimensions “parallel” to the core. The defects
are spatially extended, and curvature plays an important role. Coarsening occurs
by the removal of sharp features from the defect surface and the shrinkage and
disappearance of small domain bubbles or vortex loops. Such processes reduce the
total “area” of the spatially extended defects.

For d = n only point defects exist, and coarsening occurs by the annihilation
of defect–antidefect pairs (see Figs. 10.1(c) and (f), which show examples of a
vortex defect and an antivortex defect). Vortex and antivortex defects have different
topological charges. On going along a loop around the defect, the order parameterψ
rotates by ±2π , respectively, for vortex and antivortex defects. Thus, an antivortex
cannot be obtained from a vortex by simply reversing the signs of all the components
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of the ψ field. On the other hand, an antimonopole is obtained by reversing the
arrows of the monopole. In general an antidefect cannot be obtained by simple
rotation of a defect.

The defects shown in Fig. 10.1 (c), (d), and (e) are radially symmetric, and one can
write ψ(x) = x̂ζ(r), where x̂ is a unit vector in the radial direction and ζ(r) is the
profile function. Putting ∂ψ/∂τ = 0 and using this symmetric form in Eq. (10.4),
one gets

d2ζ(r)

dr2
− (n− 1)

r

dζ(r)

dr
− (n− 1)

r2
ζ(r)− δf (ζ )

δζ
= 0, (10.5)

subject to the boundary conditions ζ(0) = 0 and ζ(∞) = 1. For a scalar order
parameter (n = 1) the profile approaches its asymptotic value exponentially. For
n > 1 a different behavior is obtained. Let ζ(r) = 1 − ε(r) and assume that ε(r) is
small. Substituting this expression for ζ(r) into Eq. (10.5) and expanding in powers
of ε(r), one obtains the first-order result that

ε(r) ≈ (n− 1)

f ′′(ζ = 1)

1

r2 , as r → ∞. (10.6)

A useful definition of the core size ξ (analogous to the interface width) can be found
using the relation

ζ(r) → 1 − ξ2

r2
, (10.7)

which gives

ξ =
((n− 1)

f ′′(1)

) 1
2
, for n > 1. (10.8)

In Chapter 7, the fact that interface velocity v at a point is proportional to the local
curvatureK was deduced and discussed for model A with a scalar order parameter.
This result can be generalized to the case of an n-component vector field (Bray and
Puri, 1991; Toyoki, 1992), and is an extension of the approximate KYG theory. The
argument can be cast in terms of two phenomenological parameters: the surface
tension σ and friction constant η. The force due to curvature is σK per unit “area” of
defect, and the frictional retarding force isηv. Equating these two forces, identifying
K ∼ 1/R(τ) and v ∼ dR/dτ , one gets

R(τ) ≈ Ad

(στ
η

) 1
2
, (10.9)

where Ad is a universal constant depending only on d and the definition of R(τ).
For example, one can define R(τ) from the relation G(R(τ), τ) = 1/2.
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The case of a vector conserved order parameter (O(n) model) has also been
studied (Puri, 2004). The Gaussian closure technique has been used by Puri et al.
(1995) and Rojas et al. (2001) for the XY and Heisenberg models. Coniglio and
Zannetti (1989) showed that the structure factor exhibits multiple-length scaling
rather than single-length scaling in the limit n → ∞. Bray and Humayun (1992)
showed that this multi-scaling is a singular property of the n = ∞ limit. Qian
and Mazenko (2004) studied vortex kinetics for n = d = 2 using and extending a
heuristic scaling treatment for the large speed tails of defect velocity distribution
developed by Bray (1997).
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Liquid crystals

Liquid crystals are ubiquitous. They are in silk, snail slime, and crude oil. They
are in mantles of neutron stars, and provide models for cosmic strings. They are
in our food (gluten) and drinks (milk). The behavior of hair cells in the inner ear
and the function of DNA are affected by them. The insulating coating of the axons
of nerve cells is a liquid crystal called myelin. Liquid crystals are very responsive
to excitations, which has led to many useful applications, such as liquid crystal
displays. A great deal is known and understood about liquid crystalline materials
(Chandrasekhar, 1992; de Gennes and Prost, 1993).

Liquid crystalline materials are orientationally ordered soft matter (Palffy-
Muhoray, 2007). These materials are composed of large organic molecules, which
have a long and rigid core, typically consisting of several linked benzene rings,
terminated by a flexible alkyl chain. Such a molecular structure is then often
modeled by disk-like or rod-like entities, depending on the cylindrical aspect
ratio. Such model molecules have a head–tail symmetry. Thus, at high densi-
ties, liquid crystals can naturally create local orientational order. Onsager (1949)
showed that hard rods tend to align at volume fractions larger than about four
times their breadth-to-length ratio. Many liquid crystal phases can exist, depending
on the temperature and solvent concentration. Some of these phases are shown
in Fig. 11.1.

An isotropic disordered liquid phase exists at high temperatures. As the temper-
ature is lowered, there is a competition between the positional and orientational
entropies: the former favors a random location for a rod and the latter a random
orientation. At low temperatures or high concentrations, maximum positional
entropy is favored and the rods become nearly parallel, forming the nematically
ordered phase. This is the simplest of the ordered phases, in which the molecules
acquire a partial orientational order where the long axes of the molecules tend to
align along a spontaneously selected direction. Anisotropic molecular polarizabil-
ity in liquid crystal molecules leads to van der Waals forces, which also contribute
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Fig. 11.1. Structures of various liquid crystal phases. For the helical cholesteric
phase, half a rotation period is shown. The phase transitions of (a) thermotropic
and (b) lyotropic liquid crystals are, respectively, functions of temperature and
solvent concentration. (c) Liquid crystal elastomers are rubbers whose constituent
molecules are orientationally ordered. Reprinted with permission from Palffy-
Muhoray (2007). Copyright 2007, American Institute of Physics.

to the creation of parallel alignment below a critical temperature. In the nematic
phase the liquid crystalline material has some orientational order but no translational
order.

11.1 Nematic liquid crystals

Nematic liquids are almost always uniaxial. Their orientational order is described
by a tensorial order parameter Q. The orientation of a molecule l, with its center of
mass located at x(l), is defined through a unit vector field, the director ν(l), which
points along its long axis. Since the two ends of the molecule are indistinguishable
due to inversion symmetry, the order parameter is a symmetric traceless second-rank
tensor which is even in the director field,

Qij = V

N

N∑
l=1

(
ν
(l)
i ν

(l)
j − 1

3
(ν(l) · ν(l))δij

)
δ(x − x(l)). (11.1)

The volume V contains N molecules, ν(l)i is the ith component of ν(l), andQij , as
defined, is dimensionless. In the high-temperature isotropic phase, the average of
the symmetric traceless tensor 〈Q〉 over directions is zero. Its average is nonzero
in the ordered nematic phase. Assuming that the nematic phase is uniaxial, one
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can choose the coordinate system with one axis along the direction of molecular
alignment to obtain

〈Q〉 = S(n̂n̂ − 1

3
I), (11.2)

where I is a unit tensor and the unit vector n̂(x) specifies the direction of the principal
axis of 〈Q〉. The unit vector n̂ is called the director. Computing 〈Q〉 : n̂n̂, one gets
the scalar order parameter

S = 1

2
〈3(ν(l) · n̂)2 − 1〉. (11.3)

The Landau free energy density f for a nematic liquid crystal must be invariant
under all rotations. Since Q transforms like a tensor under the rotation group, f can
only be a function of the scalar combinations Tr〈Q〉p. The term with p = 1 is zero
since TrQ vanishes by definition. Then, up to fourth order in 〈Q〉 (Chaikin and
Lubensky, 1995),

f = 1

2
a2
(3

2
Tr〈Q〉2)− a3

(9

2
Tr〈Q〉3)+ a4

(3

2
Tr〈Q〉2)2

= 1

2
a2S

2 − a3S
3 + a4S

4, (11.4)

where a3 and a4 are temperature-independent and, in analogy to the Landau theory
for a scalar order parameter, a2 = a20(T−T ∗), whereT ∗ is the mean field transition
temperature. For a 3 × 3 traceless symmetric tensor, Tr〈Q〉4 = (1/2)(Tr〈Q〉2)2, so
that a Tr〈Q〉4 term is implicitly included in the last term proportional to the a4 factor.
The third-order term is allowed since the constituent molecules have inversion
(head–tail) symmetry. The quadrupolar symmetry of the rod-like molecules leads
to the tensorial order parameter, and rotational invariance does not rule out odd terms
in the free energy density. In this mean field theory, the presence of a third-order
term leads to a first-order transition at a temperature Tc which is greater than T ∗.
At high temperatures, f (S) = 1

2a2S
2 − a3S

3 + a4S
4 has a single minimum at

S = 0. As the temperature is decreased, two additional minima occur at symmetric
points ±So. At a temperature Tc these minima, which now occur at ±Sc, and the
minimum at S = 0 have equal values of free energy. Thus, (∂f /∂S)|SC = 0 and
f (Sc)−f (0) = 0. Using these two relations, one can show that Tc is related to the
parameters by a2c = a20(Tc − T ∗) = a2

3/2a4 and Sc = a3/2a4. At temperatures
below Tc the minima at nonzero So have a lower free energy than at S = 0. The
phase transition at Tc is thus a first-order transition with a discontinuous jump in S.
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A square gradient term can be added to the Landau free energy density to obtain
a simple free energy functional (de Gennes and Prost, 1993),

F [〈Q〉] =
∫
ddx

[
f (〈Q〉)+ κ

2
Tr|∇〈Q〉|2

]
. (11.5)

Using Eq. (11.2) and the relation ∇(n̂ · n̂) = 0, the gradient term can be expressed
as being proportional to

∑
i, j (∂n̂j/∂xi)

2, where j = 1, . . . , n and i = 1, . . . , d
for an O(n) model for a system in d spatial dimensions. The above form of the
gradient term assumes that the internal and spatial dimensions can be considered
as distinct. However, in real nematic liquid crystals these spaces are coupled, since
rotations of the spatial coordinates and the order parameter are produced by the same
rotation operator. Thus, the two vectors n̂ and ∇ are not independent. The gradient
free energy should be invariant under uniform rotations of the entire system, and
under the symmetry operations n̂ → −n̂ and x → −x. Also, since n̂ is a unit
vector, n̂i∇j n̂i = 0. These requirements result in three possible allowed scalar
combinations of n̂ and ∇ in three dimensions: (∇ · n̂)2, [n̂ · (∇ × n̂)]2, and [n̂ ×
(∇ × n̂)]2, which respectively correspond to splay (nonzero ∇ · n̂), twist (nonzero
n̂·(∇×n̂)), and bend (nonzero n̂×(∇×n̂)) distortions of the director n̂. The resulting
gradient free energy density is the Frank energy density (Oseen, 1933; Frank, 1958)

Fn = 1

2

∫
ddr

[
K1(∇ · n̂)2 +K2[n̂ · (∇ × n̂)]2 +K3[n̂ × (∇ × n̂)]2], (11.6)

where the Frank elastic constants K1, K2, and K3 are associated, respectively,
with splay, twist, and bend of the director n̂. Figure 11.2 schematically shows the
bend, splay, and twist distortions of the director n̂ of a nematic liquid crystal.
The constants Ki have dimensions of energy/length, and are of the order of
kBTni/a, where Tni is the nematic–isotropic transition temperature and a is a
typical molecular length. A simple approximation where the constantsKi are taken
to be equal, K1 = K2 = K3, leads to the simpler form of square gradient term in
Eq. (11.5). For nematic phases this approximation is often reasonable.

The relaxational dynamics of model A can be explored using the simple free
energy functional in Eq. (11.5). The order parameter dynamics is nonconserved
and ignores coupling to hydrodynamic variables. The equation of motion for 〈Q〉
must include the constraint that it is a traceless tensor at all times. This leads to

∂〈Q〉
∂t

= −δG[〈Q〉]
δ〈Q〉 , (11.7)

where

G[〈Q〉] = F[〈Q〉] −
∫
ddxλ(x)〈Q〉(x), (11.8)
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Fig. 11.2. (a) Bend distortion of the director leads to a large deviation of the
layer spacing from its preferred value. (b) Splay distortion of director at con-
stant layer spacing. (c) Twist distortion of the director requires a third dimension.
After Chaikin and Lubensky (1995). Reprinted with the permission of Cambridge
University Press.

and λ is a Lagrange multiplier introduced to maintain the condition Tr〈Q〉 = 0.
Substitution of Eq. (11.5) for F and Eq. (11.4) for f into Eq. (11.7) leads to

∂〈Q〉
∂t

= κ∇2〈Q〉 − 3

2
a2〈Q〉 + 27

2
a3〈Q〉2 − 9a4〈Q〉Tr〈Q〉2 + λI. (11.9)

Taking the trace of this equation and imposing the constraint that Tr〈Q〉 = 0, one
obtains λ = − 9

2a3Tr〈Q〉2. Substituting this value of λ into Eq. (11.9), the equation
satisfied by 〈Q〉 is found to be

∂〈Q〉
∂t

= κ∇2〈Q〉 − 3

2
a2〈Q〉 + 27

2
a3

(
〈Q〉2 − 1

3
I Tr〈Q〉2

)
− 9a4〈Q〉Tr〈Q〉2.

(11.10)

A nematic liquid crystal is a nearly perfect experimental system with a tensor
order parameter. When such systems are rapidly quenched from the disordered
phase to the nematic phase, topological defects are generated. It is of inter-
est to extract scaling laws observed during the coarsening defect dynamics.
The rate at which the quench takes place determines the initial characteristic
length over which the symmetry-breaking direction is correlated. The interfaces
between the patches with different symmetry directions cost gradient energy,
which the system attempts to minimize during coarsening. However, topologi-
cal constraints prevent the smooth merging of different symmetry patches and
lead to regions with singularities in the gradient energy. These are the topological
defects.

Since n̂ has inversion (head–tail) symmetry, 〈Q〉 is traceless and the kinetics
need not be in the same universality class as that of a vector order parameter
system discussed in the previous chapter. The symmetry of the isotropic phase is the
full rotation groupO(3). In the transition to the nematic phase, theO(3) symmetry
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Fig. 11.3. Examples of + 1
2 and − 1

2 disclination lines. Reprinted from Yurke et al.
(1992). Copyright 1992, with permission from Elsevier.

is spontaneously broken to the symmetry of a cylinder,D∞h. Due to the existence of
inversion symmetry, it is sufficient to consider the symmetry breaking of the SO(3)
subgroup of O(3) to O(2). A number of defect types are supported by nematic
liquid crystals (Kléman, 1983). Point monopole defects arise from the global sym-
metry under the rotation of n̂. The local inversion symmetry under n̂ → −n̂ leads
to ±1

2 string defects or disclinations. The director n̂ rotates through ±π when
a path which encloses a ±1

2 string is traversed. These strings, which are illus-
trated in Fig. 11.3, are topologically stable. Texture defects are also possible. These
defects are nonsingular, except during a brief time when their unwinding occurs.
Among the monopoles, strings, and textures, the ±1

2 strings are the most dominant
defects.

The approximate KYG theory, discussed in Section 9.2, has been extended to
obtain the pair correlation function and the structure factor from Eq. (11.10) (Bray
et al., 1993) in order to describe the experimental measurements of Yurke et al.
(1992). For nematic phases, a k−5 Porod tail is obtained for d = 3, implying
that the behavior is similar to that for n = 2 vector order parameter systems. A
t1/2 time dependence of the characteristic length R(t) is also obtained. Since the
dimension of the defect is d − n, the number of defects per unit volume ρ behaves
as R−n and the total string length, with n = 2, decreases as t−1. Experiments show
that the density of monopole defects (n = 3) decays faster than R−3, and the ±1

2
disclination lines occur with the greatest abundance.

The disclination line tension and the viscous dissipation within the system are
weak logarithmic functions of R. Both are proportional to ln(R/Rc), where Rc is
the defect core radius. Consequently, the dynamics of a string can be understood
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qualitatively in terms of a constant line tension σ and a constant mobility �. If r is
the local radius of curvature of the string, its equation of motion is

�
dr

dt
= −σ

r
, (11.11)

which integrates to

r2 = 2σ(to − t)

�
, (11.12)

where to is the time it takes for the defect to collapse. A similar simple argument
for the decay of the string density can also be constructed as follows. If there is
only one characteristic length ξ , the string density is given by

ρ ∝ ξ−2. (11.13)

The characteristic radius of curvature is proportional to ξ and the characteristic
line tension force per unit length is fσ ∝ ξ−1. The frictional force per unit length
is f� = −�v, where v is the characteristic velocity of the string. Equating the
two forces gives v ∝ ξ−1. The elastic energy per unit volume, E, stored in the
disclination lines is

E = σξ

ξ3
∝ σρ. (11.14)

The energy dissipation rate per unit volume due to viscous friction is

W = f�vξ

ξ3 = −�v
2

ξ2 ∝ �ρ2. (11.15)

The equation of motion for ρ is obtained by equating W and the rate of change of
elastic energy dE/dt :

dρ

dt
= −c�

σ
ρ2, (11.16)

where c is a constant of proportionality. The solution of this equation is

ρ = σ

c�
(t − to)

−1, (11.17)

where to is a constant of integration. Thus, at late times, the string density scales as
t−1 and the characteristic length scales as t1/2.
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11.2 Smectic liquid crystals

Smectic liquid crystals have molecules in well-defined layers with a spacing
that is of the order of the molecular length. In each layer, molecules move as
in liquids and have no spatial correlation with molecules in other layers. There
is, on average, some positional order such as a periodic density variation in
directions normal to the layer, in addition to the orientational order akin to that
in nematic liquid crystals. A system of microphase-separated block-copolymer
microdomains has the same symmetry as a two-dimensional smectic phase and
has been extensively studied (Harrison et al., 2002). A single layer of such
microdomains in a cylindrical phase of an asymmetric copolymer can be con-
sidered as a model 2d smectic phase. Two-dimensional smectic phases have a
liquid-like positional order along one axis and a mass density wave along an
orthogonal axis.

While the transition from a disordered phase to a nematic phase breaks rota-
tional symmetry, the layering of molecules in a smectic phase breaks rotational
and translational symmetries. Disclination defects also occur in the smectic phase,
and the development of orientational order dominates the pattern coarsening kinet-
ics. Annealing of disclination defects leads to the growth of orientational order.
Figure 11.4 shows a 2d section of ±1

2 disclination defects, along with a scanning
electron microscopy image of such defects in an annealed sample of a 2d asym-
metric diblock copolymer film. Such defects arise from the topological constraints
present in these systems.

Stripe patterns with disclination defects have a striking similarity to dermato-
glyphic prints on our palms and soles (Fig. 11.4). Both are director field patterns and
so have similar topological constraints (Penrose, 1965). Dermatoglyphs increase
one’s ability to grip, act as a stitching to secure the epidermis to the dermis layer, and
probably arise due to some process involving a field with a tensorial character, such
as strains arising from surface curvature of the palms, fingers, soles, and toes. In con-
trast to smectic phases, the dermatoglyphic patterns are in a steady state, originate
at isolated regions (center of finger tips), and proceed from the distal to proximal
regions of a limb. In dermatoglyphic prints, a +1

2 disclination is called a loop and
a −1

2 disclination a triradius. The arch, loop, and whorl describe typical configura-
tions on digits. On each palm there are at least four triradii, which are usually in the
positions as shown at a, b, d, and t in Fig. 11.4. For every loop in the palm there is an
additional triradius. Thus, over the whole hand, including the fingers, the number of
triradiiT and the number of loopsL are related. Since every digit is equivalent to one
loop, the relation is T +1 = L+D, whereD is the number of digits, with the wrist
excluded. Conditions which do not satisfy this simple rule have been described by
Penrose (1965).
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Fig. 11.4. (a) Disclination defects in a 2d block copolymer. The small circle on
the right contains an edge dislocation. The large circles enclose the disclination
defects shown schematically on the left. Reprinted Figure 3b with permission from
Harrison et al. (2002). Copyright 2002 by the American Physical Society. (b), (c)
Disclination defects in dermatoglyphic patterns. Reprinted by permission from
Penrose (1965). Copyright 1965 by Macmillan Publishers Ltd.

Returning to smectic phases, the molecular layering can be defined through a
phase field u of the density wave. The molecular density can be written as

ρ(x) = ρo +
∑
m

Re[〈ψm〉eimqo·x], (11.18)

where the complex Fourier coefficient is related to the phase u(x) by

〈ψm〉 = |〈ψm〉|e−imqou. (11.19)

Here qo = (2π/d)no, where d is the smectic layer spacing, no points in the direction
normal to the layers (chosen as z axis), and u is the translational elastic variable.
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The free energy density of smectic phases depends on the spatial gradient of u
in addition to that of the director n̂. The constraint that n̂ is normal to the layers
makes the twist and bend distortions of n̂ energetically much more costly than splay
distortions, since the latter can be produced at constant layer spacing (see Fig. 11.2).

Two-dimensional systems do not have twist (K2 = 0), and the highly costly
bend distortion implies K3 � K1. The anisotropy in elastic constants ε = (K3 −
K1)/(K3 +K1) is therefore nearly unity for smectic phases, while it is nearly zero
for nematic phases.

If the director fluctuations are written as n̂ = no+δn̂, then the splay distortions are
described by δn̂ = −∇⊥u, the negative gradient of u in the direction perpendicular
to the layer normal. Thus, the low-energy rotational distortions δn̂ are completely
determined by ∇⊥u and the long-wavelength elastic distortions in smectic phases
are fully described by u. The gradient energy density associated with splay distor-
tions then reduces to K1(∇ · n̂)2 = K1(∇2⊥u)2, since ∇‖ · n̂ = −∇‖ · ∇⊥u = 0.
The free energy density expression which contains these low-energy excitations is
given by (Chaikin and Lubensky, 1995)

Fel[u] = 1

2

∫
ddx[B(∇‖u)2 +K1(∇2⊥u)2], (11.20)

where B is related to the energy cost of compressing or stretching the layers. Such
a term is specific to smectic phases. For a 2d system of block copolymer cylindrical
microdomains, at low excitation energies (long wavelengths), the distortion field
u(x, z) has the form uo sin(q · x) for a splay distortion and uo sin(q · z) for the
distortions due to compression and dilation, where the smectic layer normal is in
the z direction. This leads to a splay energy density ofK1u

2
oq

4 and to a compression/
expansion energy density of Bu2

oq
2. The ratio of these two energies is (K1/B)q

2.
For 2π/q comparable to the orientational correlation length ξθ , this ratio is about
10−3 for copolymer systems, which implies that the splay distortion is three orders
of magnitude lower than a compressibility distortion. This large ratio results in
molecular splay patterns with very small distortions in the microdomain spacing.

An orientation field θ(r) at a point r in a stripe pattern can be constructed,
taking account of the twofold degeneracy of the cylindrical microdomains. The
associated order parameter field ψ2(r) = exp[2iθ(r)], and the correlation func-
tion g2(r) = 〈ψ(0)ψ(r)〉 can then be computed. The orientational correlation
length ξθ is obtained by fitting g2(r) to the exponential form g2(r) = exp(−r/ξθ ).
A quantitative characterization of the degree of microdomain order can be obtained
through the measurement of ξθ as a function of the annealing time. Harrison et al.
(2002) found that ξθ (t) ∼ t0.25±0.02 for a 2d system of block copolymer cylindrical
microdomains. In this smectic system, ±1

2 disclinations are among the relevant
topological defects associated with orientational disorder: as these defects anneal,
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the orientational order increases. The increase in the inter-disclination spacing with
time is also consistent with the exponent of 1

4 for ξθ (t).
The interaction and annihilation of defects play a key role in understanding

this coarsening process. As a result of broken rotational symmetry, disclination
defects occur in both nematic and smectic phases. In smectic phases, broken trans-
lational symmetry leads to the possibility of edge dislocations. Some dislocations
are trapped in the strain field of each disclination but most are relatively free. In
smectic phases, the dislocation density is typically higher than the disclination
density. The strength of a dislocation in a periodic (crystal) or a quasi-periodic
(smectic liquid crystal) structure is quantified through its Burgers vector (Chaikin
and Lubensky, 1995). The Burgers vector is an extra vector displacement needed to
close a loop which encloses a dislocation line. For edge dislocations encountered
in smectic phases, the Burgers vector is perpendicular to the dislocation line. A
disclination pair has an associated Burgers vector with magnitude equal to twice
the separation distance.

The evolution of stripe patterns in smectic phases has an essential topologi-
cal constraint, which requires production or absorption of dislocations during the
motion of disclinations. Since the Burgers vector is conserved, the annihilation of
a disclination pair (disclination dipole) produces a number of dislocations equal
to the magnitude of the original Burgers vector divided by the layer spacing d. In
contrast, the annihilation of a dislocation pair, or a disclination quadrupole, leads
to a real decrease of defect density since the net Burgers vector for such defects is
zero. Since creation of a dislocation costs energy, the process of annihilation of a
disclination pair alone is not favored during coarsening in comparison with multi-
disclination annihilation. In the latter case third and other disclinations can act as
a source or sink of dislocations, relieving the topological constraint. Figure 11.5
shows a sequence of atomic force microscopy images during the coarsening of a
striped pattern of a single layer of cylindrical block copolymer microdomains in a
thin film, and illustrates the annihilation of a disclination quadrupole.

The additional conservation constraint on the Burgers vector is responsible for
the lower kinetic exponent of 1

4 in smectic phases, compared with 1
2 in nematic

phases. The ξθ (t) ∼ t1/4 behavior can be qualitatively understood as follows. In
a multi-disclination annihilation event, consider a pair of disclinations which will
annihilate. Oppositely charged disclinations which are a distance r apart attract each
other with a potential varying as ln(r). This is equivalent to a force varying as r−1.
The topological constraint prevents disclinations from moving in response to this
force.Acoherent move by a ±1

2 disclination pair by one layer requires an associated
motion of a dislocation from this disclination pair to another disclination. Suppose a
dislocation must move a distance r in order for the disclinations in the pair to move
one unit distance. The free energy of the disclination strain field is then decreased by
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Fig. 11.5. A sequence of AFM images of a disclination quadrupole. Each of the
three schematic insets shows the idealized quadrupole configuration at that time.
From Harrison et al. (2000). Reprinted with permission from AAAS.

an amount�E ∼ r−1. The force f which drives the movement of the dislocation is
�E/r so that f ∼ r−2. If the motion of the dislocation is overdamped, its speed v
is proportional to this force, and then v ∼ r−2. The dislocation travels a distance r
in time dt so that dt ∼ r/v ∼ r3. During this time the disclinations in the pair move
towards one another by a distance −dr ∼ 1 and therefore dr/dt ∼ −1/r3. This
integrates to r ∼ (tf −t)1/4, where, at time tf , the disclination pair annihilates. This
implies that a typical spacing between the remaining disclinations at time t grows
as ξ(t) ∼ t1/4, leading to the kinetic exponent of 1

4 in smectic phases. These results
are consistent with a renormalization group analysis by Bray (see Fig. 24 in Bray,
1994).
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Lifshitz–Slyozov–Wagner theory

The late stages of model B dynamics for asymmetric quenches, where the initial
condition places the post-quench system just inside and quite near to the coex-
istence curve, exhibit characteristic features. For an asymmetric system, ψo is
a measure of the extent of off-criticality of the system. For ψo > 0 the major-
ity phase equilibrates at ψ+ = +1 and the minority phase at ψ− = −1. At late
times, the minority-phase clusters have a characteristic radius R(τ) which is
much larger than the interface width ξ . An important coupling exists between
the interface and the majority phase through the surface tension σ . The conser-
vation law dictates that the minority phase will occupy a much smaller “volume”
fraction than the majority phase in the final equilibrium state. The dynamics is
governed by interactions between the different domains of the minority phase. At
late times, these domains have spherical and circular shapes for three- and two-
dimensional systems, respectively. Late-stage coarsening is referred to as Ostwald
ripening.

The late-stage dynamics may be mapped onto a diffusion equation with sources
and sinks (domains) whose boundaries are time dependent. The classic papers by
Lifshitz and Slyozov (1961) and Wagner (1961) form the theoretical cornerstone
for the description of domain coarsening dynamics for model B. The Lifshitz–
Slyozov–Wagner (LSW) theory of coarsening is based on the assumption that each
interface between a minority phase domain and the majority phase background is
infinitely sharp. It describes the diffusive interactions between the domains through
a mean-field treatment with precisely defined boundary conditions at each of the
interfaces. The LSW analysis is based on the premise that the clusters of the minor-
ity phase compete for growth through an evaporation–condensation mechanism,
whereby larger clusters grow at the expense of smaller ones. Material of the minor-
ity phase evaporates from a small cluster (source), diffuses through the majority
phase background, and condenses on a large cluster (sink). The dominant growth
mechanism is the transport of the material from regions of high curvature to regions

87
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of low curvature by diffusion through the intervening bulk phase. Throughout this
chapter we use dimensionless quantities. These are defined in Chapter 6.

The basic Cahn–Hilliard equation (7.2) can be linearized by using ψ = 1 + δψ

and keeping terms up to first order in δψ . This linearization is performed around
the majority phase equilibrium ψ+ = +1. The result is

∂

∂τ
δψ = −ξ2∇4δψ +

( δ2f

δψ2

)
ψ=1

∇2δψ . (12.1)

Since the characteristic length scales are large compared with ξ at late times, the
∇4 term is negligible and δψ satisfies a diffusion equation,

∂

∂τ
δψ = f ′′(1)∇2δψ . (12.2)

Due to the existence of a conservation law, the diffusion field δψ relaxes on a time
scale that is shorter than the time it takes for significant interface motion. If the
domain size is R(τ), the diffusion field relaxes on a time scale τD ∼ R2. However,
as we shall see, the typical interface velocity scales as ∼ R−2. Thus, in a time τD ,
interfaces move a distance of ∼ 1, which is much smaller than R. This implies that
the diffusion field δψ is always in approximate equilibrium with the interfaces and,
thus, obeys Laplace’s equation,

∇2δψ = 0, (12.3)

in the bulk.

12.1 Gibbs–Thomson boundary condition

The coupling between the interface and the majority phase enters through the Gibbs–
Thomson boundary condition. To derive the boundary condition, it is convenient
to work with the chemical potential instead of the diffusion field. We have

∂ψ

∂τ
= −∇ · j, (12.4)

where

j = −∇μ, μ = f ′(ψ)− ξ2∇2ψ . (12.5)

In the bulk, linearization of μ leads to μ = f ′′(ψ+)δψ − ξ2∇2δψ . The term
containing ∇2 is again negligible, so that μ is proportional to δψ . Thus, μ also
obeys Laplace’s equation,

∇2μ = 0, (12.6)
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in the bulk. Consider the chemical potential μ near an interface. As in Eqs. (7.18)
and (7.19), the Laplacian in the curvilinear coordinates (u, s) can be written such
that μ in Eq. (12.5) becomes (near the interface)

μ = f ′(ψ)− ξ2
(∂ψ
∂u

)
τ
K − ξ2

(∂2ψ

∂u2

)
τ
, (12.7)

where K = ∇ · n̂ is the total curvature and ψ is assumed to be independent of
s near the interface. Following the development in Chapter 7, the value of μ at
the interface can be obtained by multiplying Eq. (12.7) with (∂ψ/∂u)τ (which is
sharply peaked at the interface) and integrating over u across the interface. Since
μ and K vary smoothly through the interface, one obtains

μ�ψ = �f − ξ2σK , (12.8)

where �ψ is the change in ψ across the interface, �f is the difference in the
minima of the free energy f for the two bulk phases, and the expression for σ is
given in Eq. (7.26). Equation (12.8) is referred to as the Gibbs–Thomson boundary
condition. For a symmetric double-well free energy, �f = 0 and �ψ = 2. Thus,

μ = −1

2
ξ 2σK , (12.9)

at the interface. This calculation can also be carried out when the free energy minima
have unequal depths (Bray, 1994). The supersaturation ε ≡ δψ(∞) is defined as
the mean value of δψ , and reflects the presence of other subcritical clusters in
the system. Far from the interface, μ = f ′′(ψ+)δψ and takes the value 2δψ for
f (ψ) = ψ4/4 − ψ2/2. Then one has

δψ(∞) = − lim
u→∞ δψ(u) = −μ

2
= +ξ

2σK

4
(12.10)

for the supersaturation.
Equation (12.9) determines μ on the interfaces in terms of the curvature. In the

bulk of the majority phase, μ satisfies Laplace’s equation (12.6). Since j = −∇μ,
an interface will move due to the imbalance between the currents flowing into and
out of it. Therefore, the interface velocity is given by

jout − jin = v�ψ . (12.11)

From Eq. (12.5),

jout − jin = −
[∂μ
∂u

]
= −[n̂ · ∇μ], (12.12)
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where [n̂ · ∇μ] denotes the discontinuity in n̂ · ∇μ across the interface. Therefore,
the interface velocity is

v = −[n̂ · ∇μ]/�ψ . (12.13)

Equations (12.6), (12.9), and (12.13) together determine the interface motion.

12.2 LSW analysis for evaporating and growing droplets

Consider a single spherical domain of minority phase, ψ− = −1, in an infinite sea
of majority phase, ψ+ = +1. From the definition of μ in Eq. (12.5), μ = 0 at
infinity. Let R(τ) be the domain radius. The solution of Laplace’s equation (12.6)
for d > 2, with boundary condition μ(∞) = 0 and Eq. (12.9) at r = R with
K = (d − 1)/R, is

μ =
⎧⎨⎩− (d−1)σξ2

2r , for r ≥ R,

− (d−1)σξ2

2R , for r ≤ R.
(12.14)

Then using Eq. (12.13) with �ψ = 2, we get

dR

dτ
= v = −1

2

[
∂μ

∂r

]R+ε

R−ε
= −(d − 1)ξ2σ

4R2 . (12.15)

Integrating Eq. (12.15) and setting ξ = 1, we obtain

R3(τ ) = R3(0)− 3

4
(d − 1)στ , (12.16)

which leads to τ ∝ R3 for the time dependence of the evaporating domain.
Again, consider a single spherical droplet of minority phase,ψ− = −1, of radius

R immersed in a sea of majority phase, but now suppose that the order parameter
of the majority phase at infinity is slightly smaller than +1: i.e. ψ(∞) ≡ ψo < 1.
The majority phase is now “supersaturated” with the dissolved minority species.
The supersaturation is ε = (1 −ψo). If the minority droplet is large enough, it will
grow by absorbing material from the majority phase. Otherwise it will evaporate
as above. The two regimes are separated by a critical radius Rc.

Let f (±1) = 0 by convention. Then, the Gibbs–Thomson boundary condition,
Eq. (12.8), becomes

(1 + ψo)μ = f (ψo)− (d − 1)σ

R
(12.17)
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at r = R. From the last equality in Eq. (12.5),

μ = f ′(ψo) (12.18)

at r = ∞. For d = 3 the solution of Laplace’s equation (12.6) with these boundary
conditions is

μ =
⎧⎨⎩f ′(ψo)+

(
f (ψo)
1+ψo − f ′(ψo)

)
R
r

− 2σ
(1+ψo)

1
r
, r ≥ R,

f (ψo)
1+ψo − 2σ

(1+ψo)
1
R

, r ≤ R.
(12.19)

Using Eqs. (12.13) and (12.19), one finds the interface velocity v ≡ dR/dτ to be

dR

dτ
=
( f (ψo)

(1 + ψo)2
− f ′(ψo)
(1 + ψo)

) 1

R
− 2σ

(1 + ψo)2

1

R2
. (12.20)

For small supersaturation, ψo = 1 − ε with ε � 1. To leading (nontrivial) order
in ε, Eq. (12.20) reduces to

v(R) ≡ dR

dτ
= σ

2R

( 1

Rc
− 1

R

)
(12.21)

with Rc = σ/(f ′′(1)ε) as the critical radius.
The form of v(R) in Eq. (12.21) is valid only for d = 3. If we write it as

dR

dτ
= αd

R

( 1

Rc
− 1

R

)
, (12.22)

then the general expression for αd is αd = (d − 1)(d − 2)σ/4 (Yao et al., 1993,
1994). For d = 2, αd vanishes due to the singular nature of the Laplacian in two-
dimensional systems. In this case, in the limit of small (zero) volume fraction of
the minority phase, we have (Rogers and Desai, 1989)

dR

dτ
= σ

4R ln(4τ)

( 1

Rc
− 1

R

)
, (12.23)

withRc = σ/(2f ′′(1)ε). A change of variable τ∗ = τ/ ln(4τ) converts Eq. (12.23)
into the same form as Eq. (12.21), but now the time-like variable has a logarithmic
form.

An assembly of drops is considered in the LSW analysis. Growth proceeds by
evaporation from drops with R < Rc, followed by diffusion of material within
the majority phase, culminating with condensation onto drops with R > Rc. The
supersaturation ε changes in time, so that ε(τ ) plays the role of a mean field due to
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all other droplets. This also implies that the critical radius,Rc(τ) = σ/(f ′′(1)ε(τ )),
is time dependent.

For any dimension d, the cluster size distribution function n(R, τ) is defined such
that n(R, τ)dR is the number of clusters per unit “volume” with radius between
R and R+dR. Assuming no nucleation of new clusters and no cluster coalescence
occurs, n(R, τ) satisfies the continuity equation

∂n

∂τ
+ ∂

∂R
(vn) = 0, (12.24)

where v ≡ dR/dτ is given by Eq. (12.21). Finally, the conservation law is imposed
on the entire system as follows. Let the spatial average of the conserved order
parameter be (1 − εo). At late times the supersaturation ε(τ ) tends to zero, giving
the constraint

εo = ε(τ )+ Vd

∫ ∞

0
dRRdn(R, τ) ∼ Vd

∫ ∞

0
dRRdn(R, τ), (12.25)

where Vd is the volume of the d-dimensional unit sphere. Equations (12.22) with
Rc(τ), (12.24), and (12.25) constitute the LSW problem for the cluster size distri-
bution function n(R, τ). The LSW analysis of these equations starts by introducing
a scaled distribution of droplet sizes:

n(R, τ) = R−(d+1)
c N ( R

Rc

)
. (12.26)

Using this relation and denoting the scaled droplet size by x = R/Rc, Eq. (12.25)
becomes

εo = Vd

∫ ∞

0
dx xd N (x), (12.27)

which fixes the normalization of N (x). If Eq. (12.26) is substituted into Eq. (12.24),
and the velocity equation (12.22) is used, we obtain

Ṙc

Rd+2
c

(
(d + 1)N (x)+ x

dN
dx

)
= αd

Rd+4
c

(( 2

x3 − 1

x2

)
N (x)+

(1

x
− 1

x2

)dN
dx

)
.

(12.28)

To be consistent with the scaled form of the droplet size distribution in Eq. (12.26),
the Rc dependence should drop out of Eq. (12.28). This implies that

R2
c Ṙc = αdγ , (12.29)
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which integrates to

Rc(τ) = (3αdγ τ)
1
3 . (12.30)

Equation (12.28) can then be simplified to give[ 2

x3
− 1

x2
− γ (d + 1)

]
N (x) =

[
γ x − 1

x
+ 1

x2

]dN
dx

. (12.31)

Integration of this equation yields

ln N (x) =
∫ x dy

y

(2 − y − γ (d + 1)y3)

(γ y3 − y + 1)
. (12.32)

For large y the integrand on the right-hand side of this equation behaves as
−(d − 1)/y, which implies that N (x) → x−(d+1) for large x. This would cre-
ate a diverging integral in the normalization constraint on N (x) (see Eq. (12.27)),
unless it vanishes for x greater than some cutoff value xo. Lifshitz and Slyozov
show that the only stable solution for N (x, γ ) is such that it and all its derivatives
vanish at the cutoff value xo, whereby N (x) vanishes for x ≥ xo. Equations (12.22)
and (12.30) together yield an equation for x = R/Rc :

dx

dτ
= 1

3γ τ

(
1

x
− 1

x2 − γ x

)
≡ 1

3γ τ
h(x). (12.33)

The quantity γ (introduced in Eq. (12.29)) may in general be dependent on τ ,
even though it is assumed to be a constant above. There are three possibilities
for the asymptotic behavior of γ (τ) as τ → ∞: γ (τ) → ∞, 0, or a nonzero
constant. Consider the form of h(x) which is shown in Fig. 12.1. For γ > γo, h(x)
is negative for all x, all drops evolve to x = 0, and the conservation condition
cannot be satisfied since the total amount of material goes to zero. For γ < γo,
h(x) is positive for values of x between its two positive real roots at x1 and x2.
For this case, drops with x < x1 will evolve to x = 0 and drops with x > x1 will
asymptotically approach x = x2. In both cases the conservation condition cannot

(a) (b) (c)

3

Fig. 12.1. h(x) as a function of x for three possible classes of γ .After Bray (1994).
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be satisfied: the total amount of material goes to zero in the former case and to
infinity in the latter case. If γ = γo = 4

27 , then at x = 3
2 , h(x) = 0 but is negative

for other values of x. In this case, all points with x < 3
2 evolve to x = 0 and again the

conservation condition cannot be satisfied. Points with x > 3
2 move to reach x = 3

2 .
These observations lead to the result that the only allowed possibility which is
consistent with the conservation condition, Eq. (12.27), is that γ (τ) asymptotically
approaches γo from above, and this approach should take an infinite time. (If γ
reaches γo in a finite time, all drops with x > 3

2 would eventually arrive at x = 3
2

and cease to evolve. One would have a repeat of the γ < γo case.) Lifshitz and
Slyozov (1961) find

γo = γ (τ)
(

1 − 3

4τ 2

(
1 + 1

(ln τ)2
(1 + · · · ))). (12.34)

The asymptotic form of the scaled distribution N (x) consistent with the con-
servation condition can be then obtained by choosing γ = γo, and evaluating the
integral in Eq. (12.32). For γ = γo = 4

27 , the integrand in Eq. (12.32) has a double
pole at x = 3

2 and a simple pole at x = −3. One can use the calculus of residues to
evaluate the integral to find that the cutoff value xo is the double pole of the inte-
grand in Eq. (12.32): i.e. the cutoff occurs at xo = 3

2 . The evaluation of the integral
in Eq. (12.32) leads to the asymptotic form of the scaled distribution for d = 3:

N (x) =
⎧⎨⎩Cx2(3 + x)−(1+ 4d

9 )(3
2 − x)−(2+ 5d

9 )e(−
d

3−2x ), for x < 3
2 ,

0, for x ≥ 3
2 .

(12.35)

The normalization condition in Eq. (12.27) can be used to determine C. For d = 3,

C = 34e/2
5
3 . The distribution N (x) in Eq. (12.35) is shown in Fig. 12.2. The

asymptotic scaled distribution function N (x) can be now employed to obtain
n(R, τ) using Eq. (12.26), whereRc(τ) is given by Eq. (12.30). Together these three
quantities constitute the asymptotic solution for the LSW problem defined through
Eqs. (12.22), (12.24), and (12.25). One can find a family of self-similar distribution
functions, consistent with the scaling form (Eq. (12.26)) and the τ -dependence of
Rc(τ) in Eq. (12.30), where each function is localized on a finite interval [0, xm],
can be parameterized by σ , and may depend on the initial conditions (Giron et al.,
1998). However, all such solutions are unstable with respect to addition of an infinite
tail. Only the LSW solution given above is globally stable.

The LSW theory is a mean field theory. The reason why and the manner in which
a system undergoing Ostwald ripening selects the globally stable solution from
the family of allowed solutions have been investigated by considering the role of
fluctuations (Meerson, 1999; Meerson et al., 2005). A natural extension of the LSW
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Fig. 12.2. The asymptotic cluster size distribution N (x) from the LS analysis, for
d = 3.

mean-field continuum model is found in the mean-field rate equations of cluster
models for the cluster size distribution function Ns(τ), where s is the number of
atoms in a cluster (Gunton et al., 1983; Binder, 1987). Treating the number of
monomersN1 separately, regarding s as a continuous variable, and using a second-
order Taylor expansion in 1/s, one can obtain a Fokker–Planck equation forNs(τ).
Terms up to first order in 1/s lead to the mean field equation (12.26), and the
second-order contribution adds a diffusion term in which the diffusion coefficient
in s space is determined in terms of attachment and detachment rates of single
atoms to a cluster of size s. This analysis shows that even when the initial state of
the system is localized on a finite interval, fluctuations produce an infinite tail in
the self-similar distribution function and drive it towards the globally stable LSW
solution.

The LSW theory is designed for Ostwald ripening in dense mixtures where the
molecular mean free path is very small compared with some minimum cluster
radius. This is not the case for liquid–vapor or solid–vapor systems which arise
during the gas phase production of powders made up of nano-size particles. Ostwald
ripening in such a rarefied system can lead to qualitatively different cluster size
distribution functions (Burlakov, 2006).



13

Systems with long-range repulsive interactions

New features appear in the kinetics of phase ordering and phase separation in
systems where long-range repulsive interactions (LRRI) compete with the short-
range attractive interactions considered earlier. Competing interactions can lead
to the emergence of modulated phases, where a particular symmetry, wavelength,
and amplitude are selected (Seul and Andelman, 1995). Both in equilibrium and
nonequilibrium systems such modulated phases have domain structures with vari-
ous shapes, patterns, and morphologies. Figure 13.1 shows some domain structures
seen in systems displaying modulated phases. Modulated phases in materials are
important in technological applications (Park et al., 1997; Black et al., 2000). An
understanding of such phases is crucial in order to be able to design materials with
specific properties and control their morphology.

Many systems in nature can be modeled through the inclusion of long-range inter-
actions. Examples of such systems are uniaxial ferromagnetic films, ferromagnetic
surface layers, ferrofluid films, ferroelectrics, Langmuir (lipid) monolayers, block
copolymers, and cholesteric liquid crystals. A uniaxial ferromagnetic film in the
presence of an external magnetic field can be modeled by augmenting the standard
scalar order parameter model A with an additional long-range interaction arising
from the parallel orientation of magnetic dipoles (Roland and Desai, 1990). This
repulsive interaction competes with the attractive domain wall energy. An exter-
nal magnetic field makes the film’s magnetization a nonconserved quantity so that
a description based on model A is appropriate. Block copolymers and Langmuir
monolayers are examples of conserved order parameter (model B) systems where
the connectivity between the covalently bonded blocks of the polymer chains results
in an effective LRRI (Sagui and Desai, 1994).

At a coarse-grain level the contribution to the free energy arising from long-range
repulsive interactions can be expressed as

FLR[φ(r)] = α

2

∫
ddrddr ′ φ(r)G(|(r − r′)|)φ(r′). (13.1)

96
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Fig. 13.1. Partially aligned (a) and globally aligned (b) stripes in Langmuir films
of a DMPC–cholesterol mixture at 10 ◦C with 27% cholesterol (the bar marks
100 μm). Reprinted Figure 3 with permission from Seul and Chen (1993). Copy-
right 1993 by the American Physical Society. Stripe (c) and bubble (d) phases in
ferromagnetic garnet film with characteristic length ∼ 10 μm; ferrofluid confined
between two glass plates in a magnetic field normal to the fluid layer displaying
(e) labyrinthine (period ∼ 1 cm) and (f) bubble (period ∼ 4 μm) states. From Seul
and Andelman (1995). Reprinted with permission from AAAS.

Here α is the strength of the long-range (nonlocal) interaction whose spa-
tial dependence is given through the dimensionless kernel G. In general, G
may depend on the order parameter φ: for instance, when elastic forces are
present. If G is independent of φ, then the interaction term is harmonic. This
is the case for Langmuir monolayers (Andelman et al., 1987) and uniaxial
ferromagnetic films (Garel and Doniach, 1982), where the interaction arises
from dipolar forces. We now consider Langmuir monolayers and block copoly-
mers in more detail to illustrate how the long-range interactions arise in these
models.

13.1 Langmuir monolayers

Amphiphilic organic molecules such as surfactants, fatty acids, or lipids can form
insoluble Langmuir monolayers at the water/air interface, provided their concen-
tration is not so high that they form micelles. The molecular head of the amphiphile
is invariably positioned slightly under the water surface due to strong bonding
forces. The tail part is typically a nonpolar hydrocarbon, which experiences a
weaker hydrophobic interaction and, due to entropic forces, is excluded from water.
The molecule is localized at the interface and is oriented with its tail pointing
away from water. In order to understand various equilibrium and kinetic properties



98 Systems with long-range repulsive interactions

of monolayers and other more complex structures formed by such amphiphiles
(see Figs. 1.1 and 1.2), electrostatic interactions need to be considered. These
interactions have at least two possible origins. Most neutral surfactant molecules
carry a permanent electric dipole moment, which has a preferential orientation per-
pendicular to the interface. In a mesoscopic description, thermal averaging of the
molecular dipole moment vectors causes the component parallel to the water/air
interface to vanish, and only the component normal to the interface remains nonzero.
Charged monolayers create an electrical double layer, which sometimes can be
viewed as a layer of permanent dipoles. For both of these cases Andelman et al.
(1987) have shown that the free energy can be expressed in the form given above
for FLR .

Consider a neutral monolayer composed of two partially incompatible
amphiphiles, sayAand B. The amphiphiles can diffuse laterally and form an incom-
pressible film that fully covers a 2d domain. The relative concentration of A, φ(r),
is the order parameter. The free energy of such a system has three terms: two of
these, the local free energy and the inhomogeneity term related to the line tension of
the interface between A-rich and B-rich coexisting regions, have the forms given in
Eq. (3.2). The line tension expresses the energy cost incurred in forming the linear
interface. It favors the minimization of the total interface length, which results in
the growth of the A-rich and B-rich regions. However, the growth is tempered if the
two species carry dipole moments. For simplicity, let only species A have an elec-
tric dipole moment μ. If all molecular dipoles point in the direction normal to the
water/air interface, they interact through pairwise repulsive dipole–dipole electro-
static interactions. A physical dipole can be viewed as a pair of equal and opposite
charges of magnitude Q separated by a distance l. A mathematical dipole results
from the limit where the dipole moment μ = Ql is held fixed while l → 0 and
Q → ∞. In the continuum limit, a physical dipolar monolayer can be viewed as a
pair of parallel sheets with opposite charge separated by a distance l. The magnitude
of charge density in each of the sheets is Qφ(r). The electrostatic energy of such
a charge distribution, which describes the overall electrically neutral monolayer,
may be written as

FLR[φ(r)] = μ2

4πεol3

∫
d2rd2r ′ φ(r)G(|r − r′|)φ(r′), (13.2)

where

G(|r − r′|) = l

|r − r′| − l(
(r − r′)2 + l2

) 1
2

,

=
∫
d2(lk)

(1 − e−lk)
lk

eik.(r−r′). (13.3)
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εo

e�eo
z = −h

z = 0

aqueous solution

air

z

Fig. 13.2. Schematic structure of a Langmuir film. Molecular dipoles are located
in the plane z = −h and are fully immersed in the aqueous solution.

In the limit of small l, G(|r − r′|) approaches l3/(2|r − r′|3), which leads to a
repulsive dipolar kernel

FLR[φ(r)] = μ2

8πεo

∫
d2rd2r ′ φ(r)|r − r′|−3φ(r′). (13.4)

This result does not take into account the dielectric properties of water and air.
Let ε be the dielectric constant of water and εo that of air. The dielectric nature of
the medium may be accounted for as follows. Consider the Langmuir monolayer
sketched in Fig. 13.2, where a flat interface at z = 0 separates air (dielectric constant
εo) from an aqueous solution (dielectric constant ε � εo). The molecular dipoles
with dipole moment μ are confined to the plane z = −h and are fully immersed in
the solution. Let φ(r) be the in-plane monolayer concentration. The local electric
polarization points in the z direction and has a magnitude μφ(r). The electrostatic
potentialV satisfies Laplace’s equation ∇2V = 0 and has a discontinuity at z = −h:
�V = μφ/ε.Also,V vanishes at z = +∞ and z = −∞. Furthermore, ε(z)∂V /∂z
is continuous at z = 0. If one assumes that the surface concentration oscillates with
wavevector k, φ(r) = φo + φke

ik.r, Laplace’s equation can be solved in the limit
of vanishing h. The solution is

V =
⎧⎨⎩

μ φk
(εo+ε)e

−|k|z+ik.r, z > 0,
−εoμφk
ε(εo+ε)e

|k|z+ik.r, z < 0.
(13.5)

The electrostatic free energy of the dipoles per unit area, subject to this potential V ,
may be written in terms of the electric field E and the electric polarization P, and
is given by

Fel

A
= − 1

2A

∫
A

d2r P · E = 1

2A

∫
A

d2r μφ(r)
(
∂V

∂z

)
z=0−

= −1

2
|k|μ2φ2

k

εo

ε(εo + ε)
. (13.6)
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This result can be understood by noting that a given dipole μ below the surface
at z = −h has an image dipole,μ′ = μ(εo−ε)/(εo+ε), located at z = h. Another
real dipole located at a distance r from the first one sees the field created by both
dipoles, (μ+μ′) = 2εoμ/(εo + ε). For h � r , the interaction energy between the
two real dipoles is then given by

G(r) = μ2εo

2πε(εo + ε)

1

r3 . (13.7)

For a layer of dipoles at z = 0− with concentration φ(r), one can add the energy
contributions from each of the dipole pairs to obtain

Fel = μ2εo

4πε(εo + ε)

∫
d2rd2r ′ φ(r) |r − r′|−3φ(r′). (13.8)

In Fourier space this result is the same as that obtained in Eq. (13.6). It also has
the same form as Eq. (13.4). Thus, for Langmuir monolayers, one can identify the
strength of the long-range repulsive interaction in Eq. (13.1) as

α = μ2εo

πl3ε(εo + ε)
, (13.9)

and the dimensionless kernel G(r) by Eq. (13.3). The analysis given above also
applies to magnetic garnet films, where the role of electric dipoles is replaced by
magnetic dipoles (Garel and Doniach, 1982; Roland and Desai, 1990).

13.2 Block copolymers

A block copolymer is a linear polymer chain consisting of at least two subchains
of incompatible polymers joined by covalent bonds. Consider a diblock system of
X and Y subchains. If the repulsion between X and Y subchains is sufficiently
strong, segregation can occur; however, due to covalent bonding, only microphase
separation is possible. Below the microphase separation transition (MST) tem-
perature the system self-organizes into an inhomogeneous periodic structure of
alternating X and Y domains (modulated phase).

The block copolymer free energy functional (for a d-dimensional system) can
be written in dimensionless form as (Leibler, 1980; Ohta and Kawasaki, 1986)

F[ψ] =
∫
ddx [−1

2
ψ2 + 1

4
ψ4 + 1

2
(∇ψ)2]

− B

2

∫
ddxddx′ψ(x′)G(x − x′) ψ(x), (13.10)
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where B is a parameter proportional toN−2,N being the degree of polymerization
(total number of monomeric units of theX and Y subchains), andψ is the difference
in the local volume fractions of the X and Y monomers. The kernel G is the
diffusion Green function, which satisfies the equation ∇2G(x, x′) = δ(x − x′). In
Fourier space, one has Ĝ(k) = −1/k2. Assuming a relaxational dynamics for the
microphase separation of diblock copolymers, one has

1

M

∂ψ

∂τ
= ∇2 δF[ψ]

δψ
(13.11)

= ∇2
[
(ψ3 − ψ − ∇2ψ)− B

∫
ddx′G(x − x′)[ψ(x′)− ψo]

]
,

or

1

M

∂ψ

∂τ
= ∇2(ψ3 − ψ − ∇2ψ)− B[ψ(r)− ψo], (13.12)

where ψo is the average value of ψ and M is the kinetic mobility coefficient.
Equation (13.11) can be compared with Eq. (6.4). It is then clear that microphase

separation in block copolymers is an example of kinetics leading to modulated
phases which can be described by model B, where the free energy functional con-
tains a long-range repulsive interaction. If a system consists of an incompressible
blend of X and Y polymer chains (polymer melt) instead of X–Y block copoly-
mers, then model B equations without the LRRI term would apply. For such
a polymer melt the form of the free energy functional that is appropriate is the
Flory–Huggins–de Gennes functional (Glotzer, 1995).

The static solution of Eq. (13.12) obeys the equation

0 = ∇2
(
ψ3 − ψ − ∇2ψ

)
− B(ψ(x)− ψo). (13.13)

The critical point for the system is at ψo = 0, B = 1/4. The static solution corre-
sponds to a homogeneous, disordered phase for B > 1/4. Microphase separation
occurs for B < 1/4. There are two interesting regimes, depending on the value
of B: for values of B very close to the onset of microphase separation, the size of
the patterns grows asB−1/4 (Leibler, 1980; Ohta and Kawasaki, 1986). This regime
is called the weak segregation regime. Far from onset, one has a strong segrega-
tion regime where the patterns grow as B−1/3 (Hashimoto et al., 1980; Ohta and
Kawasaki, 1986; Liu and Goldenfeld, 1989). In this strong segregation regime, one
typically observes a disordered lamellar structure unless the overall direction of the
lamellae is fixed by either a flow or a boundary condition, or if the system is very
slowly annealed (Liu and Goldenfeld, 1989; Bahiana and Oono, 1990; Chakrabarti
and Gunton, 1993).



102 Systems with long-range repulsive interactions

13.3 Langevin models A and B including LRRI

The Langevin equations for models A and B can be constructed by adding
the long-range repulsive interaction to the GLW free energy functional so that
F = FGLW + FLR . The long-range repulsive interaction term FLR is given by
Eq. (13.1). Recall from Chapter 3 that the GLW free energy functional FGLW
consists of the Landau free energy density term f (φ∗) and the Ginzburg square
gradient term. From Eqs. (3.2) and (3.14), choosing fc = 0 as the zero level of
energy,

FGLW [φ(r, t)] =
∫
ddr

[
(
1

2
a2φ

∗2 + 1

4
a4φ

∗4 − Hφ∗)+ κ

2
(∇φ)2

]
. (13.14)

Here φ∗ = (δφ + φo), where the constant φo is the deviation of the aver-
age order parameter φ from the critical order parameter φc. The linear term
(−Hφ∗) couples φ∗ to an external field H. Since φ = φ + δφ, at any given
time (1/V )

∫
ddrφ(r, t) = φ(t) and

∫
ddrδφ(r, t) = 0. Since the order param-

eter is conserved in model B, φ is a time-independent constant. This is not
the case in model A, and φ(t) has its own equation of motion in which H plays
a role.

The field equations for models A and B with LRRI are obtained by using the total
free energy functional F in the modelA(Eq. (5.1)) and model B (Eq. (6.4)) Langevin
equations. The Langevin equations for models A and B are often expressed as a
single equation,

∂δφ(r, t)

∂t
= −M(−∇2)n

δF
δφ

+ ζ(r, t), (13.15)

with

〈ζ(r, t)ζ(r′, t ′)〉 = 2kTM(−∇2)nδ(r − r′)δ(t − t ′), (13.16)

where n = 0 for model A and n = 1 for model B. For critical quenches, δφ(r, t) is
φ∗ and for off-critical quenches it is (φ∗ − φo).

The Langevin equations now contain an additional term arising from δFLR/δφ,
which introduces the physics of the competing long-range interactions in the
field theory description of models A and B. Using Eq. (13.1) for FLR, one
obtains

δFLR
δφ

= α

∫
ddr ′ G(|r − r′|)φ(r′). (13.17)
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It is useful to introduce a dimensionless quantity

β = α
ξd

ao|Tc − T | = α
κ(d/2)

(ao|Tc − T |)(d+2)/2
, (13.18)

which is the strength of the long-range repulsive interaction relative to that of
the short-range square gradient interaction. Then, in terms of scaled variables,
the additional term in the model A Langevin equation due to LRRI reduces to
β
∫
ddx′G(|x − x′|)ψ(x′). Since this is a convolution, its spatial Fourier transform

is β Ĝ(k) ψ̂(k).
For Langmuir and ferromagnetic films, the kernel in Eq. (13.3) can be rewritten

in scaled variables as

G(|x − x′|) = L

|x − x′| − L

((x − x′)2 + L2)
1
2

=
∫
dk
(1 − e−Lk)

k
eik·(x−x′), (13.19)

where the dimensionless thickness of the film l/ξ is denoted by L. Notice that for
|x−x′| large compared withL,G(|x−x′|) approachesL3/(2|x−x′|3), which is like a
repulsive dipolar kernel. The spatial Fourier transform of the LRRI kernel is Ĝ(k) =
(1 − e−Lk)/k; its limit for k = 0 is the dimensionless film thickness L, which
enters in the equation for ψ(τ) (Eq. (13.24) below). An important dimensionless
number, the Bond number B, characterizes many systems, such as ferromagnetic
and Langmuir films, where electric or magnetic dipoles play a role at a macroscopic
level. For quasi-two-dimensional systems such as Langmuir films, B = (�p)2/σ ,
where �p is the dipolar density and σ is the line tension. In our notation, B =
(β L2)/2.

For an off-critical quench in a general system with long-range interactions, the
Langevin equations in dimensionless variables take the form

∂ψ(x, τ)

∂τ
= (−∇2)n

2

[
(∇2 + q2

c (τ ))ψ(x, τ)− 3ψ(τ)ψ2(x, τ)− ψ3(x, τ)

− β

∫
ddx ′G(|x − x′|)ψ(x′, τ)

]
+ √

εη(x, τ), (13.20)

where

〈η(x, τ)η(x′, τ ′)〉 = (−∇2)nδ(x − x′)δ(τ − τ ′) (13.21)

and

q2
c (τ ) = 1 − 3ψ(τ)

2
. (13.22)
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The scaled variables are defined as (see Chapters 5 and 6): ψ(x, τ) = δφ/φ∗
min,

x = r/ξ , where ξ = (
κ/(ao|Tc−T |))1/2, τ = [(2Mao|Tc−T |) (ao|Tc−T |/κ)n t],

and ε is defined in Eq. (5.6). The average order parameter is

ψ(τ) = φ∗(t)/φ∗
min. (13.23)

For model B, ψ(τ) = ψo = φo/φ
∗
min = constant, so q2

c = (1 − 3ψ2
o ) and is

independent of time.
Equation (13.20) describes the time evolution of the order parameter fluctuations.

This is the only relevant equation for model B. For model A, Eq. (13.20) must
be augmented by an equation describing the time variation of the average order
parameter ψ(τ):

∂ψ(τ)

∂τ
= 1

2

[
(1 − βĜ(0))ψ(τ)− ψ(τ)

3 + h

]
, (13.24)

where

h =
( a4

ao|Tc − T |
) 1

2 H
ao|Tc − T | . (13.25)

The role of the field is to produce and maintain a net overall magnetization ψ(τ),
which rapidly reaches equilibrium and remains constant so that the subsequent
dynamics is governed solely by Eq. (13.20). For h �= 0 this constant, ψ(τ = ∞),
is the real positive root of the cubic equation[

ψ
3 − (1 − βĜ(0))ψ − h

]
= 0. (13.26)

Solving the cubic for its roots, one gets

ψ(∞) =
{

2[(1 − βĜ(0))/3](1/2) cos(φ/3), if h2/4 ≤ [(1 − βĜ(0))3/27],
(A+ + A−), otherwise, (13.27)

where

cos(φ) = [(h/2)/[(1 − βĜ(0))3/27](1/2)], (13.28)

and

A± = [(h/2)± [(h2/4)− (1 − βĜ(0))3/27](1/2)](1/3). (13.29)
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For h = 0, the three roots of the cubic are 0, ±(1 − βĜ(0))(1/2). The first root
is unstable, and the equilibrium system consists of a random distribution of “up”
and “down” domains corresponding to the two nonzero roots, leading to an overall
average ψ = 0. Also, for h = 0, the order parameter is conserved and its average
remains zero for all times (model B).

The stochastic integro-differential equations described by Eqs. (13.20)–(13.25)
are characterized by five dimensionless parameters: the off-criticality ψo, which
defines the asymmetry between the two phases; the relative strength of the LRRI,
β; the dimensionless film thickness, L = l/ξ ; the strength of the thermal noise, ε;
and the external field, h. In the absence of long-range interactions (β = 0), these
equations reduce to the following equations for models A and B (compare with
Eq. (6.11)):

∂ψ(x, τ)

∂τ
= (−∇2)n

2

[
(∇2 + q2

c )ψ(x, τ)− 3ψψ2(x, τ)− ψ3(x, τ)

]
+ √

εη(x, τ). (13.30)

The nonlinear terms in Eqs. (13.20) and (13.30) are the same; however, the linear
terms are different. In both equations the outer Laplacian (−∇2)n represents the
presence (model B, n = 1) or absence (model A, n = 0) of a conservation law.
The quadratic nonlinearity is present for asymmetric off-critical quenches: when
it is dominant, one obtains nucleation-like droplet growth. The cubic nonlinearity,
which is present for all quenches, including critical quenches, treats both phases in
a symmetric manner, leading to spinodal-like labyrinthine patterns. The cubic term
also leads to a saturation of ψ(x, τ) that curbs the exponential growth arising from
the linear terms.

The complexity of the nonlinear terms and the relative simplicity of the linear
terms are revealed when Eq. (13.20) is transformed to Fourier space using

ψ(x, τ) =
∑

k

e−ik·xψk(τ ) = ψ0(τ )+
∑
k �=0

e−ik·xψk(τ ). (13.31)

Note ψ0(τ ) = ψ(τ). One obtains

∂ψk(τ )

∂τ
= γkψk(τ )− (k2)n

2

[
3ψ0(τ )

∑
k′
ψk′(τ )ψk−k′(τ )

+
∑

k′

∑
k′′
ψk′(τ )ψk′′(τ )ψk−k′−k′′(τ )

]
+ √

εηk. (13.32)
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The linear dispersion relation is

γk = (k2)n

2
[q2
c − k2 − βĜ(k)], (13.33)

where the dependence of q2
c on time (see Eq. (13.22)) can be neglected. The time

dependence ofψ inq2
c arises from the external field, and rapidly reaches the constant

equilibrium value ψo. Then q2
c = (1 − 3ψ2

o ). The values of k for which γk is
positive correspond to unstable modes. The origins of various terms in Eq. (13.33)
are of interest: k2n/2 is a consequence of the conservation law, q2

c arises from the
linearized local free energy, −k2 from the attractive square gradient interaction,
and −βĜ(k) from the nonlocal long-range interactions.

Experimental studies of quenches where the temperature is varied can be mapped
onto this model. Equation (13.18) gives the temperature dependence of β. For most
experimental systems α and κ , which are the strengths of the long-range repulsive
and short-range attractive forces, respectively, are fixed. The long-range repulsive
forces suppress the fluctuations near Tc, so that the onset of modulated patterns
occurs for temperatures slightly lower than Tc. In a single-mode approximation of
wavenumber kSM , the new ordering temperature To is given by To = Tc[1−k2

SM −
βĜ(kSM)]. Near this ordering temperature, |a2| = ao(Tc−T ) reaches its minimum
value a2c and β its maximum βc. As the temperature is lowered, |a2| increases and
β decreases. Quenches to high temperatures (shallow quenches) are mimicked by
quenches with high β while quenches to low temperatures (deep quenches) are
mimicked by quenches with low β. In this way β controls the depth of the quench
while the noise term accounts for the thermal fluctuations. These considerations are
applicable quite generally for any Ĝ(k).
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Kinetics of systems with competing interactions

In the presence of competing interactions, phase-ordering kinetics and phase sep-
aration processes exhibit features that are distinct from those in systems with
short-range attractive interactions. The equilibrium ground states of such systems
are also qualitatively different. Depending on the values of ψ0(τ = ∞) and β,
the equilibrium ground state for a 2d film of thickness L can be a homogeneous
disordered phase (D), a modulated stripe or lamellar phase (S), or a modulated
hexagonal or bubble phase (H). In the hexagonal phase, circular-shaped minority
domains (bubbles) are arranged in a hexagonal lattice. In the two ordered phases,
S and H, the ground state is infinitely degenerate, since either the normal vector
in the stripe phase or one of the three symmetry axes in the hexagonal phase can
be oriented along any direction within the plane of the film. This is a consequence
of the isotropy of the 2d system. Figure 14.1 shows a stripe pattern which is glob-
ally isotropic but has a well-defined local orientation. The competition between the
square gradient term and the long-range repulsive interaction in the free energy
results in a nonzero optimal wavevector whose direction is arbitrary in the plane
of the film.

14.1 Equilibrium phase diagram

Figure 4.1 gives a pictorial summary of how the equilibrium phase diagram can
be obtained from a model free energy. In order to obtain the ground states and
the equilibrium phase diagram for a system with competing interactions, we must
consider the solutions of the equation δF/δψ = 0. The equilibrium states within a
single phase minimize the free energy F and, in the region of a pair of coexisting
phases, e.g. i = D,H , the equilibrium states correspond to the absolute minima
of Fi − μψo. In the Ginzburg–Landau approach the free energy functional is that
for an effective 2d system. The square gradient term is the bulk 3d term averaged
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Fig. 14.1. Magnetic stripe domains in a ferromagnetic garnet film. Up and down
domains form a labyrinth of dark and light stripes. Each cluster is coded accord-
ing to orientation of its line segments. From Seul et al. (1991) (cover image, 13
December 1991). Reprinted with permission from AAAS.

over the film thickness. The long-range interaction term arises from surface inter-
actions: it is a surface demagnetizing term for ferromagnetic films and a surface
polarization term for Langmuir films. The order parameter for a ferromagnetic film
is the component of magnetization along the film-normal, averaged over the film
thickness. It is the amphiphilic concentration for a Langmuir film.

In the stripe and hexagonal phases, the equilibrium system is inhomogeneous and
the order parameter varies in space in a periodic manner. The equilibrium analog
of Eq. (13.31) is

ψ(x) =
∑

k

e−ik·xψk = ψ0(τ = ∞)+
∑
k �=0

e−ik·xψk. (14.1)

For model B, the space-averaged order parameter ψ0(τ = ∞) = ψo. For model A,
it depends on h. For uniaxial ferromagnetic films, it is the average magnetization
produced by the field h and is given by Eqs. (13.27)–(13.29). In the homogeneous
disordered phase, ψ(x) = ψ0(τ = ∞).

Since ψ(x) is real and the S and H lattices have inversion symmetry, it follows
that ψ−k = ψk. Also, since all of the neighbors at an equal distance from a given
stripe or bubble are indistinguishable, ψk depends only on the magnitude of k, and
we may write ψk = ψk . Thus, one has∑

k �=0

e−ik·xψk =
∑
|k|�=0

ψk
∑′

k̂

e−ik·x, (14.2)
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where
∑′

k̂
denotes the sum over all vectors k such that |k| = k and

∑′
k̂

= nk is
the number of such vectors.

For a smectic phase, which is a stripe phase that is periodic in one dimension,
nk = 2. Let the normal to the film be in the z direction. Suppose the stripes are
parallel to y so that the normal to the stripes in the plane of the film is in the
x direction. Then ∑

k �=0

e−ik·xψk =
∑
k

2ψk cos(kx). (14.3)

Here the allowed discrete values of k are kn = nke, where ke = π/a is the equi-
librium wavenumber of the 1d stripe lattice with a periodicity of 2a, and n takes
positive integer values. The sum over k can also be written as a sum over n.

For the hexagonal phase, the system has three symmetry directions, and the
number of vectors nk with the same magnitude |k| = k is not invariant but
varies with k. This should be contrasted with the stripe phase, where nk = 2.
In Fourier space the allowed discrete wavevectors can be enumerated through
kn = ke(n1 î + n2ĵ), where the equilibrium wavenumber is ke = 4π/(

√
3a), with

a the lattice constant of the hexagonal lattice. The direction of kn is determined
from the coordinate pair (n1, n2), and î and ĵ are unit vectors along two of the
three symmetry directions with cos(î · ĵ) = 1

2 . The pairs (0, 1), (1, 0), (1, −1) and
their symmetrical counterparts give the sixfold Bragg peak. The magnitude of the

wavevector is |kn| = ke

√
n2

1 + n1n2 + n2
2, and the sum over k can be equivalently

written as a double sum over n1 and n2, each of which takes integer values.
In Fourier space, the free energy functional F can be written in dimensionless

form as

F
A

= −1

2

∑
k

[q2
c − k2 − βG(k)]ψ−kψk + ψo

∑
k

∑
k′
ψ−kψk′ψk−k′

+ 1

4

∑
k

∑
k′

∑
k′′
ψ−kψk′ψk′′ψk−k′−k′′ , (14.4)

where A is the area of the film. Equation (14.1) implies that δψ(x)/δψk =∑′
k̂
e−ik·x, and the extremization condition for F becomes

1

A

δFi
δψk

= −[q2
c − k2 − βG(k)]nkψk + 3ψo

∑
k′

∑′

k̂

ψk′ψ|k−k′|

+
∑

k′

∑
k′′

∑′

k̂

ψk′ψk′′ψ|k−k′−k′′| = 0, (14.5)
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where the subscript i again denotes the S orH phases. Each of the sums should be
interpreted as in Eq. (14.2).

The construction of the phase diagram involves three steps:
(1) One must solve the set of coupled equations ∂Fi/∂ke = 0 and δFi/δψk = 0.

The second of these two equations, given by Eq. (14.5), consists of an infinite
number of coupled equations for the Fourier components of the order parameter
ψk . The first equation corresponds to the optimization of ke and reduces to∑

n

( ∂

∂ke
[q2
c − (f (n)ke)2 − βG(f (n)ke)]nkψ2

k

)
= 0, (14.6)

where k = f (n)ke, and f (n) =
√
n2

1 + n1n2 + n2
2 for the hexagonal phase and is

f (n) = n for the stripe phase. Equation (14.6) is coupled to Eq. (14.5) through
ψk . This coupled set of equations must be solved numerically to obtain the Fourier
coefficients ψk and the equilibrium wavenumber ke for specified values of ψo,
β, and L. The infinite set of equations is truncated in practice to a finite number
of modes. At order s, one has (s + 1) equations in the (s + 1) unknowns: ke and
the s amplitudes ψk of the lowest s modes. The number of modes needed to accu-
rately describe the system depends on β. Since the limit β → 0 corresponds to a
square-well profile, a large number of modes is required for small β. On the other
hand, only a few modes, or even a single mode, suffice if β is close to the critical
value βc.

(2) The resulting ψk are used in Eqs. (14.1) and (14.2) to obtain an approxima-
tion to the order parameter ψ(x), which is then used to determine the free energy
functional.

(3) The double-tangent construction (Fig. 4.1) is used to obtain the different
regions of the phase diagram. One seeks the absolute minimum of Fi − μψo,
where Fi = FS , FH , or FD , and μ is the chemical potential or the magnetic field
magnitude, which is coupled to the average order parameter ψo.

Using this procedure, the phase diagram has been constructed analytically in
the one-mode approximation (Garel and Doniach, 1982; Andelman et al., 1987)
and numerically for an arbitrary number of modes (Sagui and Desai, 1994). In the
(β,ψo) plane of the phase diagram, the stripe and hexagonal phases are separated by
a region of stripe-hexagonal coexistence (see Fig. 14.2(a)). Similarly, the hexagonal
and disordered phases are separated by a region of hexagonal-disorder coexistence.

Two types of fluctuation could give rise to melting of the bubble and stripe lattices:
directional fluctuations of the Brazovskii type (Brazovskii, 1975), which lead to
first-order transitions, and dislocations leading to second-order Kosterlitz–Thouless
melting (Kosterlitz and Thouless, 1973, 1978). The stripe–bubble transition is
expected to be first order.
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Fig. 14.2. (a) The phase diagram in the (β,ψo) plane forL = 10. The stripe phase
meets the disordered phase at the point (βc = 0.385,ψo = 0). (b) Order parameter
profiles for ψo = 0,L = 10 and three different values of β. Reprinted Figure 1
with permission from Sagui and Desai (1994). Copyright 1994 by the American
Physical Society.

The profiles of the order parameter ψ(x) for the symmetric stripe phase in
Fig. 14.2(b) show that the profile approaches a square-well form as β → 0, indicat-
ing the existence of sharp interfaces. The amplitude of the profile increases towards
unity and its characteristic wavelength becomes progressively longer. At β = 0 the
amplitude is precisely unity and its wavelength is infinite. The stripe region reduces
to a point ψo = 0 at β = 0. As β → βc, the profile adopts a more sinusoidal form,
while both its amplitude and its characteristic wavelength continuously decrease.
The amplitude is the saturation value of the order parameterψsat , and in Fig. 14.3(a)
we observe that it decreases monotonically from 1 to 0 as β increases from 0 to βc.

The equilibrium wavenumber ke, which is inversely proportional to the charac-
teristic wavelength, increases monotonically with β (Fig. 14.3(b)). The competition
between the attractive square gradient interaction and the long-range repulsive inter-
action plays an important role in the determination of ke. This competition is clearly
seen in the single-mode approximation, as seen from Eq. (14.6). The spatial mod-
ulation of the order parameter is given by ψSM ∼ cos(kSMx). The single-mode
approximation kSM to the equilibrium wavevector ke is the solution of

d

dk

(
k2 + βG(k)

) = d

dk

(
k2 + β

(1 − e−kL)
k

)
= 0. (14.7)

For thick films, kL � 1, kSM = (β/2)1/3, while for thin films kL � 1 and
kSM = βL2/4. For films with arbitrary thickness, kSM is the same as the maximally
unstable mode km of the model A linear dispersion relation γk in Eq. (13.33).
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Fig. 14.3. (a) Variation of ψsat with β and (b) variation of ke (solid line), kSM
(long dashed line) and kHW (dotted line) with β for L = 10 and ψo = 0.2.

The single mode approximation overestimates the “wall” energy, and kSM is an
upper bound to the equilibrium wavenumber ke. Once kSM is obtained, the ampli-
tude ψSM may be obtained from the absolute minimum of Fi − μψo (Garel and
Doniach, 1982; Andelman et al., 1987).

In the hard-wall approximation, the order parameter profile is approximated by
zero-width sharp interfaces. In this approximation, which is valid for small β, the
equilibrium wavenumber kHW is given by the solution of (Kooy and Enz, 1960)

d

dk

[
k + β

∞∑
n=0

1

(2n+ 1)3
(1 − e−(2n+1)kL)

k

]
k=kHW

= 0. (14.8)

The equilibrium wavenumber kHW provides a lower bound to ke. The variations of
ke, kSM and kHW with β are compared in Fig. 14.3(b) (see Sagui and Desai, 1994).

14.2 Linear stability analysis

Phase separation and phase ordering are nonlinear processes because of the double-
well structure of the local free energy functional. A naive linearization of the
problem replaces the double well by an inverted harmonic function which has no
equilibrium state. Nevertheless, a linear stability analysis of the Langevin equation
(13.32) helps to identify the initially unstable modes of the system. The linearized
form of Eq. (13.32),

∂ψk(τ )

∂τ
= γkψk(τ )+ √

εηk, (14.9)

has the solution

ψk(τ ) = eγkτ ψk(0)+ √
ε

∫ τ

0
dτ ∗ηk(τ

∗)eγk(τ−τ∗). (14.10)
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This solution can be used to obtain the linear structure factor, which is valid for
very early times. Recall that the pre-quench system described by ψk(0) is in the
single-phase region (see also Chapter 6). The corresponding stationary solution for
the structure factor is the initial (τ = 0+) post-quench structure factor, which is
given by

〈|ψk(0)|2〉 = εo

q2
c + k2 + βĜ(k)

. (14.11)

The thermal noise strength εo = εTo(a2(T ))
2− d

2 /[(2π)dT (a2(To))
2− d

2 ], where
To and T are pre- and post-quench temperatures. (See Eq. (5.6) and discussion
in Chapter 6.) The dimensionless analog of the time-dependent structure factor
introduced in Chapter 4 is 〈|ψk(τ )|2〉. It is related to the two-point correlation
function by

〈ψk(τ )ψk′(τ )〉 = δ(k + k′)〈|ψk(τ )|2〉. (14.12)

Using Eq. (14.10), the result for the linear structure factor is

〈|ψk(τ )|2〉 = 〈|ψk(0)|2〉 e2γkτ + (k2)n

(2π)d

[e2γkτ − 1

2γk

]
ε. (14.13)

In the linear regime, the dispersion functionγk determines the exponential growth
of ψk and the structure factor. If γk is positive, the corresponding Fourier mode
fluctuations grow in time: i.e. these are the linearly unstable modes of the system.
From Eqs. (13.33) and (13.19), one has

γk = (k2)n

2

(
q2
c − k2 − β(1 − e−Lk)

k

)
, (14.14)

for either a Langmuir monolayer or uniaxial ferromagnetic film.As usual, n = 0 for
model A and n = 1 for model B. The dispersion function γk is shown in Fig. 14.4
for models A (ferromagnetic film) and B (Langmuir monolayer) (see Sagui and
Desai, 1994).

14.2.1 Analysis in the absence of LRRI

Forβ = 0 there are no long-range interactions, and γk takes the form γk = k2n(q2
c−

k2)/2. The band of unstable wavenumbers lies in the range 0 < k < qc for both
models A and B. Since the range of the band extends to zero, domains will grow to
macroscopic size. The power-law form of domain growth is an important aspect of
the late stages of phase separation kinetics in the absence of long-range interactions
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Fig. 14.4. Dependence of the growth exponent γk on the wavenumber k for crit-
ical quenches (ψo = 0, q2

c = (1 − 3ψ2
o ) = 1). (a) and (c) correspond to model

A, and (b) and (d) correspond to model B. From top to bottom, (a) and (b)
show the curves for a thick film (L = 10) for β = 0, 0.1, 0.22, 0.30, and
0.38; (c) and (d) show the curves for a thin film (L = 0.1) for β = 0, 2, 5, 7,
and 10.

(see Chapters 7–12). The maximally unstable mode occurs at k = 0 for model A
and at k = km ≡ qc/

√
2 for model B. In the linear approximation, the exponential

growth of this mode dominates that of all other modes, and the structure factor has
a time-invariant maximum at km. The existence of a maximally unstable mode at
k = 0 for model A makes it possible to construct successful approximate nonlinear
theories. The presence of a new characteristic wavevector km in model B (and
in model A when β �= 0) makes the construction of nonlinear theories a more
challenging task (see Chapter 9).

The early-time experimental observations on binary polymer mixtures (polymer
melts) have been fitted to a structure factor form obtained from a linear theory.
Model B can be used to describe polymer mixtures. The limitations and range of
validity of the linear theory for model B have been discussed by Binder (1984),
Elder et al. (1988), Glotzer (1995) and Sander and Wanner (1999). As ψ(k, τ)
increases with time, the linear approximation loses its validity at some crossover
time tcr . This occurs roughly at a time when 〈ψ2〉 reaches a value comparable to
(ψsp − ψo)

2 ≈ (ψ2
sp − ψ2

o ) = ψ2
spq

2
c . One can obtain tcr from Eq. (14.10) by
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replacing k by km, since the maximally unstable mode grows exponentially faster
than other modes. The dimensionless crossover time, τcr = tcr/to ≡ tcr (2Mκ/ξ4

o ),
is obtained from

(ψsp − ψo)
2 = 〈|ψ(km, τcr )|2〉 = e2γkmτcr 〈|ψ(km, 0)|2〉, (14.15)

where the initial fluctuation spectrum is determined from the Ornstein–Zernicke
theory at the pre-quench temperature To,

〈|ψ(km, 0)|2〉 = εo

(k2
m + q2

c )
. (14.16)

Here εo is given by Eq. (5.6) evaluated at To, and can be written as εo =
kToa4κ

−2ξ
4− d

2
o . Using the values k2

m = q2
c /2, ψ2

sp = 1
3 , and ξ 2

o = κ/[ao(To−Tc)],
one obtains

2γkmτcr = d

2
ln κ + ln q4

c + ln
( [ao(To − Tc)](2− d

2 )

2kToa4

)
. (14.17)

Note also that to = (ξ4
o /2Mκ) = κ/(2Ma2

o(To−Tc)2). As is evident from the form
of the square gradient term in the free energy functional in Eq. (3.2), κ plays the
role of the square of the effective range of the interaction. Thus, the dimensionless
crossover time depends only weakly (∼ ln κ) on the range of the interaction. For
polymer chains of length N , κ ∼ N . The dimensionless crossover time τcr for
polymeric systems is not very different from that for systems of small molecules.
The experimentally accessible crossover time tcr may be scaled to a dimensionless
form τcr using a characteristic time to, which itself increases linearly with κ . One has

tcr = toτcr = 2κ
[
d
2 ln(κ)+ ln(q4

c )+ ln
( [ao(To−Tc)](2− d2 )

2kToa4

)]
q4
cMa

2
o(To − Tc)2

. (14.18)

Thus, tcr behaves like κ ln κ ∼ N lnN for polymeric systems. The fact that the
linear theory is valid for longer times for polymeric systems is due to the factor κ in
to, which gives rise to the existence of long characteristic times for these systems.

For initial post-quench states in the metastable region that lies between the clas-
sical spinodal and coexistence curves, q2

c and γk are negative for all values of k.
A linear stability analysis is not adequate for the metastable region since it predicts
that all modes are stable. Nonlinear terms are important and cannot be ignored in
kinetics leading to either nucleation or spinodal decomposition. The transition from
spinodal decomposition to nucleation is also not well defined because nonlinear
instabilities play an increasingly more important role as the classical spinodal is
approached from within.
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14.2.2 Analysis in the presence of LRRI

A nonzero value of β signals the presence of long-range interactions. If β is suffi-
ciently large, there is a lower-k cutoff on the initially unstable modes. As a result,
after an initial growth phase, the domain size saturates to a finite, time-independent
value. For small k the dispersion relation given in Eq. (14.14) reduces to

γk = 1

2
(k2)n

[
(q2
c − βL)+ 1

2
βL2k − (1 + βL3

6
)k2 +O(k3)

]
. (14.19)

Consider the three terms in square brackets. The presence of long-range inter-
actions alters the coefficient of (−k2) from 1 to (1 + βL3/6), which corresponds
to a renormalization of the surface tension. Similarly, the constant term is changed
from q2

c to (q2
c −βL), renormalizing the harmonic term in the bulk free energy. For

model A, if (q2
c − βL) is positive (negative), the k = 0 mode is unstable (stable);

β = q2
c /L is a special value due to the cancellation of the k-independent term

(β = 0.1 curve in Fig. 14.4(a)). For β > q2
c /L, the k = 0 mode is stable and the

domain size saturates in time to a finite value according to the linear stability anal-
ysis. The second term, 1

2βL
2k, is a direct consequence of long-range interactions.

Note that the two-dimensional Fourier transform of the dipolar interaction kernel
G(x) ∼ 1/x3 is G(k) ∼ −k. It competes with the third term, which comes from
the renormalized square-gradient attraction and leads to modulated structures as
the system evolves. For β = 0 the system is characterized by growing domains

which coarsen with time as τ
1
3 for model B and τ

1
2 for model A. In both cases

the morphology is self-similar at late times. This is qualitatively different from the
modulated structures that one finds for β > q2

c /L. For q2
c /L > β > 0, domains

coarsen; however, the associated growth exponent gradually decreases from 1
3 to

zero as β increases from zero to q2
c /L.

From Eqs. (14.13) and (14.14) it is clear that the initial growth of the pattern
is determined by the linear dispersion γk . The system is unstable with respect to
fluctuations of modes with wavenumber k such that γk > 0, and stable with respect
to fluctuations of modes with wavenumber k such thatγk < 0. Using Eq. (14.14), the
maximally unstable mode km is easily found. Let γm = γ (km). As β increases from
zero, γm decreases monotonically for models A and B. The maximally unstable
mode km increases monotonically from k = 0 to ke for model A and decreases
monotonically from k = 1/

√
2 to ke for model B.

14.3 Evolution of ψ(x, τ) during phase separation

In the presence of long-range repulsive interactions, phase separation involves the
simultaneous segregation into two phases and the creation of a supercrystal order-
ing. These processes are characterized by very different time scales. In the early and
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Fig. 14.5. Domain configurations for model B with LRRI forL = 10 andβ = 0.22
obtained by integrating Eq. (13.20) with the kernel in Eq. (13.19) and ε = 0. (a)
Quench into a stripe phase with ψo = 0. (b) Quench into a hexagonal phase
with ψo = 0.2. Order parameter profile along a horizontal cut in the middle of
the configuration is shown below each pattern. Early time stage, τ ∼ 10–100;
intermediate time stage, τ ∼ 100–1000.

intermediate stages, processes related to phase segregation and domain formation
are predominant. At much later times the domains are essentially monodisperse,
and supercrystal ordering dominates. Figure 14.5 shows the patterns that arise from
this competition for model B (see Sagui and Desai, 1994). Immediately after the
quench, the system acquires a very complicated morphology composed of irregular
interpenetrating domains that percolate through the system. The early-time regime
corresponds to the amplification of initial fluctuations, the saturation of the order
parameter, and the formation of sharp interfaces. It is dominated by modes with
wavenumber km. During the intermediate-time regime, the domains become pro-
gressively more regular and distinct. The variation of the scalar order parameter
ψ(x, τ) in space is an indicator of the instantaneous domain shapes and the inter-
faces that separate the domains. Its space and time evolution is associated with
how these geometrical degrees of freedom (individual domain shapes and inter-
faces) of the system evolve in time. The intermediate-time regime is also governed
by processes associated with the geometrical degrees of freedom of the system.
It is dominated by modes with wavenumber ke, which determine the equilibrium-
modulated structure. The time that the domains require to reach their equilibrium
wavelength 2π/ke is the characteristic time for this regime. Since the characteristic



118 Kinetics of systems with competing interactions

wavenumber of the system changes from km to ke, the dynamics of this stage of the
evolution involves crossover phenomena. The crossover from km to ke is achieved
by varying the number of domains. Eventually, the number of domains reaches an
essentially constant value, and the distribution function of the stripe width or the
bubble radius becomes highly peaked around the equilibrium value. By this time,
the shape transition processes are essentially complete, and the system morphology
is that of a monodisperse disordered liquid of either stripes or bubbles.

This point marks the onset of the late-time regime. The late stage corresponds
to processes associated with the topological degrees of freedom which require two
complex order parameters (see Chapter 15). Topological degrees of freedom are
associated with the global arrangement of the domains, and are connected to the
orientational and translational order of the system. Complex order parameters are
useful in describing the evolution of topological order and defects in the system. For
modelA, the geometrical and topological degrees of freedom are completely decou-
pled. For model B, this distinction is only an approximation since these degrees of
freedom never decouple due to the existence of a conservation law. The kinetics of
defect annealing plays an important role during the late stage where supercrystal
formation occurs.

The probability that the order parameter has a value between ψ and ψ + dψ

is denoted by ρ(ψ)dψ , and ρ(ψ) is called the one-point distribution function of
ψ . It can be extracted from the simulation data at each time instant. For model A,
initially ρ(ψ) has a single peak centered at ψ = 0 (Fig. 14.6). As time evolves,

Fig. 14.6. Time evolution of the one-point distribution function ρ(ψ) for model
A with β = 0.1 andL = 50. (a) Quench into a stripe phase (h = 0): in order of the
decreasing peak heights about ψ = 0, the curves are at times τ = 1, 3, 5, 10, 20,
and 30. (b) Quench into a bubble phase (h = 1): in order of the decreasing peak
heights about ψ ≈ 0.25, the curves are at times τ = 1, 2, . . . , 10, 15, and 30.
Reprinted Figure 7 with permission from Roland and Desai (1990). Copyright
1990 by the American Physical Society.
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this peak collapses and broadens, and two new peaks grow around the saturation
values of the order parameter. The two side peaks are symmetric for the quench
into the stripe phase (h = 0), but are asymmetric for the quench into the bubble
phase (h = 1).

The competition between attractive and repulsive interactions not only deter-
mines the stability of the shapes of individual domains, it also determines the
dynamics of the domain wall fluctuations and shape transitions. For many physical
systems the domains exhibit a variety of shapes, which are not always those for
an equilibrium system. The response to harmonic distortions for uniaxial ferro-
magnetic films has been studied for bubble and stripe phases (Garel and Doniach,
1982). Circular shapes have been shown to undergo an elliptical instability. The
“stripe–hexagonal” transition in these systems is hindered by a surface energy bar-
rier. This is the origin of topological hysteresis, which is related to nucleation.
Langmuir films show instabilities not only to elliptic shapes but also to higher har-
monic shapes (McConnell, 1990; Seul et al., 1991). In amphiphilic monolayers,
Seul et al. (1990, 1991, 1994) have identified the presence of an elliptic instability
and a branching instability leading to a melted stripe phase near the consolute point.
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Competing interactions and defect dynamics

Phase separation in systems with competing interactions involves two dynamic
phenomena: segregation into two phases, and the creation of supercrystal (mod-
ulated phase) ordering. These two processes occur on very different time scales.
The early and intermediate-time regimes were discussed in Chapter 14. In these
regimes, all important information about the system may be obtained from the
scalar order parameter ψ . During the intermediate-time regime, the domain size
reaches its saturation value and the time evolution is ultimately governed by this
time independent length scale. Systems with a scalar order parameter form domains
of the ordered phase separated by domain walls, the relevant topological defect,
and evolve so as to decrease the domain-wall energy.

In the presence of long-range repulsive interactions, the late stage of phase order-
ing involves the evolution from a disordered liquid of minority phase droplets
towards the crystalline (hexagonal) ground state through the gain of orientational
and positional order. As discussed in Chapter 9, systems with continuous order
parameters have point, line, and other more complex defect structures. The late
stages of the phase separation processes are dominated by the motion of these
defects and, as time evolves, both their density and energy decrease. This is in
contrast to model B in the absence of long-range repulsive interactions, where the
late-stage kinetics is curvature driven and the conservation law plays an important
role. As long-range repulsive interactions become important, qualitatively different
late-stage effects emerge, since dipolar forces compete with forces arising from line
tension. These systems present the interesting feature that for the early stages of the
evolution domain walls are the relevant topological defects, while in the late stages
the defects that exist in two-dimensional solids, dislocations, and disclinations, are
the relevant topological defects.

Figure 15.1 shows the late-stage time evolution of droplet morphologies obtained
from the simulation of the Langevin equation (13.20) using the kernel given in
Eq. (13.19) with different values of β. The Bond number B = (β L2)/2 is a useful
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Fig. 15.1. Configurations showing the time evolution for four different sets of
parameters: (a) β = 0.22,L = 10, Bond number B = 11; (b) β = 0.05,L = 10,
B = 2.5; (c) β = 5,L = 0.1, B = 0.025; (d) model B (no LRRI, β = 0). In
all cases ψ0 = 0.2, ε = 0. Times, from top to bottom, are τ = 1000, 10 000,
and 20 000. Reprinted Figure 12 with permission from Sagui and Desai (1995).
Copyright 1995 by the American Physical Society.

correlator for the morphology when long-range repulsive interactions are present.
The late-stage morphology is polydisperse in (b), (c), and (d). For large B in (a), the
pattern evolves to a monodisperse-hexagonal crystalline ground state as a result of
the domain size saturation expected from the competition between dipolar and line
tension forces. The polydisperse morphology which occurs for small B sometimes
becomes frozen or trapped in a metastable state. Different types of morphology can
be classified as (a) monodisperse hexagonal (MH), (b) polydisperse frozen (PF),
and (c) and (d) polydisperse coarsening (PC).

15.1 Polydisperse systems

The model B (β = 0) pattern in Fig. 15.1(d) has a Lifshitz–Slyozov–Wagner-type
morphology with nonzero volume fraction (see Chapter 12). As β increases, the
growth exponent n for the mean droplet size Rm systematically decreases from
1
3 for model B to zero for the MH morphology. Using the method of matched
asymptotic expansions starting from the Langevin description, the LSW analysis
has been generalized to describe the PC and PF morphologies in order to understand
the Ostwald ripening process in the presence of competing interactions (Sagui and
Desai, 1995b). The analysis results in a multidroplet diffusion equation with a
Gibbs–Thomson boundary condition that explicitly includes the contribution of
the dipolar LRRI to the chemical potential. The normal velocity of the moving
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interface is proportional to the discontinuity in the chemical potential across the
interface, as in the LSW limit. The LRRI effects conveniently break up into intra-
droplet and inter-droplet effects, and it is the interplay of the LSW, intra-droplet, and
inter-droplet mechanisms that determines the final late-time morphology (PC, PF, or
MH). Through a minimization of the energy per unit area, the droplet equilibrium
radius Req can be computed (McConnell, 1989). The effect of the inter-droplet
interactions is simply to renormalize the surface tension, which becomes dependent
on the volume fraction of the droplet phase and, therefore, on ψo. As a result, in
certain regions of the β–L plane, only a coarsening solution exists (PC morphology
with Req = ∞). The boundary between coarsening (polydisperse coarsening) and
noncoarsening (PF morphology) regions occurs when βL2 is approximately equal
to the renormalized surface tension.

15.2 Monodisperse coarsening and defect dynamics

For large values of the Bond number the long-range repulsive interaction is strong
and, as discussed above, coarsening leads to a monodisperse hexagonal phase. The
formation of a perfect crystalline order in the late stages of the time evolution
depends on the depth of the quench (or equivalently, the strength of the dipolar
interactions β) and the presence of noise. For this late stage of the coarsening pro-
cess, where crystalline ordering processes dominate the evolution, it is convenient
to characterize the dynamics in terms of the decay of correlations in the system
and the development of twofold (for the stripe phase) or sixfold (for the hexagonal
phase) symmetry in the structure factor. The new characteristic length scales that
appear in the late-stage evolution are related to the sizes of the ordered regions.
Since the free energy of the system is degenerate with respect to the direction of
the equilibrium wavevector ke, a quench from the disordered to the ordered phase
results in the formation of a modulated phase with defects (disclinations and dis-
locations). The new length scales grow at a characteristic rate, as different broken
symmetry configurations compete to select the ground state.

At the beginning of the late-stage evolution (see the top configuration in
Fig. 15.1(a)), the minority phase droplet domains have already attained a circu-
lar shape and the scalar order parameter has reached its saturation value. However,
the droplets do not have any discernible long-range order in space, and form a
liquid-like state. The subsequent time evolution of MH systems is analogous to
2d freezing: starting from the liquid state, both the orientational and positional
order evolve to that of a perfect crystalline state of circular droplets. Consequently,
in the MH regime, it is very useful to describe the ordering process in terms of
orientational and translational order parameters, each of which is complex.
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The crystal translational order parameter is the local Fourier component of the
density, ρK(x) = eiK·x, where K is a reciprocal lattice vector corresponding to the
first Bragg peak in the structure factor of the crystal. This order parameter is com-
plex, continuous, and Abelian (Nelson, 1983). In 2d solids there is no long-range
order; only quasi-long-range translational order can exist. The mean translational
order parameter of a 2d infinite crystal is zero, but its correlation function decays
algebraically in space with a temperature-dependent decay exponent. In order to
monitor the time evolution of translational order in simulations, it is convenient
to define a quantity fT ,

fT =
∣∣∣∣〈 1

NT

NT∑
i=1

eiK·Xi (τ )
〉∣∣∣∣, (15.1)

where Xi (τ ) is the center-of-mass coordinate of droplet i at time τ and the sum is
over the centers of the NT droplets. The angular brackets denote an average over
the six symmetry directions of K, and the notation |R| refers to the modulus of the
complex quantity R.

Orientational order in 2d is measured by a complex, position-dependent
orientational order parameter defined as (Frenkel and McTague, 1979)

ψ6(Xi(τ )) = 1

Ni

Ni∑
j=1

ei6θj (Xi ), (15.2)

whereNi is the number of nearest neighbors of droplet i and the sum is over all the
nearest-neighbor bonds. The angle made by the bond joining the center of droplet i
to that of droplet j , relative to a fixed reference axis, is θj . A quantitative measure
of orientational order is provided by the correlation function,

g6(x) = 〈ψ∗
6 (x)ψ6(0)〉, (15.3)

where the angular brackets represent an average over all pairs of droplets separated
by a distancex and an angular average overπ/3 radian segments.The time evolution
of the orientational order can be monitored by the quantity f6, defined as

f6 =
∣∣∣∣〈 1

Ni

Ni∑
j=1

ei6θj (Xi )
〉∣∣∣∣, (15.4)

where 〈. . .〉 and |. . .| have the same meaning as in Eq. (15.1). Another definition of
the orientational order parameter, f ′

6 = (g6(0))1/2, is often used. It is a measure of
local order in the sense that it contains no information about correlations between
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bonds separated by large distances. Both definitions give f ′
6 = f6 = 1 in a perfect

crystalline solid.
Voronoi constructions can be used to isolate and study the topological defects

in the system. The Voronoi cells are hexagons for the MH ground state, and each
droplet has exactly six nearest neighbors. For morphologies which are still evolving
in time, the coordination number n (number of nearest neighbors) may not be 6.
The topological charge of such a droplet is defined to be q = n − 6. The graph
of droplet centers, which is the triangulation construct, is the dual structure to
the Voronoi partition of space. This implies a one-to-one correspondence between
the elements of the Voronoi construct and its dual graph. The Voronoi construction
identifies the defects as disclinations or sites with coordination number different
from 6. This construction also yields quantities that are useful for the characteriza-
tion of the orientational order: specifically, bond centers, which are the midpoints
of the lines connecting adjacent droplets; and bond angles, which are the angles
these lines make with respect to the reference axis. The disclination of the charge
q is characterized by a mismatch of qπ/3 in the orientation angle obtained after
going around a lattice circuit surrounding the disclination defect. Alternatively, a
disclination can be considered to be a site with an atypical number of nearest neigh-
bors determined from the Voronoi polygon construction. In the late stages of the
evolution, a majority of the droplets have coordination number n = 6. A smaller
number of droplets have n = 5 (topological charge q = −1) and an equal number
have n = 7 (q = +1). In the early stages of the evolution there is a small number
of disclinations with higher charge. Isolated disclinations with opposite topologi-
cal charge attract each other strongly and form more complex topological defects.
Fivefold and sevenfold disclinations often occur in local pairs (nearest neighbors
separated by a lattice constant) forming edge dislocations. Thus, in a bound pair
of dislocations, disclinations are bound in a group of four. An edge dislocation
corresponds to two additional half-rows of droplets.

From simulations of the multidroplet diffusion equation discussed in the previous
section, one can determine and classify the processes that anneal the topological
defects in the MH regime. The experimentally observed defect collision mecha-
nisms correspond to either a T1 or a T2 process or combinations of these elementary
processes. The T1 process (see Fig. 15.2(a)) is a neighbor-switching process, which
is most easily seen in the Voronoi representation. It can be pictured as taking place
when an edge shrinks to zero and is replaced by another edge where the connec-
tions to vertices are rearranged (neighbor-switched). In the T2 process the face of a
2d cell vanishes (see the Voronoi representation in Fig. 15.2(b)) and results in the
coalescence of two droplets.

The defect analysis is aided by introducing the Burgers vector (BV), which is
defined as the amount by which a path around the dislocation core fails to close.
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Fig. 15.2. The T1 and T2 processes shown in the triangulation and Voronoi
representations. For each droplet, its coordination number is shown as l, m, n,
etc. For the T2 case, the reverse process (mitosis) rarely occurs in simulations.
Figure 2 with permission from Sagui and Desai (1995). Copyright 1995 by the
American Physical Society.
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Fig. 15.3. Examples of the T1 and T2 processes in the triangular representation.
For each droplet, its coordination number is shown. Both processes eliminate one
5-7 pair and correspond to collisions among disclinations, except when p = 5
and s = 5, in which case they involve collisions between dislocations. Only
for the latter case are the corresponding Burgers vectors b1, b2, b3, as shown in
the diagram, relevant. Figure 3 with permission from Sagui and Desai (1995).
Copyright 1995 by the American Physical Society.

The direction perpendicular to the line joining the bound disclination pair is the
glide direction, and the Burgers vector is along this direction. Dislocations move
relatively easily in the glide direction, but less easily in the climb direction perpen-
dicular to the Burgers vector. Figure 15.3 illustrates the construction of the Burgers
vector. This figure also describes the T1 and T2 processes and shows how a 5–7
defect pair is annealed.
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A
A

BB
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Fig. 15.4. Figure (a), or equivalently figure (b), shows an interstitial defect where
there is an extra site in an otherwise perfect lattice. The configuration in (a) can
decay through two equivalent processes. In trajectory A, the top dislocation has
glided to give (b). A subsequent T2 process involving the coalescence of the two
fivefold droplets (or the elimination of one of the droplets) leads to the perfect
lattice in (d). In trajectory B, a T2 process involving the coalescence of a fivefold
droplet and a sixfold droplet (or the elimination of the fivefold droplet) gives
configuration (c), with a virtual pair. The virtual pair decays through a T1 process
to configuration (d). (Hexagon n = 6; square n = 5; circle n = 7.) Figure 4
with permission from Sagui and Desai (1995). Copyright 1995 by the American
Physical Society.

Figure 15.4 shows how a combination of the T1 and T2 processes can lead to the
annealing (removal) of an interstitial. The morphologies obtained in the simulation
of Langmuir films can also be described in terms of cellular patterns or froths, and
the T1 and T2 processes are important for the description of the dynamics of these
systems. However, there are some important differences. One of the most important
differences between froth kinetics and ordering kinetics in Langmuir films is the
following: the T2 processes are dominant for the late stages of froth kinetics, and
the T1 processes are very rare. However, for Langmuir films, in the MH regime, the
T1 processes are by far the dominant mechanism, and defect collisions between two
dislocations are prominent. In the MH regime, the area of a “cell” remains fixed,
while at smaller values of Bond number in the coarsening regime the area satisfies
von Neumann’s law, which states that the area A of a froth cell increases with time
if n− 6 > 0 and decreases if n− 6 < 0 so that Ȧ = k(n− 6), with k a constant.

For the MH regime, the direct integration of the Langevin and multidroplet dif-
fusion equations yields similar results for the time evolution of the orientational
and translational order parameters, as shown in Fig. 15.5. Simulations show that
in systems with grain boundaries both orientational and translational order are
disrupted; in systems without grain boundaries, the onset of quasi-long-range ori-
entational order occurs sooner than the onset of quasi-long-range positional order.
In such cases, the system evolves in time through intermediate stages of hexatic
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Fig. 15.5. Orientational order parameters f6, f ′
6, and translational order para-

meter fT for three simulations (a) MH-A, (b) MH-B, and (c) MH-C of the
multidroplet diffusion equation. The parameters are: L = 10, β = 0.36 for all
three, the area fraction covered by the droplets is 0.04 for MH-A and MH-B, and
0.40 for MH-C. To facilitate visualization the data points for MH-A have been
multiplied by 0.6.

order before reaching the crystalline state. The average values of the orientational
order parameter f6 and the translational order parameter fT shown in this figure
indicate that at late times f6 is higher than fT . As the orientational order increases,
the number of defects (such as 5–7 disclination pairs) decreases. The defect con-
centration ρ(τ) can be defined as the ratio of the number of droplets with z �= 6 to
the total number of droplets NT : ρ(τ) = 1 − C6, where C6 = N6/NT is the con-
centration of sixfold-coordinated droplets. For each of the three cases in Fig. 15.5,
ρ(τ) decays like a power law with an exponent close to 0.5, which is the value
expected when the dislocations are distributed not uniformly in regions of linear
dimension L but rather on the surface or the contour of this region.
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Diffusively rough interfaces

The existence and dynamics of interfaces played a central role in the description of
the domain-coarsening phenomena considered in the previous chapters. In the late
stages of domain growth the random forces in the order parameter kinetic equations
were suppressed and the interface dynamics was treated deterministically. In this
chapter we provide a more detailed treatment of the effects of noise and diffusion on
the structure of the interface. One may capture the essential physics of diffusively
rough interfaces in a general model often called the Kardar–Parisi–Zhang (KPZ)
equation (Kardar et al., 1986).

16.1 KPZ equation

Consider a front in a (d + 1)-dimensional system extended along x and mov-
ing, on average, in the x1 direction (see Fig. 16.1). The system is assumed to
be infinitely extended along x1 and has linear dimension L along x. In contrast
to the description in Chapter 7, we neglect the intrinsic thickness of the interface
and investigate the effects of diffusion and noise on the dynamics of the inter-
facial profile. Referring to Fig. 16.1, let h(x, t) be the position of the interface
as a function of x at time t , relative to an arbitrarily selected origin. Its mean
position at time t is h(t) = (1/Ld)

∫
ddx h(x, t). We assume that the front

propagates with velocity v in a direction normal to its interface; noise provides
a destabilizing influence on the front while diffusion tends to remove any surface
roughness.

A sketch of a portion of the interface profile h(x, t) as a function of x at time t
is shown in Fig. 16.2. The KPZ equation, which describes the dynamics of such
fronts, may be motivated using the following physical arguments: assuming that
propagation occurs normal to the interface, from the figure we see that the change
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Fig. 16.1. Interfacial profile h(x, t) as a function of x at a given time instant. The
average front position is h(t).
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Fig. 16.2. Schematic representation of a curved interface showing the components
of the velocity.

dh in the time interval dt is

dh =
[
(vdt)2 +

((
∂h

∂x

)
vdt

)2
]1/2

≈ vdt

(
1 + 1

2

(
∂h

∂x

)2

+ . . .

)
. (16.1)

Thus, the change in h due to propagation normal to the interface is

∂h

∂t
≈ v + v

2

(
∂h

∂x

)2

. (16.2)
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If we then add the changes in h arising from diffusion,D∂2h/∂x2, and a Gaussian
white noise contribution η with statistical properties

〈η(x, t)〉 = 0, (16.3)

〈η(x, t)η(x′, t ′)〉 = 2�δ(x − x′)δ(t − t ′), (16.4)

we obtain the Kardar–Parisi–Zhang equation,

∂h

∂t
= D

∂2h

∂x2 + v

2

(
∂h

∂x

)2

+ η. (16.5)

In writing this equation we have made the change of variables h → h+ vt .
The equation of motion for the average position h(t) of the interface at time t

can be found by integrating Eq. (16.5) over x and averaging over realizations of
the noise process to obtain

dh(t)

dt
= ṽ = v

2Ld

∫
ddx

〈 (∂h
∂x

)2 〉
. (16.6)

Consequently, even if the planar interface is stationary, an interface following KPZ
dynamics will move.

This equation has been used to describe diffusively rough interfaces that arise
in a variety of contexts, such as diffusion-limited aggregation and chemical front
propagation. The equation is invariant under the transformation h → h+ constant
and under tilting of the interface by an infinitesimal amount, h → h+ ε · x,
x → x + vεt . Because of the presence of the (∂h/∂x)2 term, the interface does
not possess h → −h symmetry: there is a preferred propagation direction, which
typically arises in physical problems from a bias or external force that drives the
interface to propagate in a particular direction.

The KPZ equation is related to other well-known evolution equations. If we
differentiate Eq. (16.5) with respect to x and make the change of variables g =
−∂h/∂x, we obtain

∂g
∂t

+ vg
(
∂g
∂x

)
= D

∂2g
∂x2 + ζ , (16.7)

where ζ = −∂η/∂x. This is the noisy Burgers’ equation.
If we make the transformation W = evh/2D , from Eq. (16.5) we obtain

∂W

∂t
= D

∂2W

∂x2 + v

2D
ηW , (16.8)

which is a diffusion equation subject to parametric noise.
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If the nonlinear term in Eq. (16.5) is dropped, we obtain the Edwards–Wilkinson
(EW) equation (Edwards and Wilkinson, 1982),

∂h(x, t)

∂t
= D

∂2h(x, t)

∂x2
+ η(x, t). (16.9)

In the absence of the nonlinear term the interface dynamics possesses an addi-
tional h → −h symmetry characteristic of equilibrium growth processes. We shall
consider the consequences of this feature below.

16.2 Interface width scaling

To characterize the interfacial properties, it is useful to consider the width of the
interface defined as

w(L, t) =
(

1

Ld

∫
dx〈(h(x, t)− h(t))2〉

)1/2

, (16.10)

where the angular brackets again signify an average over realizations of the noise
process. For a fixed value of Lwe expect the time variation of the width to take the
form shown in Fig. 16.3. Starting from an initially planar interface, after an initial
growth phase, the width saturates for times greater than the crossover time tc to its
asymptotic value w(L) = limt→∞w(L, t).

The sketch in Fig. 16.3 suggests power law behavior for w(L, t) in various
limiting regimes. For short times, t � tc, and fixed L we define a scaling exponent
β such that

w(L, t) ∼ tβ (t � tc, L fixed).

It is found that the width is a function of the system size L, and this system-size
dependence also exhibits power-law behavior. The saturated width is observed to

Fig. 16.3. Interfacial width versus time on a logarithmic scale. The crossover time
tc is also indicated in the figure.
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scale as

w(L) ∼ Lα (t � tc),

while the crossover time tc scales as

tc ∼ Lz.

Using these power laws, a scaling relation among the α, β, and z exponents can
be deduced by considering approaches to tc from above and below. From Fig. 16.3
we have w(tc) ∼ t

β
c = Lzβ = Lα , which implies α = zβ. Simulations and

experiments on a variety of systems expected to possess diffusively rough interfaces
indicate that β ≈ 1

3 , α ≈ 1
2 and z ≈ 3

2 for systems with 1d interfaces. One may now
attempt to understand these scaling results on the basis of the interface equations
discussed above.

Before considering the KPZ equation we first analyze the EW equation, since it
can be solved analytically. We may also obtain the exponent results by a scaling
hypothesis. Let � be some scaling length such that x → x′ = �x, h → h′ = �αh

and t → t ′ = �zt . We demand that the EW equation be invariant under this scaling,

∂h′(x′, t ′)
∂t ′

= D
∂2h′(x′, t ′)
∂x′2 + η′(x′, t ′). (16.11)

First consider the scaled form of the noise. We have

〈η′(x′
1, t ′1)η′(x′

2, t ′2)〉 = 2�δ(x′
1 − x′

2)δ(t
′
1 − t ′2) (16.12)

= �−(d+z)2�δ(x1 − x2)δ(t1 − t2).

Thus, comparing with Eq. (16.4), we haveη′ = �−(d+z)/2η. The scaled EW equation
then takes the form

∂h(x, t)

∂t
= +�z−2D

∂2h(x, t)

∂x2
+ �(−2α−d+z)/2η(x, t). (16.13)

For this equation to be invariant under the transformation, we must have z = 2,
α = −d/2 + z/2 = −d/2 + 1, and β = α/z = −d/4 + 1

2 . A direct calculation of
w(L, t) for the EW model yields

w(L, t)2 = �

2L

∞∑
n=1

(1 − e−2Dk2t )

2Dk2 , (16.14)

where k = 2πn/L. The exponents determined from the asymptotic forms of this
expression agree with those from the scaling analysis.
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If a similar scaling hypothesis is made on the nonlinear KPZ equation, we obtain

∂h(x, t)

∂t
= �z−2D∂

2h(x, t)

∂x2
+ �α−2+z v

2

(
∂h

∂x

)2

+ �(−2α−d+z)/2η(x, t). (16.15)

Invariance under this scaling leads to the conditions z = 2, α + z = 2, and
α = −d/2 + z/2. This is an overdetermined set of conditions on the exponents.
The problem arises from the fact that possible scaling ofD and v has been neglected.
A full discussion of the correct scaling requires other techniques such as renormal-
ization group methods (Barabási and Stanley, 1995). For d = 1 interface dynamics
the KPZ scaling exponents are found to be α = 1

2 , β = 1
3 , and z = 3

2 . For d > 2
interface dynamics, a phase transition exists between two regimes separated by a
critical value of the interface velocity v = vc. In the regime with v < vc, termed the
weak-coupling regime, the solution flows to the v = 0 fixed point corresponding to
the linear EW equation. In the strong-coupling regime of the renormalization group
equations where v > vc, the nonlinear term becomes relevant. Currently there is
no universal agreement on the strong-coupling fixed point and the properties of the
KPZ equation in the strong-coupling regime.

16.3 Connection between Langevin and KPZ equations

The KPZ equation was constructed to model a growing interface driven by an exter-
nal flux of particles. Such a driven nonequilibrium surface can have a roughening
transition, which plays an important role in crystal growth. At a fixed temperature,
rough or smooth interfaces can be grown by adjusting the external driving force.
If an interface grows at a constant rate, it is important to inquire how a constant
driving force affects the roughening transition: e.g. the interface roughness above
the transition temperature TR . The KPZ equation is also related to self-organized
criticality (SOC) (Bak et al., 1987), which involves states with power-law corre-
lations that are reached without tuning the parameters that control the behavior of
the system. A self-organized critical state is characterized by the absence of length
and time scales. SOC behavior is different from that near a second-order phase
transition (introduced in Chapter 2). The critical point can be reached by tuning
parameters such as pressure and temperature in the phase diagram. In contrast,
interface equations, such as the KPZ equation, describe a system’s behavior after
tuning onto a line of first-order phase transitions, such as a solid–liquid coexistence
line in the phase diagram of a one-component system. The relationship between
SOC and driven growth has been studied extensively (Grossmann et al., 1991).
A derivation of the KPZ equation from the model A Langevin equation in the
presence of an external driving force is an essential part of this relationship.
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To establish the relation between these equations, we begin with the model
A Langevin equation (5.1) and the free energy functional FGLW in Eqs. (3.2)
and (3.14),

∂δφ

∂t
= −M

[
−H − κ∇2φ∗ + δf (φ∗)

δφ∗

]
+ η∗(r, t). (16.16)

Here δφ = (φ − φ) = (φ∗ − φo), with φo = (φ − φc) as defined in Chapter 5; the
Landau free energy density f (φ∗) is given in Eq. (3.15). The thermal noise η∗ is a
Gaussian random function which obeys the fluctuation–dissipation theorem given
in Eq. (5.2). The external field H plays a central role in the connection between
the Langevin and KPZ equations. One can also obtain this Langevin equation from
a modification of model C, where a nonconserved order parameter φ(r, t , H) is
coupled to a conserved field E in an asymmetric manner, and where the length
scale for the diffusion of E is much larger than all other lengths in the system. With
an asymmetric coupling, one has a model for the liquid–solid interface, which is
typically used to study the Mullins–Sekerka instability and dendritic growth.

In equilibrium, for a system made up of two coexisting phases separated by a
planar diffuse interface located at x1 = 0, φ will be time independent and inhomo-
geneous; we denote it by the function φo(x1), whose average over x1 is the average
order parameter φ. For such a system, equilibrium requires H = 0, and φo(x1)

satisfies the analog of Eq. (7.3) in dimensional form,

κ
d2φo(x1)

dx2
1

= δf [φo(x1)]
δφo(x1)

. (16.17)

This result can also be obtained from the average of Eq. (16.16) over the noise. The
mean field surface tension is (see Chapter 3)

σ̃ = κ

∫ ∞

−∞
dx1

(dφo(x1)

dx1

)2
. (16.18)

In general, in a far-from-equilibrium driven system, the interface is curved and
time dependent. Instead of being located at x1 = 0, the interface is defined by the
locus of the zeros of an auxiliary function (see Figs. 7.2 and 16.1),

u(r, t , H) = 0. (16.19)

The equation of motion for u can be extracted by assuming

φ(r, t , H) � φo[u(r, t , H)]. (16.20)
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Implicit in this condition is the assumption that the interface is gently curved and
far from other interfaces in the system. We now perform an analysis similar to that
in Chapter 7. Using the assumption in Eq. (16.20), the Langevin equation takes the
form

∂u

∂t

∂φo(u)

∂u
= −M

(
−H − κ∇2φo(u)+ δf

δφo

)
+ η∗. (16.21)

If we let n̂ = ∇u/|∇u| ≡ �∇u be the unit vector normal to the interface,
the variation of φ0(u) in this normal direction is n̂ · ∇φ0(u) = �−1∂φ0(u)/∂u.
Equation (16.17) then takes the form

κ
d2φo(u)

(�du)2
= δf [φo(u)]

δφo(u)
. (16.22)

Making use of the fact that the Laplacian of φ0(u) may be written as

∇2φo(u) = (∇ · n̂)
dφ0(u)

d(�u)
+ d2φ0(u)

d(�u)2
, (16.23)

using Eq. (16.17), Eq. (16.21) becomes

∂u

∂t

∂φo(u)

∂u
= −M

(
−H − κK

dφo(u)

(�du)

)
+ η∗, (16.24)

where the curvature is K = ∇ · n̂.
For interfaces with small widths, such as those envisaged in Fig. 16.1, it is

appropriate to integrate Eq. (16.24) over the diffuse interface using a projection
operator

P(· · ·) = 1

�φo

∫
(�du)

(
dφo

(�du)

)
(· · ·), (16.25)

where�φo = φo(+∞)− φo(−∞) is the miscibility gap. The effect of the projec-
tion operator on a quantity is to replace it by its average over the diffuse interface
(see Fig. 7.1). The analysis follows that in Chapter 7. The result, which uses
Eq. (16.18), is

�
∂u

∂t
= MκH�φo

σ̃
+MκK + η̃, (16.26)

which is similar to Eq. (7.30). Here η̃ is related to η∗ by

η̃ = (κ/σ̃ )

∫
(�du)

(
dφo

(�du)

)
η∗. (16.27)
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Due to the continuity of flux at the interface at u = 0, the left-hand side of
Eq. (16.26) is the velocity normal to the interface at u = 0. The last two terms
on the right-hand side correspond to the two terms on the right-hand side of
Eq. (7.30). The first term on the right-hand side is new and is proportional
to the driving field H. The product Mκ , previously discussed in Chapter 7,
must be positive if the motion of the interface is such that it will reduce
curvature.

In order to obtain the KPZ equation, we now assume that the interface is almost
flat without overhangs: i.e. u(r, t) = x1 − h(x, t). Substituting this expression into
Eq. (16.26) one gets

∂h

∂t
= 1

�

(
v +D�3 ∂

2h

∂x2
+ η

)
, (16.28)

where 1/�(h) = |∇u| = [1 + (∂h/∂x)2]1/2, v = −MκH�φo/σ̃ , D = Mκ , and
η = −η̃. Then expanding to leading order in (∂h/∂x)2 and setting h → (h− vt),
we get the KPZ equation

∂h

∂t
= D

∂2h

∂x2 + v

2

(
∂h

∂x

)2

+ η . (16.29)

The above derivation shows that the KPZ equation can be used to describe a
nearly flat growing interface in nonconserved model A systems in the presence of
a field, or model C systems, such as a solid growing into a supercooled liquid.
The self-organized critical states for such systems, which are described by the KPZ
equation, are nonequilibrium states within the coexistence curve in an equilibrium
phase diagram where a liquid is supercooled or a solid is superheated. Such critical
states are reached without tuning. This conclusion imposes strong bounds on the
applicable nonequilibrium states: e.g. metastable liquid states. A metastable state
eventually decays by droplet nucleation, where bubbles and interacting surfaces
become important. The decay rate τ−1 of such states, referred to as the nucleation
rate, has been calculated (Becker and Doring, 1935; Gunton and Droz, 1983), and
is given by

τ ∝ exp
( σ̃
Hd

+ lnLd+1
)

, (16.30)

where Ld+1 is the volume accessible for a large fluctuation needed to nucleate a
critical size droplet in a (d + 1)-dimensional system. The KPZ equation is useful
on time scales t � τ .
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16.4 Dynamics of curved interfaces

A more general phenomenological description of diffusively rough interfaces that
avoids the assumption of small curvature used in the derivation of the KPZ equa-
tion can be given as follows (Maritan et al., 1992). Consider an interface in
a two-dimensional system. Suppose the interface R(s, t) ≡ (

x(s, t), y(s, t)
)

is
parameterized by the continuous variable s. The normal to the interface is n̂. As
earlier, we assume that the interface moves in the direction of its normal with
speed v. The interface is subjected to noise, and variations along the interface are
smoothed by diffusion, characterized by a diffusion coefficient D. Accounting for
these contributions, the velocity of the interface is given by

∂R(s)
∂t

= Dg−1/2 ∂

∂s
g−1/2 ∂

∂s
R(s)+ vn̂ + η, (16.31)

where g = |dR/ds|2. The Laplacian governing diffusion along s is written in
curvilinear coordinates (see Chapter 7). The correlation function of the random
force η is

〈ηα(s, t)ηβ(s ′, t ′)〉 = 2Dδαβg
−1/2δ(s − s ′)δ(t − t ′). (16.32)

This choice of the correlation guarantees that the dynamics is independent of the
parametrization adopted. If there are no overhangs, i.e. the interface is a single-
valued function of s, this equation reduces to the KPZ equation. To see this, let
R(s, t) ≡ (

h(s, t), y(s, t)
) = (h(y, t), y), where h(y, t) is a single-valued function

of y. Substituting this expression for R(s, t) into Eq. (16.31) and taking the scalar
product of the resulting expression with n̂ = g−1/2(1, −∂h/∂y), we obtain

∂h

∂t
= Dg−1 ∂

2h

∂y2 + vg1/2 + g1/4ξ(y, t), (16.33)

where

〈ξ(y, t)ξ(y′, t ′)〉 = 2Dg−1/2δ(y − y′)δ(t − t ′), (16.34)

and g = 1 + (∂h/∂y)2. In the limit where (∂h/∂y)2 is small, so that the g factors
can be expanded in this quantity and only lowest-order terms in Eq. (16.33) are
retained, we obtain the KPZ equation (16.5) after the transformation h → h+ vt .

Equation (16.31) may be used to study the dynamics of disk-shaped nuclei
(Kapral et al., 1994). For this purpose it is useful to express the dynamics in a
polar coordinate system x(s, t) = R(s, t) cos θ(s, t) and y(s, t) = R(s, t) sin θ(s, t)
(see Fig. 16.4). In this coordinate system, g = R2

s + R2θ2
s , where the subscript s
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X

R(s)

y

q

Fig. 16.4. Disk-shaped domain showing the coordinate system used in the text.

indicates differentiation with respect to the arc length. Assuming R(s, t) = R(θ , t)
(no overhangs), we may show that

∂R(θ , t)

∂t
= D

1√
R2
θ + R2

∂

∂θ

1√
R2
θ + R2

∂

∂θ
R(θ , t)

− D

R

(
1 + R2

θ (R
2
θ − RRθθ )

(R2
θ + R2)2

)

+ v

R

√
R2
θ + R2 + (R2

θ + R2)1/4

R
ξ(θ , t), (16.35)

where the random force correlation function is

〈ξ(θ , t)ξ(θ ′, t ′)〉 = 2Dδ(θ − θ ′)δ(t − t ′). (16.36)

If we assume that Rθ/R � 1, we obtain the equation for disk growth:

∂R

∂t
= D

R2

∂2R

∂θ2
− D

R
+ v

(
1 + R2

θ

2R2

)
+ 1√

R
ξ(θ , t). (16.37)

Even neglecting the KPZ-like term, Eq. (16.37) is nonlinear and the exact solution
cannot be found by Fourier transformation.
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A perturbative analysis of the angular fluctuations can be carried out as follows.
Substituting

R(θ , t) =
+∞∑
n=−∞

Rn(t)e
inθ , ξ(θ , t) =

+∞∑
n=−∞

ξn(t)e
inθ (16.38)

in Eq. (16.37) with 〈ξn(t)ξn(t ′)〉 = D
π
δ(t − t ′), and multiplying both sides by R2, a

hierarchy of stochastic differential equations is obtained. This set of equations refers
to a fixed reference frame. For nucleation processes it is necessary to determine the
radial variable with respect to the actual position of the center of mass. The choice
of such a reference frame amounts to setting R1(t) = constant = 0, and thus
the leading corrections to R0(t) originate from R±2(t). We can then truncate the
hierarchy of equations at n = ±2. Keeping only the leading terms in the equations
for R0(t), R±2(t), we obtain

R2
0Ṙ0 + 2R2R−2Ṙ0 + 2R2R0Ṙ−2 + 2R−2R0Ṙ2

= −DR0 + v(R2
0 + 6R2R−2)

+ R
3/2
0

(
ξ0 + 3

2

R2

R0
ξ−2

3

2

R−2

R0
ξ2

3

8

R2R−2

R2
0

ξ0

)
,

and

R2
0Ṙ±2 + 2R±2R0Ṙ0 = −5DR±2 + 2vR0R±2 + R

3/2
0 ξ±2. (16.39)

Neglecting the angular dependence, i.e. the dependence on ξ±2 andR±2, Eq. (16.39)
reduces to

Ṙ0 = − D

R0
+ v + ξ0√

R0
, (16.40)

which gives the zeroth order estimate for the critical radius, Rc = D/v.
If the noise term is neglected we recover the Allen–Cahn equation for the evo-

lution of a disk-shaped nucleus in model A (see Eq. (7.33) and the discussion
that follows this equation). Equation (16.40) can be used to study the effects
of fluctuations on the growth of a disk-shaped nucleus, while the more general
equation (16.35) provides a KPZ analog for such nucleus growth processes.
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Morphological instability in solid films

The growth of thin solid semiconductor films is at the heart of the development of
modern electronic and optical devices. A key element in strategies for nanoscale
fabrication is the exploitation of growth and kinetic instabilities to form surface
nanostructures and patterns with desirable functionality.

Epitaxy is a term that is commonly used for the growth of a thin solid layer
on top of a substrate. Homoepitaxy denotes the growth of crystals of a material
on a crystal face of the same material, while the term heteroepitaxy is used if
the materials of the substrate and the growing film are different. Molecular beam
epitaxy (MBE) is a common experimental technique that is used to grow such solid
films. A film that grows without defects is called a coherently grown film. In such a
film the constituent atoms arrange themselves on top of the substrate as its natural
extension. The film has the same crystal structure as the substrate.

In the epitaxial growth of a crystal film on another crystal, elasticity plays a
dominant role and leads to long-range effective interactions between the adatoms
on the surface. These interactions are repulsive and compete with the stronger short-
range chemical interactions. The repulsive nature of the long-range interactions can
be qualitatively understood as follows. Consider a planar solid surface of a semi-
infinite crystal. When an adatom is placed on this surface, its interaction with the
atoms in the top layer creates a stress which changes the distance between its nearest
neighbors in the top atomic layer of the surface. If the change is an increase in this
distance, a compression of the interatomic distances between more distant atomic
pairs will occur in the immediate neighborhood of the adatom. This discourages
other adatoms from being located close to the first one. Therefore, the effective
interaction between adatoms is repulsive. If two adatoms are placed on the solid
surface a distance r apart, their repulsive interaction energy is proportional to r−3.

There are two classes of kinetic roughening process, which are characterized
by nonconserved and conserved surface relaxation processes, respectively. Non-
conserved processes are typically described by the KPZ equation, which was the

140
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subject of the previous chapter. Vapor deposition processes that are carried out at
either low or high temperatures where defect formation and desorption become
important fall into the KPZ class. In this chapter we consider the conserved case,
which corresponds to films grown by deposition processes such as MBE. For such
technologically relevant deposition methods, both defect formation and desorption
are negligible, especially at the early stage of growth. For coherent epitaxial films,
surface diffusion is the dominant relaxation process. Three basic growth modes
have been seen in experiments on heteroepitaxial films. The Frank–van der Merwe
mode corresponds to layer-by-layer growth. The Volmer–Weber mode involves
island formation and occurs in systems where a large amount of energy is required
to form the substrate/film interface. For the Stranski–Kranstanov mode, the first
few monolayers are almost flat and are followed by an increasingly rough surface,
which exhibits an island-like morphology as the film thickens. The type of growth
that occurs in a specific system depends on the relative importance of elastic strain
and interfacial energies. Based on these considerations, we use linear continuum
elasticity theory to describe the growth of epitaxial films.

During growth, a partially formed monolayer necessarily has step edges. Some
systems have potential barriers near step edges, and these barriers suppress the
diffusion of adatoms to lower terraces. The presence of these barriers, known as
the Ehrlich–Schwoebel barriers (Ehrlich and Huda, 1966; Schwoebel and Shipsey,
1966), give rise to an instability (Villain, 1991; Pimpinelli and Villain, 1998) that
results in pyramidal structures on the growing surface during homoepitaxy. The
growth of such structures occurs as a result of a nonequilibrium surface diffusion
current which is not derivable from a free energy functional (Krug et al., 1993).
The surface diffusion coefficientDs and the deposition rate F play important roles
(Krug, 1997) in the film growth. For large values ofDs/F the growing film develops
wedding-cake–like structures. For certain step orientations, it is found that the
Ehrlich–Schwoebel barrier vanishes, since the potential that an adatom sees has a
maximum at the center of the terrace instead of the edge. We consider such systems
below.

Another ubiquitous instability occurs as a result of a lattice mismatch between
the substrate and the growing film. It is this instability in heteroepitaxial films that
is the central theme of this chapter.

17.1 Lattice misfit

Consider a heteroepitaxial film growing on a semi-infinite substrate as shown
schematically in Fig. 17.1(a). The substrate, located in the region z ≤ 0, has a lattice
constant as . The coherently grown solid thin film within the region 0<z<h(x, y; t)
tends to have its normal bulk-state lattice constant af (Fig. 17.1(b)). However,
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(a)

(b)

(c)

Fig. 17.1. Schematic diagram showing the coherent growth of film on a substrate

coherency requires that the lattice constant of the film be the same as that of the
substrate (Fig. 17.1(c)). This leads to a lattice misfit and, within the film, gives rise
to a strain εo = (af −as)/as in directions x and y parallel to the interface at z = 0.
There is also a strain in the perpendicular z direction. The stress associated with this
strain is relieved in the perpendicular direction. This is called Poisson relaxation.
The stress in the xy plane remains. A planar surface of such a uniaxially stressed
solid is unstable to a range of wavelengths, bounded from below by a length given
by the ratio of the surface and strain energies (Asaro and Tiller, 1972; Grinfeld,
1986; Srolovitz, 1989).

This morphological instability, which is often referred to as Asaro–Tiller–
Grinfeld instability, can be seen to originate as follows (Spencer et al., 1993).
A uniform uniaxial stress applied to a flat film results in a uniform strain through-
out the film. This leads to a uniform strain energy density, which is a product of
stress and strain. Since the applied stress and strain are always of the same sign,
the strain energy density is always positive. Such a perfectly flat film is in a state of
unstable equilibrium in the absence of surface fluctuations. If the same film has a
sinusoidal perturbation on its surface, the applied stress leads to a nonuniform stress
distribution within the film. Regardless of the sign of the stress (compressional
or dilatational), there is a relaxation of the stress at the peaks and a concentra-
tion of stress at the valleys of the perturbation. The peaks are less constrained
by the bulk and relax towards a stress-free state more easily than the valleys,
which become stress concentrators. Thus, the strain energy density is higher in the
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valleys than at the relaxed peaks. This difference in the strain energy drives the
instability. Just as the stabilizing surface energy drives mass transport from regions
of high curvature to regions of low curvature, strain energy drives the mass trans-
port from regions of high strain energy (valleys) to regions of low strain energy
(peaks). The peaks then grow at the expense of valleys, leading to an even larger
strain energy variation between them. This positive feedback leads to growing
perturbations and is responsible for the morphological instability of a uniaxially
stressed film.

The analysis of this instability presented below is based on continuum linear
elasticity theory and the mesoscopic Langevin model. Its applicability is restricted
to length scales much larger than lattice spacing. For some aspects of thin film
growth, step–step interactions and step growth are important. The energy required
to form a step on an infinite 2d surface vanishes at the roughening temperature Tr ,
which is lower than the melting temperature Tm. For Tr < T < Tm, thermal fluctu-
ations liberate the surface from the ordering influence of the underlying lattice, and
the crystal’s equilibrium shape is rough. For T < Tr , step kinetics is an important
part of thin film growth. In some situations Ostwald ripening can create smooth-
ing below Tr (Pimpinelli and Villain, 1998). Our interest is in instabilities. If the
characteristic wavelength of an instability is much longer than the lattice spacing,
a quasi-continuum analysis can be used to describe the film growth.

During the epitaxial growth of a film, if the deposition of material occurs under
ultrahigh-vacuum conditions, similar to growth through MBE, evaporation and
recondensation are negligible. The system evolution would then follow a conserved
dynamics analogous to that introduced in Chapter 6. We assume that the film com-
pletely wets the substrate, that there is no interdiffusion between the film and the
substrate, and that diffusion in the bulk film is negligible compared with diffusion
on the surface. The neglect of bulk diffusion implies that the layers within the film
are buried metastable layers, which are frozen on account of negligible mobility of
atoms in the bulk.

Consequently, the deposition rate determines the mean surface height h : h =
ho + vt . The deposition rate F is the number of atoms deposited per unit area per
unit time along the −z direction on the top surface of the film. The growth velocity
of the film is v = F/Nv, where Nv is the number density of the atoms per unit
volume. The results of the analysis below, in the limit of no deposition, correspond
to the case of a static film of thickness ho. In a reference frame moving with the
average surface position h, the surface diffusion process conserves the total amount
of material. Thus, the motion of the interface satisfies a continuity equation

Nv
∂rn

∂t
= −∇ · Jh + F̃ , (17.1)
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where ∂rn/∂t is the rate of change of the interface position along its normal and
F̃ = F/

√
g. The Cartesian components of the normal unit vector n̂, pointing away

from the film, are given by (−∂h/∂x, −∂h/∂y, 1)/
√
g, whereg = (1+|∇h|2) is the

determinant of the surface metric (see alsoAppendix to Chapter 7 and Section 16.4),
with |∇h|2 = (∂h/∂x)2 + (∂h/∂y)2. Then the equation for the z component of the
interface motion is

∂h

∂t
= √

g
∂rn

∂t
= −N−1

v

√
g∇ · Jh + v. (17.2)

Here the surface flux of atoms Jh is proportional to the gradient of a diffusion
potential, δF/δh. More precisely,

Jh = − DsNs

kbT Nv
∇ δF
δh

, (17.3)

whereNs is the number density of atoms per unit surface area. From the above two
equations, the conserved dynamics evolution equation for h(x, y; t) can be deduced
and is

∂h

∂t
= �h

√
g∇2

s

δF
δh

+ v, (17.4)

where ∇2
s is the surface Laplacian and�h = DsNs/kbT N

2
v is the kinetic coefficient,

which depends on temperature T , surface diffusion coefficient Ds , the number
density of atoms per unit surface areaNs , and per unit volumeNv . The free energy
functional F consists of surface energy and elastic energy parts,

F = Fs + Fel . (17.5)

The surface free energy functional is given by

Fs = γ

∫
d2r

√
g, (17.6)

where the integral is over the top surface of the film and γ is the surface tension at
the top surface. For simplicity, we assume γ to be isotropic. For real systems, the
surface tension anisotropy is often important. The surface free energy clearly plays a
central role in determining equilibrium crystal shape (Schukin and Bimberg, 1999).
The elastic free energy functional will be deduced from linear elasticity theory in
the next section.

Many films of interest are alloys: for example, an alloy of silicon and germanium
grown on a silicon substrate. For alloys, an alloy composition fieldφ(x, y, z; t)must
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be included in the description (Guyer and Voorhees, 1995; Léonard and Desai, 1998;
Huang and Desai, 2002). The free energy functional now includes an additional
term, F = Fs + Fel + FGLW . The form of FGLW is given in Eqs. (3.2) and (3.15)
within the film (this implies that the limit of the z-integration ranges between 0 and
h(x, y; t)), and the elastic free energy functional also depends on φ. For simplicity
we restrict our considerations to a simpler case, such as a germanium film grown
on a silicon substrate.

17.2 Elastic free energy functional

When a deformation occurs in a body, distances between various points within it
change. The position vector r of a point is displaced to r′ = r + u. The vector
distance dr between two neighboring points r and r + dr changes to dr′. If the
corresponding magnitudes of dr and dr′ are dl and dl′, then dl2 = dxidxi changes
to dl′2 = (dxi + dui)(dxi + dui). Here and below, we use the Einstein sum-
mation convention, where repeated indices are summed. For small displacements
(deformations), we find

dl′2 � dl2 + 2
∂ui

∂xk
dxkdxi

= dl2 + 2εikdxkdxi , (17.7)

where we have introduced the strain tensor ε, which is

εik = 1

2

(∂ui
∂xk

+ ∂uk

∂xi

)
, (17.8)

for small deformations. The misfit strain εo, introduced in Section 17.1, is related to
the strain tensor: for the example in Fig. 17.1(c) the three nonzero elements of ε are
εoxx = εoyy = −εo and εozz = −εo + ε, where ε is obtained below. The superscript
o indicates that the value εo is for a film with a flat top surface.

When a deformation occurs, the body is displaced from equilibrium and internal
forces arise, which may then drive the body towards a new equilibrium. Let V
be the volume of the body being deformed, and let it be enclosed by a surface S.
The volume can be divided into a large number of small volume elements dV . The
total internal force

∫
V FdV can then be viewed as a sum of forces acting on various

elements dV . The forces internal to V at the boundaries of internal volume elements
dV cancel due to Newton’s third law. Thus, the total internal force reduces to a sum
of forces acting on various elements dS of the surface S. The direction of the surface
element vector dS is taken along the outward normal. As a result one obtains∫

V

FidV =
∫
V

∂σik

∂xk
dV =

∮
S

σikdSk . (17.9)



146 Morphological instability in solid films

We have assumed that external forces are absent. The stress tensor σ is symmetric
(Landau and Lifshitz, 1986). For a system in mechanical equilibrium the inter-
nal stresses balance in each of the volume elements dV : thus, the condition of
mechanical equilibrium is

∂σik

∂xk
≡ (∇ · σ )i = 0. (17.10)

Within a volume element dV , the work done by internal stresses of the system per
unit volume on the external agency creating a deformation is

δW = ∂σik

∂xk
δui .

Using integration by parts, the total work done can be written as∫
δWdV =

∮
σikδuidSk −

∫
σik
∂δui

∂xk
dV .

For an infinite medium which is not deformed at infinity the first term vanishes,
and the second term can be written in a symmetric form to yield∫

δWdV = −1

2

∫
σikδ

(∂ui
∂xk

+ ∂uk

∂xi

)
dV = −

∫
σikδεikdV ,

so that

δW = −σikδεik . (17.11)

Since the change in the internal energy is δQ−δW = T dS+σikdεik , the differen-
tial σikdεik is an analog of the −pdV term for pressure–volume work in isotropic
fluids. It then follows that elastic deformations of solids lead to a differential change
in Helmholtz free energy given by

dFel = σikdεik. (17.12)

In linear elasticity theory stress is proportional to strain, as exemplified by Hooke’s
law. Its tensorial extension is the relation

σik = λlmik εlm, (17.13)

where λlmik is the elastic modulus tensor. A useful form of the expression for Fel
of a deformed body can be obtained by noting that it is a quadratic function of the
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strain tensor, ∂Fel/∂εik = σik, and using Euler’s theorem, εik∂Fel/∂εik = 2Fel .
The result is

Fel = 1

2
σikεik = 1

2
λlmik εlmεik . (17.14)

For an inhomogeneous system, such as the coherent film sketched in Fig. 17.1, Fel
can be generalized to give the part of the free energy functional that arises from
elastic deformations,

Fel =
∫
V

fel(ε(r))d3r , (17.15)

where the elastic free energy density is

fel(ε(r)) = 1

2
λlmik εlm(r)εik(r). (17.16)

Since the strain tensor is symmetric, εlmεik is unchanged when the indices (i, k)
or (l,m) are interchanged or the pairs of indices (i, l) and (k,m) are interchanged.
Due to this symmetry, one has

λlmik = λmlik = λlmki , (17.17)

and, for a 3d system, out of the 81 elements of λlmik only 21 are independent. This
number may be further reduced by using the symmetry of the crystal. For a system
with triclinic symmetry, all 21 elements are nonzero. For a hexagonal system, five
independent elements are nonzero and, for a system with cubic symmetry, there are
only three independent nonzero elements, λxxxx , λyyxx , and λxyxy .

The elastic properties of most crystals in nature are anisotropic. For crys-
tals with cubic symmetry this anisotropy is characterized by the difference(
λxxxx − λ

yy
xx − 2λxyxy

)
. For simplicity we assume that this difference is zero. Such

an isotropic solid is characterized by an isotropic compressibility and an isotropic
resistance to shear, and its free energy is invariant under a rotation of the axes. It
is this extra symmetry that further reduces the number of independent elements of
the elastic modulus tensor to two and leads to

λlmik = μ(δilδkm + δimδkl)+ λδikδlm, (17.18)

where μ and λ are called the Lamé coefficients. The elastic free energy density for
an isotropic solid simplifies to

fel(ε(r)) = μ εikεik + λ

2
ε2
ll , (17.19)
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where ε2
ll is the squared sum of the diagonal elements and εikεik is the sum of

squares of all of the elements of the strain tensor. The stress–strain relation (17.13)
reduces to

σik = 2μεik + λεllδik. (17.20)

Any deformation can be written as the sum of a pure shear and a hydrostatic
compression:

εik =
(
εik − 1

3
δikεll

)
+ 1

3
δikεll . (17.21)

Using this result the elastic free energy density can be written as

fel(ε) = μ

(
εik − 1

3
δikεll

)2

+ 1

2
Kε2

ll , (17.22)

while the stress–strain relation (17.20) becomes

σik = 2μ

(
εik − 1

3
δikεll

)
+Kεllδik , (17.23)

where the Lamé coefficientμ is referred to as the shear modulus andK =
(
λ+ 2

3μ
)

as the bulk modulus. In thermodynamic equilibrium the free energy is a minimum,
and this implies that bothK and μ are positive definite. Sometimes it is convenient
to use Young’s modulusE and Poisson’s ratio ν in place ofK andμ. The equations
relating these moduli are

E = 9Kμ

(3K + μ)
= μ(3λ+ 2μ)

(λ+ μ)
, ν = 1

2

(3K − 2μ)

(3K + μ)
= λ

2(λ+ μ)
. (17.24)

For the simple extension of a rod along the z direction, using a force per unit
area Fz, Young’s modulus is E = Fz/εzz and Poisson’s ratio is the ratio of the
transverse compression to the longitudinal extension, ν = −εxx/εzz. WhileK and
μ are always positive, ν can be negative. If K = 0, then ν = −1, and if μ = 0,
then ν = 1

2 . The range of ν is −1 ≤ ν ≤ +1
2 . Among the various moduli, λ, μ, K ,

ν, and E, only two are independent. Some useful relations are

μ = E

2(1 + ν)
,

K = E

3(1 − 2ν)
= 2μ(1 + ν)

3(1 − 2ν)
,

λ = Eν

(1 − 2ν)(1 + ν)
= 2μν

(1 − 2ν)
. (17.25)
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In terms of μ and ν, the stress–strain relation, Eq. (17.20), becomes

σik = 2μ
(
εik + ν

1 − 2ν
εllδik

)
. (17.26)

If we use Eqs. (17.8) and (17.26), the mechanical equilibrium condition, Eq. (17.10),
reduces to

∇(∇ · u)+ (1 − 2ν)∇2u = 0. (17.27)

Now consider a heterogeneous system such as that shown in Fig. 17.1(a). In the
expression for the elastic free energy density in Eq. (17.19), the displacements and
strains must be measured from the unconstrained state. However, for the heteroge-
neous film where the same reference state is used for both the substrate and the film,
one of these two quantities is generally constrained. In Fig. 17.1(a) the film is con-
strained and its strain with respect to the unconstrained state (see Fig. 17.1(b)) has
a nonzero value εoik. If εik is the strain measured relative to the common reference
state (flat coherent film on an unconstrained substrate, as shown in Fig. 17.1(c)),
εik must be replaced by εik + εoik in the expressions for the elastic free energy. The
nonzero elements of εoik are εoxx = εoyy = −εo and εozz = −εo + ε. The element εozz
is a combination of an isotropic strain (−εo) and a Poisson relaxation ε that occurs
due to the stress σ in the lateral directions (x, y). The Poisson relaxation and the
lateral stress arise on account of the isotropic strain (−εoδij ). Thus, in Eq. (17.19),
εxx , εyy , and εzz should be replaced by εxx − εo, εyy − εo, and εzz + εozz. Within an
additive constant, the elastic free energy density within the film is

fel(ε)=μ
[
ε2
ik − 2εo(εxx + εyy + εzz)+ 2εεzz

]+ λ

2
[(εxx + εyy + εzz)− 3εo+ ε]2.

(17.28)

The free energy density now contains terms that are linear in the strain. They are
similar to terms in the free energy arising from external forces. We now identify

ε = 3λ+ 2μ

λ+ 2μ
εo = 1 + ν

1 − ν
εo. (17.29)

This result is obtained from the constraint that the coefficient of the term linear in
εzz vanishes. This is required since the lattice misfit does not create any additional
stress in the z direction. Additional stress σ occurs only in the x and y directions
and is obtained from the coefficient of the term which is linear in (εxx + εyy). It is
[−2μεo + λ(−3εo + ε)], and reduces to

σ = −εo E

(1 − ν)
= −2μεo

(1 + ν)

(1 − ν)
, (17.30)
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where ε from Eq. (17.29) was used. Since σ is a constant, the mechanical equi-
librium condition (17.27) obtained from Eq. (17.10) remains unaltered. Using the
result for ε, the elastic free energy density, Eq. (17.28), becomes

fel(ε) = με2
ik + μν

(1 − 2ν)
(εxx + εyy + εzz)

2 − 2μεo(1 + ν)

(1 − ν)
(εxx + εyy), (17.31)

within an additive constant. As before, ε2
ik ≡ εikεik is the sum of squares of all of

the elements of the strain tensor. Using Eqs. (17.15) and (17.31), the elastic free
energy functional within the film is given by

Fel =
∫ h(x,y;t)

0
dz

∫
dx

∫
dyfel(ε). (17.32)

The elastic free energy functional within the substrate is obtained by setting εo = 0
in Eq. (17.31) and changing the limits of the integration over z to range from −∞
to 0. To simplify the analysis we assume that each of the elastic moduli of the
substrate is equal to that of the film.

17.3 Evolution equations for the morphological instability

To recapitulate, the time evolution of h(x, y; t) is given by

∂h

∂t
= �h

√
g∇2

s

δF
δh

+ v, (17.33)

where g = (1+|∇h|2) and the free energy functional is F = Fs+Fel . The surface
energy part of the free energy functional is

Fs = γ

∫
d2r

√
g, (17.34)

and the elastic energy part is

Fel =
∫ h(x,y;t)

0
dz

∫
dx

∫
dyfel(ε). (17.35)

Here the elastic free energy density is

fel(ε) = με2
ik + μν

(1 − 2ν)
(εxx + εyy + εzz)

2 − 2μεo(1 + ν)

(1 − ν)
(εxx + εyy), (17.36)

where the strain tensor εik is related to the displacement field ui(x, y, z; t) through
Eq. (17.8) and ui satisfies the mechanical equilibrium condition, Eq. (17.27), which
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applies both to the film and to the substrate. Since diffusion is a much slower process
than local lattice rearrangements, the displacement vector u can be assumed to
instantaneously satisfy the condition of mechanical equilibrium. We also assume
that the growing film–substrate system is isothermal, so that its time evolution
equations reflect the slower diffusive nonequilibrium features. The equation for
h is nonlinear and is coupled to u through the strain tensor εik in Fel . In Eq. (17.36)
the term proportional to εo is linear in the strain tensor and does not alter the
equation for the mechanical equilibrium condition, Eq. (17.27). Its solution gives
the displacement vector u in terms of h. This is obtained in the next section.

The mechanical equilibrium condition (17.27) is to be solved subject to the
following boundary conditions. For MBE growth, the pressure above the film is
negligible: hence the total force on a mass element on the surface is zero. This
implies that

σ
f
ij nj = 0 at z = h, (17.37)

with the unit vector n̂ = (−∇h, 1) /
√
g oriented towards the half space in the posi-

tive z direction. Because the plane z = 0 is assumed to remain flat and coherent, the
displacement vector and the stress tensor must be continuous there, implying that

σ
f
zi = σ szi and u f = us at z = 0. (17.38)

The superscripts f and s indicate the stress tensor in the film and the substrate,
respectively. Also, we require that the displacement vector within the substrate
vanish far from the film/substrate interface: us → 0 as z → −∞. This also implies
that the strain tensor far from the film decays to zero:

εij → 0 as z → −∞. (17.39)

The nonlinear equation for the top surface profile h of the film contains the morpho-
logical instability due to lattice misfit. A linear stability analysis of the equation can
provide the range of unstable wavenumbers and the growth rate of perturbations toh
as a function of wavenumber. The reference state around which the perturbations
occur is

h = ho + vt . (17.40)

This is appropriate for a flat film where

usx = usy = usz = 0, (17.41)
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due to a completely relaxed substrate for which

u
f
x = u

f
y = 0, (17.42)

corresponding to a coherent substrate/film interface and a state of uniform epitaxial
strain in the film. Furthermore,

u
f
z = (εozz + εo)z = εz, (17.43)

characterizing the Poisson relaxation in the z direction. The stress state associated
with this reference state is a stress-free substrate and a state of biaxial stress in the
film,

σ
f
xx = σ

f
yy = −2με = σ . (17.44)

The reference state strains and stresses are uniform throughout the system and are
also independent of film thickness and growth velocity v.

The stability of the film is studied by considering small perturbations around
the reference state. A general variable ξ is expanded in a two-dimensional Fourier
series as

ξ = ξ̄ +
∑

q

ξ̂ (q, z, t) ei(qxx+qyy). (17.45)

The Fourier coefficients for the film height are independent of z. Computation of
the functional derivative in Eq. (17.33) yields the free energy density (Eq.(17.36))
evaluated at the top surface. Hence, for the purpose of calculating ∂ĥ/∂t , the free
energy density has to be computed to O(ξ̂ ). The elastic energy Ê , to linear order
in ξ̂ , is

Ê = σ̄ (ε̂xx + ε̂yy). (17.46)

The second-order correction to the elastic energy, Ẽ ∼ O(ξ̂2), is

Ẽ = λlmik ε̂lmε̂ik, (17.47)

where λlmik is given by Eq. (17.18).

17.4 Solution of mechanical equilibrium equations

The linear mechanical equilibrium equations (17.27) can be transformed to Fourier
space by substituting

u(x, y, z; t) = ū +
∑

q

û (q, z, t) ei(qxx+qyy). (17.48)
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The resulting equations for the film are

(1 − 2ν)
( ∂2

∂z2 − q2
)
ûx + iqx

(
iqxûx + iqyûy + ∂

∂z
ûz

)
= 0, (17.49)

(1 − 2ν)
( ∂2

∂z2 − q2
)
ûy + iqy

(
iqxûx + iqyûy + ∂

∂z
ûz

)
= 0, (17.50)

(1 − 2ν)
( ∂2

∂z2 − q2
)
ûz + ∂

∂z

(
iqxûx + iqyûy + ∂

∂z
ûz

)
= 0. (17.51)

Here q2 = q2
x +q2

y . This is a set of coupled homogeneous second-order differential
equations first obtained by Spencer et al. (1993). In the substrate, the displacements
also satisfy the same homogeneous equations where the form of the solution is⎡⎣ ûsx

ûsy
ûsz

⎤⎦ =
⎡⎣ u0

x

u0
y

u0
z

⎤⎦ eqz −
⎡⎣ iqx/q

iqy/q

1

⎤⎦Bzeqz. (17.52)

Here B = [1/(3 − 4ν)](iqxu0
x + iqyu

0
y + qu0

z), and we have used the condition
that us vanishes far from the film/substrate boundary. In the film, the form of the
solution is⎡⎢⎣ û

f
x

û
f
y

û
f
z

⎤⎥⎦ =
⎡⎣ αx

αy

αz

⎤⎦ cosh(qz)+
⎡⎣ βx

βy

βz

⎤⎦ sinh(qz) (17.53)

−
⎡⎣ Ciqx/q

Ciqy/q

D

⎤⎦ z sinh(qz)−
⎡⎣ Diqx/q

Diqy/q

C

⎤⎦ z cosh(qz).

In this last equation, C and D are defined as C = [1/(3 − 4ν)] (iqxαx + iqyαy +
qβz) and D = [1/(3 − 4ν)] (iqxβx + iqyβy + qαz). The above relations for the
displacements in the film and in the substrate contain nine coefficients that must
be determined using the boundary conditions. To O(ξ̂ ), the boundary conditions at
z = 0 are

σ̂
f
zi = σ̂ szi and û f = ûs , (17.54)

which lead to the relations u0
i = αi = βi , and C = D = B. The O(ξ̂ ) boundary

conditions at z = h are

σ̂xz = iqxσ̄ ĥ, σ̂yz = iqyσ̄ ĥ and σ̂zz = 0, (17.55)
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which result in the expression for C and the relation between αz and C:

C = A

[
−qσ̄ ĥ

2μ

]
, qαz = C(1 − 2ν + qh̄), (17.56)

where A = [
cosh(qh̄)+ sinh(qh̄)

]−1
.

Using these solutions of the mechanical equilibrium conditions, we can evaluate
the free energy density to first and second orders using Eqs. (17.46) and (17.47),
respectively. For the linear analysis that is used here, only the first-order result is
needed. It is

Ê = σ [2εo(1 + ν)qĥ] = −4με2
o

(1 + ν)2

(1 − ν)
qĥ. (17.57)

The evolution equation for ĥ in Fourier space is then obtained as

∂ĥ

∂t
= −�hq2

(
−4με2

o

(1 + ν)2

(1 − ν)
q + γ q2

)
ĥ ≡ �ĥ. (17.58)

An analogous result for the more general case where μ and ν are different for
the substrate and the film has been given by Spencer et al. (1993). For this case
the strain energy term, where μ and ν correspond to the film values μf and νf ,
respectively, is multiplied by a function that depends on qh, μf /μs , νf , and νs .
This function reduces to unity in the limit where the moduli are equal. For situations
where the elastic moduli are equal the dynamical equation for ĥ is independent of h
(see Eq. (17.58)) and, therefore, is the same for static and growing films.

17.5 Linear stability analysis

The solution of the evolution equation (17.58) is

ĥ(q, t) = ĥo(q) exp(�(q)t), (17.59)

where the growth rate can be written as

�(q) = �hγ q
3
(

4μ
ε2
o

γ

(1 + ν)2

(1 − ν)
− q

)
≡ �hγ q

3(qc − q). (17.60)

Here the second equality defines a cutoff wavenumber qc. The strain energy
term is destabilizing regardless of the sign of the misfit since it is proportional
to ε2

o . The surface energy term is stabilizing and dominates for q > qc. The
misfit-related morphological instability occurs for long wavelengths 0 < q < qc.
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Fig. 17.2. Schematic diagram showing the growth rate of the misfit-related
morphological instability.

As a function of q, the growth rate � has zero slope at the origin, rises to a
positive maximum and then decreases monotonically, crossing the � = 0 axis
at the cutoff wavenumber qc (Fig. 17.2). The maximum in �(q) occurs at
qm = 3qc/4 and has a value �m = 27

256�hγ q
4
c . Due to exponential growth

the maximal mode (qm,�m) dominates all other modes in time. The maximal
wavenumber qm ∝ ε2

o and the maximal growth exponent �m ∝ ε8
o . The wave-

length λm = 2π/qm ∼ ε−2
o can be viewed as an approximation for the periodicity

of surface patterns, such as coherent islands, which result from the morphological
instability.

It is appropriate to define the characteristic length of the instability as lo = q−1
c

and the characteristic time as to = l4o/(�hγ ). For a germanium film coherently
grown over a silicon substrate, εo = 0.0418, γ = 1.927 J m−2, νf = 0.198, and
μf = 0.568 × 1011 J m−3, giving lo = 2.7 nm (Spencer et al., 1993). The time
scale to is very sensitive to misfit and temperature. It varies with misfit as
ε−8
o so that changing misfit from 2% to 4% decreases to by a factor of 256.

The sensitive dependence on temperature arises from the Arrhenius tempera-
ture dependence of the surface diffusivity Ds , which is contained within �h.
For a germanium film on silicon,Ds = 8.45 × 10−10 exp(−0.83eV /kBT )m2 s−1,
Ns = 1.25 × 1019 atoms/m2 andNv = 4.41 × 1028 atoms/m3 which gives to = 236 s
at 423 K and 0.23 s at 623 K.

From the linear analysis, the height of the film in real space is given by

h(x, y; t) = h(t)+
∑

q

ĥ(q; t)ei(qxx+qyy)

= vt +
∑

q

ĥo(q)e
�(q)t ei(qxx+qyy). (17.61)
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,

Fig. 17.3. Variation of critical thickness hc with growth velocity v for Ge/Si film
for four different temperatures. Experimental observations of planar film (circle)
and coherent dislocation free islands (triangles) as shown indicate consistency
with theory. Reprinted with permission from Spencer et al. (1993). Copyright
1993, American Institute of Physics.

For linearly unstable growth of h, at early times the mean height h grows with a
rate v and the initial height perturbations ĥo grow with a growth rate ∼ �(qm).
This competition between deposition and instability can be used to define a critical
thickness hc,

hc = v

�(qm)
= 256

27

v

�hγ q4
c

= vγ 3(1 − ν)4

27�hμ4ε8
o(1 + ν)8

. (17.62)

As h(t) passes through hc the instability growth rate overtakes the linear growth
rate of the mean height. The critical thickness sharply decreases with increasing
misfit as ε−8

o . As the misfit increases, the development of the instability becomes
more abrupt. For h(t) < hc the film growth is kinetically stabilized so that a
growing film remains flat. In Fig. 17.3 the variation of hc with v is shown for
four temperatures. These results were obtained by Spencer et al. (1993) for a more
general case where the elastic moduli of the film are different from those of the
substrate. A comparison with experimental results for germanium films on a silicon
substrate (Asai et al., 1985; Eaglesham and Cerullo, 1990; LeGoues et al., 1990) is
also shown. For a given temperature, the curve in the figure is a boundary for linear
stability; instability is apparent above the curve. In experimental observations the
instability leads to coherent dislocation-free islands.
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Propagating chemical fronts

In earlier chapters we considered the structure of the interfaces separating coexisting
phases in systems described by models A and B. Here we examine the nature of
propagating chemical fronts and show how the front profiles and speeds may be
determined. Propagating chemical fronts were observed and analyzed by Luther
(1906) in an early investigation of reacting systems. Luther noted that the front
velocity is given by v ∝ (kD)1/2, where k is a chemical rate constant and D is the
diffusion coefficient (Showalter and Tyson, 1987). We shall show how such a result
follows from the propagating-front solution of the reaction–diffusion equation, and
discuss the conditions under which a unique front velocity is selected by the system.

In the analysis of the propagation of chemical fronts it is important to distinguish
between two cases: a stable state propagates into another linearly stable state, and
a stable state propagates into an unstable state. In the former case a unique front
velocity is selected and the front structure is determined by the interior of the
boundary region that separates the stable states. As we shall see, this leads to a
nonlinear eigenvalue problem for the front velocity and profile. In the case where
a stable state invades an unstable state, the front dynamics is determined by the
dynamics of the leading edge of the front. In this case there is a continuous spectrum
of velocities, and one must solve a selection problem to determine which class of
initial conditions will lead to a particular front velocity.

We restrict our considerations mostly to one-dimensional systems. Phenomena
in higher-dimensional systems will be considered in subsequent chapters. Suppose
the concentration field c(x, t) satisfies the reaction–diffusion equation

∂c(x, t)

∂t
= R(c(x, t))+D

∂2c(x, t)

∂x2 , (18.1)

where R(c(x, t)) is the reaction rate. We are interested in solutions of this equa-
tion for a class of physically realizable initial conditions leading to a propagating
front that moves with speed v and connects two different concentration regions
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at x = ±∞. The investigation of such front propagation has a long history (Fisher,
1937; Kolmogorov et al., 1937; Aronson and Weinberger, 1975).

Traveling wave solutions have the form c(x, t) = c(x − vt) = c(u) and satisfy
the equation

D
d2c(u)

du2 + v
dc(u)

du
+ R(c(u)) = 0. (18.2)

When examining the properties of this equation, a mechanical analogy is useful. If
we define a momentum-like variable Ddc/du = p, we can write Eq. (18.2) as the
coupled pair of equations

d

du
c(u) = p(u)

D
,

d

du
p(u) = − v

D
p(u)+ F(c(u)) = 0. (18.3)

Interpreting u as a time-like variable, these are the equations of motion for a particle
of massD acted on by a force F(c(u)) = −R(c(u)) = −dV (c)/dc, derived from
a potential V (c) and a frictional force −(v/D)p, where v plays the role of the
friction coefficient.

18.1 Propagation into a metastable state

First we consider the propagation of a stable state into a metastable (linearly sta-
ble) state where the mechanical analogy may be used. Suppose that R(c) = 0
possesses three fixed points, c± and cu. The fixed points c± are linearly stable
so that R′(c±) < 0, while cu is unstable so that R′(cu) > 0. We also assume
that c(x, t) → c± for x → ±∞. An example of a chemical system with these
characteristics is the Schlögl model discussed earlier in Chapter 5 in connec-
tion with model A of critical phenomena. For this model the reaction rate is
R(c) = k1a − k−1c + k2bc

2 − k−2c
3. Cubic models of this type can be writ-

ten in the simpler form R(c) = −c3 + c+ a. The potential function for this model
is V (c) = −1

4c
4 + 1

2c
2 + ac, corresponding to the force F(c) = −R(c). This

potential function is sketched in Fig. 18.1 for a > 0. In the mechanical analogy, we
seek solutions that start at the stable state c+ near c = 1 with zero kinetic energy
and end at the metastable state c− near c = −1. Since both states are local maxima,
now there is a unique “friction” v = v∗ that will accomplish this. Also, if a = 0
so that the maxima in the potential corresponding to the two linearly stable states
have equal values, then the friction needed for the particle to start at c+ with zero
kinetic energy and end at c− is v = 0. So, the front does not propagate. This is the
case considered earlier in Chapter 5 for critical quenches in model A.
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Fig. 18.1. Sketch of the potential V (c) = − 1
4c

4 + 1
2c

2 + ac in the mechanical
analogy used in the analysis of the cubic propagating front with a = 0.1.

It is not difficult to solve the nonlinear eigenvalue problem (18.2) for the unique
front velocity and profile. The profile of the propagating front is given by

c0(u) = 1

2
(c+ − c−) tanh

(
(c+ − c−)

2
√

2D
u

)
+ 1

2
(c+ + c−), (18.4)

while the front velocity is v = (c+ + c− − 2cu)
√
D/2. This is the unique solution

to this problem.
The stability of the one-dimensional front can be studied by linearizing the

reaction–diffusion equation (18.1) about the solution c0(u). We let

c(x, t) = c0(u)+ δc(u, t). (18.5)

Substitution into the reaction–diffusion equation (18.1) gives

∂δc(u, t)

∂t
=
(
D
∂2

∂u2 + v
∂

∂u
+ δR
δc0

)
δc(u, t)

≡ �R(u)δc(u, t), (18.6)

which defines the linear operator�R . We use an abstract notation similar to that in
quantum mechanics to simplify the equations. We let 〈u|c〉 = c(u) with an analo-
gous representation for operators: 〈u|�̂R|u′〉 = �R(u)δ(u − u′). The eigenvalue
problem for the operator �̂R may then be written as

�̂R|ζi〉 = λi |ζi〉. (18.7)

From Eq. (18.6) we see that ζ0(u) = dc0/du is an eigenfunction of �̂R with
eigenvalue λ0 = 0. This is a consequence of the broken translational invariance
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1.0
(a) (b)

1.0

Fig. 18.2. (a) The profile of a propagating front for a = 0.1 and D = 1; (b) its
derivative, the eigenfunction corresponding to the zero eigenvalue of the linearized
eigenvalue problem.

along u and is the analog of the Goldstone mode discussed in connection with
the interface dynamics in models A and B. The front profile and the eigenfunction
ζ0(u) = dc0/du are plotted in Fig. 18.2. The figure shows that ζ0(u) is localized
in the vicinity of the front. The operator �̂R is not self-adjoint so we must also
consider the adjoint eigenvalue problem,

〈ζi |�̂†
R = λi〈ζi|. (18.8)

Here the adjoint operator is

�
†
R(u) = D

∂2

∂u2
− v

∂

∂u
+ δR
δc0

. (18.9)

The eigenfunctions satisfy the orthonormality condition 〈ζi |ζj 〉 = δij . The stability
of the front is determined by the sign of the nonzero eigenvalues. In the next chapter
we will make use of this formalism to determine the stability of interfacial dynamics
to transverse perturbations in two spatial dimensions.

18.2 Propagation into an unstable state

Next, we consider propagation of a linearly stable state into an unstable state, which
we term Fisher-type fronts. Suppose the reaction rate has the following properties:
R(0) = R(1) = 0 and R(c) > 0 for all c ∈ [0, 1]. A specific example of a reaction
rate with these properties is R(c) ≡ RF (c) = kc(1−c)with k > 0. Since R′

F (0) =
k and R′

F (1) = −k, the steady state c = 0 is linearly unstable and the state c = 1 is
linearly stable. Then there is a stable traveling front that connects c = 0 and c = 1
with a propagation speed v ≥ v∗. The minimum speed v∗ has a lower bound: v∗ ≥
v0 = 2(R′

F (0))
1/2, where v0 is the speed with which small linear perturbations
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Fig. 18.3. Sketch of the potential V (c) = k
2c

2(1 − 2
3c) in the mechanical analogy

used in the analysis of the Fisher propagating front with k = 1.

about the unstable state spread. For initial conditions such that c(x, 0) ∈ [0, 1]
vanishes beyond some finite value x0, Aronson and Weinberger (1975) showed that
c(x, t) converges to a traveling wave solution of the reaction–diffusion equation
with speed v∗. Thus, for experimentally realizable initial conditions with compact
support, this result shows that the slowest stable-traveling wave solution is selected.

The fronts corresponding to Fisher-type equations where a stable state propagates
into an unstable state are usually classified as being pulled or pushed (van Saarloos,
2003). If the front speed v∗ = v0, the fronts are called pulled because, effectively,
they are pulled along by the spreading of small perturbations about the unstable
state. Pushed fronts have v∗ > v0. For such fronts the dynamics in the bulk behind
the front drives the front propagation and pushes the front from behind. The speed
of such fronts is higher than that of pulled fronts because the “force” exerted from
behind the front leads to velocities greater than that due to the natural speed that
results from small perturbations about the unstable state.

For the Fisher model, the mechanical analogy is also useful. The associated
potential V (c) = k

2c
2(1 − 2

3c) is sketched in Fig. 18.3. This potential increases
monotonically from c = 0 to c = 1. The trajectory of the “particle” starts at c = 1
with zero kinetic energy and falls to c = 0. Let v∗ be the critical value of the
friction that allows the particle to come to rest there. If v < v∗ the particle will
overshoot c = 0 and lead to negative values of the concentration. Since the force
F(c) = −R(c) ≤ 0, for any v ≥ v∗ the particle will also come to rest at c = 0.
From this mechanical analogy we can understand the existence of a critical speed
and the origin of the problem of the selected velocity.

The front-velocity selection problem for propagation of a stable state into
an unstable state has been a topic of considerable interest (Dee and Langer,
1983; Paquette and Oono, 1994; Brunet and Derrida, 1997; Kessler et al., 1998;
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van Saarloos, 2003). Starting from an initial state, the tail of the front penetrates
farther and farther ahead of the front into the bulk unstable phase, leading to a
very slow approach to the steady-state propagating front. In addition, if a cutoff is
applied to the reaction term ahead of the front, any value of the cutoff, regardless
of how small, will lead to the selection of a unique velocity, which approaches a
finite value as the cutoff is removed (Brunet and Derrida, 1997). These features
serve to indicate the sensitivity of these fronts to the behavior at the leading edge
of the front. Stochastic models of such front propagation show that fluctuations in
the particle number in the leading edge have strong effects on the front dynamics.
Discrete stochastic models effectively introduce a cutoff in the reaction dynam-
ics, and indeed the scaling predictions of the discrete stochastic and mean field
reaction–diffusion dynamics with a cutoff are similar, although there are nontrivial
differences in prefactors (Kessler et al., 1998).

The one-dimensional equation (18.1) for the potential shown in Fig. 18.3 can be
written in a dimensionless form (x/l → x, kt → t , l = √

(D/k)):

∂c(x, t)

∂t
= ∂2c(x, t)

∂x2 + c(x, t)(1 − c(x, t)). (18.10)

This is the one-dimensional Fisher equation. Its d-dimensional version has been
solved by Puri et al. (1989) using the KYG singular perturbation theory described
in Chapter 9. The solution is

c(r, t) = co(r, t)

1 + co(r, t)
(18.11)

where co(r, t) = exp[t(1 + ∇2)]c(r, 0). For an initial condition c(r, 0) =
coδ(r − ro), it reduces to

c(r, t) =
[

1 + c−1
o (4πt)d/2 exp

(
(r − ro)

2 − 4t2

4t

)]−1

. (18.12)

Let ro = 0. The center of the moving front is located at c(r(t), t) = 1
2 and is

given by

r(t) = 2t

(
1 − d ln(4πt)

2t

) 1
2

. (18.13)

From this it follows that the front speed is

v(t)= 2

(
1 − d ln(4πt)

2t

) 1
2 + d

2

(
ln(4πt)

t
− 1

t

)(
1 − d ln(4πt)

2t

)− 1
2

, (18.14)
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which has the following long time-expansion (ln(4πt)/t denoted by 1/τ ):

v(t) = 2 − d

2t
+ d2

8τ

(
1

2τ
− 1

t

)
+ d3

16τ 2

(
1

2τ
− 3

4t

)
+ · · · (18.15)

The asymptotic velocity is v(∞) = 2 in all dimensions and is approached from
below at long times. Comparison with the numerical solution of the nonlinear
Eq. (18.10) in one dimension shows that the analytic result obtained using the
KYG approximation gives an overestimate at all times.

Whether the reaction–diffusion equation is discretized, a stochastic term is added
to it, or it is solved using the KYG approximation, a unique velocity, independent
of the initial condition, is found. This is a characteristic of a pushed front. The
Fisher equation itself is structurally unstable (Brunet and Derrida, 1997; Kessler
et al., 1998), and a small perturbation will slow the front so that the velocity is less
than v0. The slow approach to v0 has been known for a long time (Bramson, 1983;
Bramson et al., 1986).



19

Transverse front instabilities

The description of propagating chemical fronts in the preceding chapter was
restricted to one-dimensional systems. In higher dimensions a front may develop
structure transverse to its propagation direction. We now consider propagating
chemical fronts in two-dimensional systems and examine the circumstances under
which such transverse instabilities develop.

In reaction–diffusion media, front instabilities typically occur in systems whose
dynamics is described by several species variables. The mechanism of the instability
relies on the fact that the chemical species may diffuse at different rates. Thus, we are
led to the study of propagating fronts in a system described by the reaction–diffusion
equation

∂

∂t
c(r, t) = R(c)+ D∇2c. (19.1)

Here c is a vector of local chemical concentrations, R stands for the vector of
reaction rates, and D is the matrix of diffusion coefficients, which is assumed to be
diagonal. A general framework for treating transverse front instabilities was devel-
oped by Kuramoto and Sivashinsky (Kuramoto and Tsuzuki, 1976; Sivashinsky,
1977, 1983; Kuramoto, 1984). Transverse front instabilities can be analyzed by
reducing the reaction–diffusion equation for the chemical concentrations to the
Kuramoto–Sivashinsky equation for the front dynamics.

19.1 Planar traveling fronts

We begin by studying a planar front which travels with constant speed v along the x
direction and is stable to transverse perturbations along its length in the y direction.
When a system parameter is varied, the planar front will lose stability at some
critical value of the parameter. We investigate the nature of this bifurcation and
show how the critical value of the bifurcation parameter can be calculated.

164



19.1 Planar traveling fronts 165

An essential element in this analysis is the structure of the initially stable planar
front. Since the front is planar, it is homogeneous in the y direction, and the problem
reduces to finding the front profile as a function of x. Thus, as in the previous chapter,
we may focus on the solution of the one-dimensional reaction–diffusion equation in
a system where a front moves with speed v and connects two different concentration
regions at x = ±∞. Let c0(u) be the concentration field in a system where such
a front exists, where u = x − vt is the coordinate in a frame moving with speed v.
This concentration field is the solution of the equation(

D
d2

du2 + v
d

du

)
c0(u)+ R(c0(u)) = 0, (19.2)

which can be solved to yield both the front speed v and the front profile. In what
follows we assume such a solution has been determined.

The stability of the front can be studied by linearizing the one-dimensional ver-
sion of the reaction–diffusion equation (19.1) about the solution c0(u). To this end,
we write

c(x, t) = c0(u)+ δc(u, t). (19.3)

Substitution into Eq. (19.1) yields

∂δc(u, t)

∂t
=
(

D
d2

du2
+ Iv

d

du
+ δR
δc0

)
δc(u, t),

≡ �R(u)δc(u, t), (19.4)

which defines the linear operator�R. Here I is the unit matrix.As discussed earlier, it
is convenient to introduce an abstract notation similar to that in quantum mechanics
to simplify the presentation. We let 〈u|c〉 = c(u), with an analogous representa-
tion for operators: 〈u|�̂R|u′〉 = �R(u)δ(u − u′). The eigenvalue problem for the
operator �̂R may then be written as

�̂R|ζ i〉 = λi |ζ i〉. (19.5)

From Eq. (19.2) we see that ζ 0(u) = dc0/du is an eigenfunction of �̂R with
eigenvalue λ0 = 0. This is a consequence of the broken translational invariance
along u, and is the analog of the Goldstone mode discussed in connection with the
interface dynamics in models A and B.

The operator �̂R is not self-adjoint, so we must also consider the adjoint
eigenvalue problem,

〈ζ i|�̂†
R = λi〈ζ i |. (19.6)
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Here the adjoint operator is

�
†
R(u) = D

d2

du2 − Iv
d

du
+ δR
δc0

. (19.7)

The eigenfunctions satisfy the orthonormality condition 〈ζ i |ζ j 〉 = δij . We shall
assume that this eigenvalue problem has been solved and will make use of the
solutions to determine the interfacial dynamics in two spatial dimensions.

19.2 Kuramoto–Sivashinsky equation

Given this background, we return to the situation where a propagating front exists
in a two-dimensional system. While the entire front propagates with speed v, we no
longer assume the front is planar and instead suppose that it has transverse structure
as shown in Fig. 19.1. The position of the interfacial profile may be determined by
choosing a value of u corresponding to some marker value of the concentration field
for each value of y. The interfacial profile will be denoted by χ0(y, t). Provided
the transverse variations in the front are not too large, at any point y on the front
the solution at any time instant may be written as the planar front profile plus
a correction term: thus, we write the solution to the reaction–diffusion equation
in the form

c(r, t) = c0(u+ χ0(y, t))+ δc(u, y, t). (19.8)

The concentration field corresponding to the one-dimensional front solution is eval-
uated at u+χ0(y, t) to account for the displacement of the location of the front from
u arising from the transverse variations in the front position. This displacement will
vary with time since the front profile need not be stationary. The deviation from the
planar front solution δc(u, y, t) depends on both u and y. Since we have assumed
δc is small, the reaction–diffusion equation (19.1) may be linearized about c0 using

y

u

v
χ0(y,t )

Fig. 19.1. Variation of the interfacial profile χ0(y, t) as a function of y at a given
time instant.
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Eq. (19.8) to give

∂δc(u, y, t)

∂t
+ ∂χ0(y, t)

∂t
ζ 0(u) =

{
�R(u)+ D

∂2

∂y2

}
δc(u, y, t)

+ D

{
∂2χ0(y, t)

∂y2
ζ 0(u)+

(
∂χ0(y, t)

∂y

)2

ζ ′
0(u)

}
, (19.9)

where ζ ′
0(u) = dζ 0(u)/du.

The eigenfunctions of �̂R form a complete set in u space, so we may expand the
deviation in these eigenfunctions to obtain

δc(x, y, t) =
∑
i>0

χi(y, t)ζ i(u), (19.10)

where the expansion coefficients are denoted byχi(y, t). Substituting the expansion
of δc(u, y, t) in terms of the eigenfunctions of the one-dimensional problem and
using the abstract notation for variables involving u, we find,

∑
i>0

∂χi(y, t)

∂t
|ζ i〉 + ∂χ0(y, t)

∂t
|ζ 0〉 =

∑
i>0

{
λi + D

∂2

∂y2

}
χi(y, t)|ζ i〉

+ D

{
∂2χ0(y, t)

∂y2
|ζ 0〉 +

(
∂χ0(y, t)

∂y

)2

|ζ ′
0〉
}

. (19.11)

The goal of this calculation is to extract an equation of motion for the front profile,
χ0(y, t). In Eq. (19.11) the time variation of χ0(y, t) is multiplied by the eigenket
|ζ 0〉, so to extract the interface dynamics we must project this equation onto the
interfacial mode |ζ 0〉. The analysis is similar to that presented earlier in Chapter 7
for model B. There is one technical difference: since the eigenvalue problem for
�̂R is not self-adjoint we need both the left and right eigenfunctions corresponding
to the zero eigenvalue to carry out this projection. Projecting Eq. (19.11) onto |ζ 0〉
we find

∂χ0(y, t)

∂t
=

∞∑
i=0

〈ζ 0|D|ζ i〉
∂2χi

∂y2
+ 〈ζ 0|D|ζ ′

0〉
(
∂χ0(y, t)

∂y

)2

. (19.12)

This equation expresses the time variation of χ0(y, t) in terms of χ0(y, t) as well
as all other χi(y, t), (i > 0) terms arising from the first term on the right-hand side
of Eq. (19.11). The i = 0 terms on the right-hand side of Eq. (19.12) come from
the second term in Eq. (19.11). Consequently, to obtain a closed solution we must
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also construct evolution equations for the χi(y, t). These equations may be found
by projecting Eq. (19.11) onto |ζ i〉 (i �= 0) to obtain

∂χi(y, t)

∂t
= λiχi +

∞∑
j=0

〈ζ i |D|ζ j 〉
∂2χj

∂y2
+ 〈ζ i |D|ζ ′

0〉
(
∂χ0(y, t)

∂y

)2

=
∞∑
j>0

Wijχj + 〈ζ i |D|ζ 0〉
∂2χ0(y, t)

∂y2

+ 〈ζ i|D|ζ ′
0〉
(
∂χ0(y, t)

∂y

)2

. (19.13)

In the second line of this equation we introduced the matrix operator W , whose
elements are

Wij = λiδij + 〈ζ i |D|ζ j 〉
∂2

∂y2 . (19.14)

Equation (19.13) for χi , (i > 0) may be solved formally treating χ0 as an inde-
pendent function and the result substituted into Eq. (19.12) to obtain a closed
equation for χ0(y, t). This full solution is complicated and does not admit a
simple analysis (Malevanets et al., 1995). It is possible to obtain an approx-
imate solution for weakly curved interfaces whose structure is much simpler.
For weakly curved interfaces we can neglect the spatial gradients along y in
W and approximate Wij ≈ λiδij for j �= 0. Furthermore, since the λi are
negative for i > 0 and are assumed to be well separated from zero, we neglect
the time dependence of χi in the computation of χ0. Using these approximations
we obtain

χi ≈ −λ−1
i

[
〈ζ i|D|ζ 0〉

∂2χ0(y, t)

∂y2 + 〈ζ i|D|ζ ′
0〉
(
∂χ0(y, t)

∂y

)2
]

. (19.15)

Substitution into Eq. (19.12) and neglect of the higher-order terms which are
quadratic in χ0 and involve up to four derivatives with respect to y, (∂2χ0/∂y

2)2,
and (∂χ0/∂y)(∂

3χ0/∂y
3) yields

∂χ0(y, t)

∂t
= 〈ζ 0|D|ζ 0〉

∂2χ0

∂y2
+ 〈ζ 0|D|ζ ′

0〉
(
∂χ0(y, t)

∂y

)2

−
[∑
i>0

〈ζ 0|D|ζ i〉〈ζ i |D|ζ 0〉
λi

]
∂4χ0

∂y4
. (19.16)
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In order to simplify the appearance of this equation it is convenient to introduce
the following definitions:

ν = 〈ζ 0|D|ζ 0〉, (19.17)

κ =
∑
i>0

〈ζ 0|D|ζ i〉〈ζ i |D|ζ 0〉
λi

. (19.18)

The values of these coefficients must be computed for the problem of interest
but, typically, one finds that the sign of ν depends on the values of various dif-
fusion coefficient ratios, while κ is positive. The coefficient of the nonlinear term
in χ0(y, t) may be evaluated explicitly in the following way. Using the fact that
〈ζ 0|�̂R|ζ 0〉 = 0, it follows that

〈ζ 0|u〉〈u|�̂R|ζ 0〉 − 〈ζ 0|�̂R|u〉〈u|ζ 0〉 = 0, (19.19)

for any u. Then, by using the definition of �R in Eq. (19.4) and integrating over u
from −∞ to x, one may show that

0 =
∫ x

−∞
du

[
〈ζ 0|�̂R|u〉〈u|ζ 0〉 − 〈ζ 0|u〉〈u|�̂R||ζ 0〉

]
=
[
2〈ζ 0|u〉〈u|D

∂

∂u
|ζ 0〉 +

(
v − D

∂

∂u

)
〈ζ 0|u〉〈u|ζ 0〉

]∣∣∣
x
. (19.20)

Finally, integrating this result over the entire domain we find 〈ζ 0|D|ζ ′
0〉 = −v/2.

Substituting these results into Eq. (19.16) we obtain the Kuramoto–Sivashinsky
(KS) equation,

∂χ0(y, t)

∂t
= ν

∂2χ0

∂y2 − v

2

(
∂χ0

∂y

)2

− κ
∂4χ0

∂y4 , (19.21)

which describes the evolution of the front profile.

19.3 Linear stability analysis and front dynamics

The stability of the planar interfacial profile may be investigated by carrying out
a linear stability analysis of the KS equation. Linearizing Eq. (19.21) and Fourier
transforming in y we obtain

∂χ0(k, t)

∂t
= −(νk2 + κk4)χ0(k, t) ≡ λ(k)χ0(k, t). (19.22)

The decay rate λ(k) = −νk2 − κk4 is sketched in Fig. 19.2 for values of the para-
meters above the instability threshold. In making this plot we have assumed
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Fig. 19.2. Sketch of λ(k) versus k2 for parameters near to (dotted line) and well
above (solid line) the front instability threshold.

y

Fig. 19.3. Space–time plot of the Kuramoto–Sivashinsky chaotic dynamics. The
positions of the minima of χ0 are shown as a function of y and t . Parameters in
scaled units are −ν = κ = v/2 = 1.

that ν < 0 so that the diffusion term has a destabilizing influence on the front dy-
namics and κ > 0 so that the fourth-order derivative term provides stability at high
wavenumbers. The plot of λ(k) versus k has the form characteristic of a phase insta-
bility: a band of unstable wavenumbers extends from zero to some maximum value.
The maximum in the dispersion relation lies at km = (−ν/2κ)1/2 and the maximum
unstable wavenumber is kmax = (−ν/κ)1/2. One expects a long wavelength insta-
bility with dissipation at short wavelengths. The characteristic dissipation length
in the problem is �c ≈ 2π/km.

The results of a direct simulation of the KS equation are plotted in Fig. 19.3.
Rather than plotting the entire χ0(y, t) profile as a space–time plot, we have chosen
to track only the minima in this profile along the y direction as a function of
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time. This representation of the front dynamics allows one to focus on the essential
features of the spatiotemporal state that exists beyond the bifurcation. The existence
of minima signals that the planar front has undergone a transverse instability and
developed structure alongy. If the resulting state were an inhomogeneous stationary
state one would simply see a set of parallel lines in the space–time plot. Instead one
sees that the locations of the minima evolve in time. These minima execute reactive
particle-like dynamics. When the trajectories of two neighboring minima collide,
both minima (particles) are destroyed. If the gap between two minima becomes
too large a new minimum (particle) is created. As a result of these destruction and
creation processes, the mean number of minima is fixed but their instantaneous
value fluctuates. The resulting front dynamics exhibits spatiotemporal chaos.

From a quantitative analysis of the data that underlie this figure one can see that
there is an average characteristic distance �c between the minima and measurement
of its value shows that this distance is given by �c ≈ 2

√
2π in accord with the above

estimate of the dissipation length. When the distance between extrema exceeds �c,
new extrema are formed to preserve the average characteristic length. Dissipation
occurs at short wavelengths where extrema in fronts collide and disappear.
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Cubic autocatalytic fronts

Transverse front instabilities occur in autocatalytic chemical reactions. A system
that illustrates the interplay between the nonlinear kinetics and diffusion is the cubic
autocatalytic reaction,

A+ 2B
k→ 3B, (20.1)

where the autocatalyst B consumes the fuel A. Imagine a two-dimensional system
infinitely extended along x and of width L along y. Initially, let the domain x < 0
of the system contain B and the domain x ≥ 0 contain A, with a sharp planar
interface separating them at x = 0. Then, as time evolves, the autocatalyst will
consume the fuel and the front will move to the right (increasing x) with velocity v.
We would like to know if the front remains planar or develops structure along y.
The same question can be posed for any propagating front in a system described
by the reaction–diffusion equation (19.1).

A simple physical argument can be given to indicate the nature of the profile
one might expect to see in different parameter regimes. Suppose the interface is
initially slightly nonplanar. We wish to determine whether the reaction–diffusion
dynamics will tend to eliminate this nonplanarity or accentuate it. First, let the
diffusion coefficient of B be much greater than that ofA,DB � DA. The situation
is depicted schematically in Fig. 20.1, where large diffusion fluxes are indicated
by heavy arrows and smaller diffusion fluxes by dotted arrows. For the part of the
B front that protrudes into the A region, fast diffusion of B will lead to dispersal
of B and suppress the autocatalytic reaction that requires two molecules of B. The
front will have difficulty advancing in these regions. In the portion of the front
whereA protrudes intoB,Awill react withB, leading to advancement of the front.
The net effect is to remove any initial nonplanarity and produce a planar front.

Next, suppose DB �DA. Now, in regions where B protrudes into A, rapid A
diffusion will lead to conversion of A to B, leading to front advance. In regions
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Fig. 20.1. Schematic picture of how the front instability (a) is suppressed for
DB � DA and (b) occurs for DB � DA. The heavy lines represent the front at
some time instant while the light lines show its position at a later time.

where A protrudes into B, small diffusion of B into the A region will lead
to slow autocatalytic conversion of A to B, so the front will not advance
rapidly. Hence, any small nonplanarity will grow to make the front even more
nonplanar.

As a result of these considerations, for some ratio of diffusion coefficients
DA/DB > 1, we expect that the planar front will lose its stability. Of course, this
argument provides no estimate of the precise value ofDA/DB where this instability
will occur or how the dynamics of the nonplanar interface may be described.

One can see that even this qualitative argument relies on the nature of the
autocatalytic reaction: for example, if cubic autocatalysis is replaced by quadratic
autocatalysis the above conclusions no longer apply, nor are the properties of the
planar front the same (Billingham and Needham, 1991). There have been numerous
studies, both theoretical (Scott and Showalter, 1992; Horváth et al., 1993; Zhang
and Falle, 1994; Malevanets et al., 1995; Milton and Scott, 1995) and experimental
(Horváth and Showalter, 1995), of cubic autocatalysis.
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20.1 Analysis of front instability

The analysis of the mechanism of a transverse instability discussed in Chapter 19
was general in character, and the application of the method hinges on the reduction
of the reaction–diffusion equation of interest to the KS equation. Such a reduction
requires that one solve the eigenvalue problem posed in Eq. (19.5) and, using the
results of this solution, find the coefficients ν and κ that determine the location of
the instability. Such a procedure must often be carried out numerically but in some
cases one may obtain exact or approximate analytical solutions. We illustrate this
procedure by carrying out such a reduction of the reaction–diffusion equation for
the cubic autocatalysis reaction.

On the basis of the physical considerations discussed above, for sufficiently
large DA/DB we expect that the planar chemical front separating the fuel A and
the autocatalyst B will lose its stability and develop transverse structure. This is
borne out by simulations of the reaction–diffusion equation for this system. Given
the mechanism in Eq. (20.1) the reaction–diffusion equation (19.1) can be written
explicitly as

∂cA(r, t)

∂t
= −kcA(r, t)cB(r, t)2 +DA∇2cA(r, t)

∂cB(r, t)

∂t
= kcA(r, t)cB(r, t)2 +DB∇2cB(r, t). (20.2)

With initial conditions to produce an initially planar front separating the two
species, the reaction–diffusion equation may be solved for various values ofDA/DB
to determine whether the planar front will remain stable to perturbations transverse
to its propagation direction. For small values ofDA/DB , simulations show that the
front remains planar. However, for sufficiently large DA/DB , propagating fronts
of the type shown in Fig. 20.2 are found. The front has a complex cellular structure.

We may examine the front dynamics of cubic autocatalysis in terms of the same
space–time representation used in Fig. 19.3. Such a plot of the front profile minima
is shown in Fig. 20.3 (see Malevanets et al., 1995). The space–time dynamics has
the same appearance as that seen in the KS equation simulations.

To determine the precise value ofDA/DB where the instability occurs and quan-
titatively characterize the nature of the resulting dynamics, we must extract the front
evolution equation from the full reaction–diffusion equation. This program can be
carried out only numerically for the general case of arbitrary diffusion coefficients.
However, it is possible to give an analytical estimate of the KS parameters using
perturbation theory about the equal-diffusion case where the eigenvalue problems
can be solved for the quantities needed for the calculation.
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Fig. 20.2. Cubic autocatalysis front profile at one time instant for DA/DB = 5.

Fig. 20.3. Space–time plot of the cubic autocatalysis reaction–diffusion equation
for DA/DB = 5. The positions of the minima of χ0 are shown as a function of y
and t .

We first require the planar front profiles. For cubic autocatalysis, in a frame
moving with the front velocity, Eq. (20.2) takes the form(

δ−1 d
2

du2
+ v

d

du

)
cA(u)− cA(u)c

2
B(u) = 0,(

d2

du2
+ v

d

du

)
cB(u)+ cA(u)c

2
B(u) = 0, (20.3)

where δ−1 =DA/DB . We have scaled time as t→ kt and space so that
r → (DB/k)

−1/2r. While these equations are difficult to solve for arbitraryDA and
DB , they can be solved for the equal-diffusion case,DA=DB =D, where δ= 1. Let
the boundary conditions be cA(∞)= cB(−∞)= 1 and cA(−∞)= cB(∞)= 0. For
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the equal-diffusion case we have the additional conservation law cA(u)+ cB(u)= 1,
and we can reduce the pair of equations to the single equation(

d2

du2 + v
d

du

)
cA(u)− cA(u)(1 − cA(u))

2 = 0. (20.4)

This equation has the solution

cA(u) = (1 + exp(−vu))−1 , (20.5)

with the front speed v= 1/
√

2. The eigenvalues and right and left eigenvectors
of the linearized eigenvalue problem can be computed for DA = DB , and the KS
parameters can be evaluated using perturbation theory for small deviations from this
value (Malevanets et al., 1995). This calculation yields the following approximate
value for the ν parameter:

ν = 〈ζ 0|D|ζ 0〉 ≈ 1 − 7

3

1 − δ

1 + δ
. (20.6)

A more lengthy calculation for κ to the same order yields

κ =
∑
i>0

〈ζ 0|D|ui〉〈ζ i |D|ζ 0〉
λi

≈ 264 + 40π2

27

(
1 − δ

1 + δ

)2

, (20.7)

where the eigenfunctions are evaluated at δ = 1. Instability occurs when ν passes
through zero, and this occurs at δ = δc = 2/5. Direct solution of the equations to
obtain ν gives the numerically exact critical value δc = 1/2.300, which is close to
the analytical value and agrees with numerical estimates of the critical value from
simulations of the front evolution. If one computes the characteristic length �c from
the data in Fig. 20.3 one finds it is well approximated by the KS estimate. These
results confirm the KS mechanism of the front instability.

20.2 Experimental observation of front instability

The iodate–arsenous acid reaction has a long history (Roebuck, 1902; Dushman,
1904), and has been a favorite example for studies of isothermal chemical front
propagation (Ganapathisubramanian and Showalter, 1985; Saul and Showalter,
1985; Horváth and Showalter, 1995). When carried out in excess arsenous acid,
the iodate oxidation of arsenous acid reaction has the net stoichiometry

3H3AsO3 + IO−
3 � 3H3AsO4 + I−. (20.8)
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Taking into account the mechanism that underlies this overall reaction, the reaction
rates for the IO−

3 = A and I− = B species are

RA(cA, cB) = −RB(cA, cB) = −(ka + kbcB)cBcAc
2
H+ . (20.9)

The reaction may be carried out in buffered solutions where the H+ concentration
cH+ is essentially constant. The reaction–diffusion equations read

∂cA(r, t)

∂t
= RA(cA, cB)+DA∇2cA,

∂cB(r, t)

∂t
= RB(cA, cB)+DB∇2cB . (20.10)

In the experiments on front instabilities, the reaction is carried out in a thin
(α-cyclodextrin=C) gel film. Not only does the gel suppress convective effects
so that the reaction–diffusion equation provides an appropriate description of the
dynamics but, equally important, it complexes with the autocatalyst I− = B,

B + C � C · B, (20.11)

with equilibrium constant KC = cC·B/(cCcB). The species B now exists in two
forms: as free B and as the complex C · B. The chemical rate equations may be
written taking into account the B, C and C · B species. The rate equations for the
concentrations of the B and C ·B species may be added to obtain the rate equation
for the total concentration of B in both forms, cTB . Using the fact that we may write
cTB as cTB = cB + cC·B = cB(1 + KCcC) ≡ cBσ , the reaction–diffusion equation
for the total concentration of B takes the form

∂cB(r, t)

∂t
= σ−1RB(cA, cB)+ σ−1DB∇2cB . (20.12)

Here we assumed that C · B does not diffuse, since it is a gel-bound species.
Consequently, by varying the concentration of gel one may change the diffusion
coefficient of the autocatalyst (and its reaction rate) and trigger a front instability.
We shall discuss such mechanisms in more detail when Turing bifurcations are
studied in Chapter 23.

The mechanism for the instability is like that described earlier in this chapter:
the planar front will be stable or unstable to transverse perturbations depending
on the relative values of the diffusion coefficients of the iodine and iodate species.
Rapid diffusion of the autocatalyst iodine (B) causes the decay of perturbations,
stabilizing a planar front, while the diffusion of iodate (A) tends to be destabilizing.
Thus, as in the cubic autocatalysis case, there is a critical value of the diffusion
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Fig. 20.4. Plot of the front in the iodate–arsenous acid system. Reprinted with per-
mission from Horváth and Showalter (1995). Copyright 1995, American Institute
of Physics.

coefficient ratio where the planar front will lose its stability. Experiments on front
propagation in this system confirm this scenario (Horváth and Showalter, 1995).
For low values of the concentration of the gel, planar propagating fronts were
observed. For gel concentrations beyond a certain value, the planar front lost its
stability and the front developed a transverse structure which varied in time. Such
an unstable front is shown in Fig. 20.4. This figure shows the interface between the
reactant (iodate and arsenous acid species) and product (iodide) zones, which is
measured by monitoring the iodine species utilizing its strong optical absorbance.
Experiments on this system in other conditions that do not suppress convection have
shown that the reaction exothermicity in combination with small density changes
can give rise to chemical fronts in the form of complex buoyant plumes (Rogers
and Morris, 2005).
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Competing interactions and front repulsion

Front instabilities driven by differences in the diffusion coefficients of chemical
species can lead to the formation of new types of chemical pattern. In some instances
the differences in diffusion coefficients can give rise to long-range repulsive cou-
pling between local chemical concentration fields that causes chemical fronts to
repel each other. In one-dimensional bistable systems, front repulsion is respon-
sible for the existence of stable domains of the less stable phase in a sea of the
more stable phase. In the absence of such front repulsion the less stable phase
would be consumed by the more stable phase, as discussed earlier in Chapter 5 for
model A. Long-range repulsive interactions in nonreacting systems were the topic
of Chapters 13, 14, and 15.

21.1 Competing interactions in bistable media

To illustrate how long-range repulsive interactions arise in reaction–diffusion
systems where species diffuse at very different rates, we consider the FitzHugh–
Nagumo (FHN) model (FitzHugh, 1961; Nagumo et al., 1962),

∂cA

∂t
= −c3

A + cA − cB +DA∇2cA,

∂cB

∂t
= ε(cA − αcB − β)+DB∇2cB . (21.1)

Here cA and cB are the local concentrations of species A and B, respectively. This
system of equations was originally constructed as a simple model for the excitable
behavior of nerve tissue. It mimics the behavior of the more realistic Hodgkin–
Huxley equations (Hodgkin and Huxley, 1952; Hodgkin et al., 1952). While the
cA and cB variables may be roughly associated with the membrane voltage and
ion currents, respectively, their connection with these physiological variables is not
direct. Although the antecedents of this model lie in nerve impulse physiology, it
has seen widespread use as a generic model that exhibits many phenomena seen in
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Fig. 21.1. Nullclines of the FitzHugh–Nagumo equation for parameters in the
bistable regime. The linear B nullcline intersects the cubic A nullcline at three
fixed points: the outer two fixed points denoted by filled circles are stable, while
the central fixed point denoted by an open circle is unstable.

bistable, excitable, or oscillatory chemical media. It is in this context that we study
this system. While the FHN model can display excitability associated with a single
stable steady state, or oscillations arising when a steady state loses its stability in
a Hopf bifurcation, we consider the parameter regime where bistability exists and
domains of the stable states compete in a spatially distributed medium. Excitability
and oscillations will be studied in Chapters 24 and 25.

The FitzHugh–Nagumo equation is an example of an activator–inhibitor system.
The FHN equations can be derived from mass action kinetics for a model chemical
reaction scheme (Malevanets and Kapral, 1997). An increase in the concentration
of the activator A leads to an increase in its own production and that of B; an
increase in the concentration of the inhibitor B suppresses the production of both
A and B species. The interplay between these two “species” as a result of reaction
and diffusion is responsible for the effects we shall describe.

The steady-state solutions of the FHN equation can be analyzed by consider-
ing the structure of the nullclines of the underlying ordinary differential equation
obtained from Eq. (21.1) by dropping the diffusion terms. The cA and cB nullclines,
determined from the equations ċA = 0 and ċB = 0, are shown in Fig. 21.1. We
have chosen parameters so that the FHN system possesses bistable steady states.
There are three intersections between the cA and cB nullclines. Linear stability
analysis shows that the outer two fixed points (solid circles) are stable while the
central fixed point (open circle) is unstable. In this bistable regime, depending on
the initial values of cA and cB , the system will evolve to either of the two stable
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fixed points. The existence of S-shaped and linear nullclines is a feature common
to many systems and allows for the possibility of a variety of dynamical states.

If one considers the spatially distributed bistable system (21.1) with the diffusion
terms present, inhomogeneous initial states will evolve to form domains of the
two stable phases. The structure and dynamics of these domains depends on the
interplay between the activator–inhibitor kinetics and the relative values of the
diffusion coefficients of the species.

It is instructive to cast the FHN equation into a form that resembles the free
energy functional models in Chapters 5 and 13 where domain coarsening was
studied. While this is not possible in general, such a reduction can be carried out
in certain limits. The first of Eqs. (21.1) has a structure similar to that of model A
but contains the variable cB that couples the two equations. To explore the relation
to model A in more detail and understand how the long-range coupling arises, we
may write the FHN equation in variational form as (Goldstein et al., 1996)

∂cA

∂t
= − δFA[cA]

δcA
− δFAB [cA, cB]

δcA
,

∂cB

∂t
= − δFB [cB]

δcB
+ ε

δFAB[cA, cB ]
δcB

,
(21.2)

where the functionals FA, FB and FAB are defined as

FA[cA] =
∫
ddr

{
c4
A

4
− c2

A

2
+ 1

2
DA|∇cA|2

}
, (21.3)

FB [cB] =
∫
ddr

{
αε
c2
B

2
+ 1

2
DB |∇cB |2

}
, (21.4)

FAB [cA, cB] =
∫
ddr(cA − β)cB . (21.5)

The functional FA has the same form as that for model A, while the quadratic free
energy functional FB describes a monostable system. Because of the nature of the
cross terms in Eq. (21.2) this is not a pure gradient flow. The coupling between the
A and B systems through FAB gives rise to modulated phases similar to those seen
in gradient systems with long-range repulsive interactions.

Although the FHN reaction–diffusion equation is not of gradient form, and there
is no free energy functional that controls the evolution to the final attracting states,
it is possible to make a reduction to dynamics determined by a nonlocal free energy
functional when the inhibitor dynamics is fast (ε→ ∞). To carry out this reduction
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of Eq. (21.2), we first formally solve the linear equation for the inhibitor B and
write the equation for the activator cA as

∂cA(r, t)

∂t
= −c3

A + cA +DA∇2cA (21.6)

−
∫
V

ddr ′
∫ t

dt ′G(r − r′, t − t ′)ε(cA(r′, t ′)− β),

where the Green function G(r, t) is given by the solution of the equation(
∂

∂t
+ εα −DB∇2

)
G(r − r′, t − t ′) = δ(r − r′)δ(t − t ′). (21.7)

From the form of Eq. (21.6) we can see that the activator field at space–time point
(r, t) is influenced by its value at point (r′, t ′) due to coupling with the inhibitor
field. In this general form the evolution equation cannot be written as the gradient of
a free energy functional. However, in the fast inhibitor limit where ε is large, so that
B varies on a much faster time scale than that ofA, we may let cA(r′, t ′) ≈ cA(r′, t)
in the integral in Eq. (21.6) and, after integration, obtain

∂cA(r, t)

∂t
= −c3

A + cA + β

α
+DA∇2cA −

∫
ddr ′G(r − r′)cA(r′, t), (21.8)

with G(r) the time-independent Green function determined from the solution of
the equation (

1 − D̃B

α
∇2
)
G(r) = 1

α
δ(r). (21.9)

The scaled diffusion coefficient of the inhibitor is D̃B = DB/ε. Now Eq. (21.8)
can be written in gradient form,

∂cA(r, t)

∂t
= −δFnl[cA]

δcA
, (21.10)

where the nonlocal free energy functional Fnl is

Fnl[cA] =
∫
ddr

(
V(cA)+ DA

2
|∇cA|2

)
(21.11)

+ 1

2

∫
ddr

∫
ddr ′cA(r)G(r − r′)cA(r′).

The potential V is defined as V(cA) = c4
A/4 − c2

A/2 − βcA/α. Since the Green
function is the solution of Eq. (21.9), we may substituteG(r) = α−1(D̃B∇2G(r)+



21.1 Competing interactions in bistable media 183

δ(r)) into Eq. (21.11) and integrate by parts to obtain an alternate expression for
the nonlocal free energy functional,

Fnl[cA] =
∫
ddr

(
V (cA)+ DA

2
|∇cA|2

)
(21.12)

− 1

2κ2

∫
ddr

∫
ddr ′(∇cA(r)) ·G(r − r′)(∇′cA(r′)),

where κ = (α/D̃B)
1/2. The modified potential energy V (cA) is defined by

V (cA) = V(cA)+ c2
A/(2α)= c4

A/4 − (1 −α−1)c2
A/2 −βcA/α. For a certain range

of parameters the quartic potential V (cA) has two minima, denoted by c±A , cor-
responding to the stable homogeneous states of the system, and a maximum
corresponding to the unstable state.

It is useful at this point to review some of the features of activator–inhibitor kinet-
ics described by Eq. (21.1). If the scaled diffusion coefficient of the inhibitor D̃B
tends to zero, Eq. (21.8) reduces to the time-dependent Ginzburg–Landau equation
(model A for a nonconserved order parameter without noise). The domain coarsen-
ing described by this model was discussed in Chapters 5, 7, and 9. Recall that if the
system is prepared in the unstable state, domains of the two stable phases will form
and coarsen. The growth law and the nature of the domains depend on whether the
potential V is symmetric or asymmetric. For an asymmetric free energy potential
with β �= 0, if two phases are separated by a planar interface the more stable phase
will consume the less stable phase at a rate determined by the planar front velocity.
For more complicated domain geometries the front velocity and domain curvature
determine the coarsening rate (Allen and Cahn, 1979).

The situation changes ifDB �DA. As indicated above, in the fast inhibitor limit
the additional nonlocal term in the free energy functional gives rise to a competing
interaction that leads to the possibility of modulated phases or localized patterns.
These localized patterns are observed both in the fast inhibitor limit (Eq. (21.8))
and in the general case or slow inhibitor limit (Eq. (21.6)) (Ohta et al., 1989,
1990; Petrich and Goldstein, 1994; Goldstein et al., 1996; Hagberg and Meron,
1993, 1994; Malevanets and Kapral, 1997). When the inhibitor diffuses rapidly
compared with the activator, the long-ranged B field influences the interactions
among the A-field fronts, leading to front repulsion in certain parameter regimes.
Such front repulsion can give rise to stationary domains of the less stable phase in
a sea of the more stable phase (Ohta et al., 1989, 1990). These phenomena are not
restricted to the FHN equations, and for a different model with a nonlocal energy
functional it was demonstrated (Gorshkov et al., 1996; Aranson et al., 1990) that
compact stable patterns exist.
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Fig. 21.2. Schematic diagram of a domain of length 2�(t) of the c+A stable phase
in the c−A stable phase.

In the next section, we restrict our considerations to the fast inhibitor limit where
a description in terms of a nonlocal free energy functional applies. For this case
we may examine the origin of the long-range repulsive interaction in some detail
for one- and two-dimensional systems (Petrich and Goldstein, 1994; Goldstein
et al., 1996).

21.2 Front repulsion

In one dimension, curvature plays no role in the dynamics of the fronts, and we
study the conditions under which a domain of the less stable phase persists in a sea
of the more stable phase. Since the FHN equation does not have a conservation
law, such stable patterns would not be possible without front repulsion, since the
more stable phase would consume the less stable phase.

Suppose the length of the c+A domain is 2�(t) and it resides in a sea of the c−A
phase (see Fig. 21.2). To begin the analysis, we write the 1d form of the free energy
functional given in Eq. (21.12) as

Fnl[cA] =
∫
dx

(
V (cA)+ DA

2

(dcA
dx

)2
)

(21.13)

− 1

2κ2

∫
dx

∫
dx′(dcA(x)

dx

)
G(x − x′)

(dcA(x′)
dx ′

)
.

At this point it is useful to refer to Chapter 3, where the free energy functional was
discussed and the surface tension was introduced. In parallel with the discussion
leading to Eq. (3.12), we introduce the field �V (cA) as

�V (cA) = (
V (cA)− V (c−A)

)
(1 − θB(x))+ (

V (cA)− V (c+A)
)
θB(x), (21.14)

where θB(x) = (1 − θ(−x − �(t)) − θ(x − �(t)) is a characteristic function
that is nonzero for −�(t) ≤ x ≤ �(t) and θ(x) is the Heaviside function. From
its definition, one can see that �V (cA) is nonzero only in the interfacial regions.
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Using the properties of the Heaviside function and rearranging terms, Eq. (21.14)
may be rewritten in the form

V (cA)− V (c−A) = �V (cA)+�V±θB(x), (21.15)

where �V± = V (c+A) − V (c−A). Since the cA(x) field is constant for x → ±∞,
the free energy is unbounded and it is convenient instead to consider �Fnl[cA] =
Fnl[cA] − Fnl[c−A ], which takes the form

�Fnl[cA] = �V±
∫
dxθB(x)+

∫
dx

(
�V (cA(x))+ DA

2

(dcA
dx

)2
)

− 1

2κ2

∫
dx

∫
dx′(dcA(x)

dx

)
G(x − x′)

(dcA(x′)
dx ′

)
. (21.16)

Using Eq. (3.8) we may identify the second term on the right-hand side of this
equation with twice the surface tension since there are two interfacial zones on
either side of the c+A domain,

2σ =
∫
dx

(
�V (cA(x))+ DA

2

(dcA
dx

)2
)

= DA

∫
dx
(dcA
dx

)2
. (21.17)

To reduce the expression for the nonlocal free energy functional further, we assume
that the interfaces of the c+A domain are very sharp so that cA(x) ≈ c−A+�cAθ(�(t)−
x)θ(x + �(t)), with �cA = (c+A − c−A). We may approximate the free energy
functional by

�Fnl[cA] = �V±2�(t)+ 2σ (21.18)

− 1

2κ2

∫
dx

∫
dx′�cA[δ(x + �(t))− δ(x − �(t))]

×G(x − x′)�cA[δ(x ′ + �(t))− δ(x′ − �(t))].
In writing this equation we have used the fact that dcA(x)/dx ≈ �cA[δ(x+�(t))−
δ(x − �(t))]. Finally, performing the integrals over the delta functions we obtain

�Fnl[cA] = �V±2�(t)+ 2σ − κ−2(�cA)
2[G(0)−G(2�(t))]. (21.19)

The last step in the reduction of the free energy functional is to insert the explicit
form of the 1d Green function. The 1d Green function is determined from the
solution of the equation (1 − κ−2d2/dx2)G(x − x ′) = α−1δ(x − x ′), and is
given by

G(x) = κ

2α
e−κx . (21.20)
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Inserting this expression for the Green function in Eq. (21.19), we obtain

�Fnl[cA] = �V±2�(t)+ 2σ − (�cA)
2

2ακ

(
1 − e−2κ�(t)

)
, (21.21)

as the approximate expression for the nonlocal free energy functional for a domain
of length 2� of the c+A phase in the c−A phase. From this free energy functional an
equation of motion for the domain size can be derived.

We may construct the evolution equation for the domain boundaries by starting
with the Lagrangian equation of motion for a dissipative system (Goldstein, 1950),

d

dt

δL
δċA

− δL
δcA

= −δRd

δċA
. (21.22)

Here L is the Lagrangian and Rd is the Rayleigh dissipation function, which is
defined by

Rd = 1

2

∫
dx ċ2

A. (21.23)

For the interfacial dynamics under consideration, we may neglect the inertial term
in the Lagrangian equation and write

δ�Fnl
δcA

= −δRd

δċA
, (21.24)

where we have used the definition of the Lagrangian, L = −�Fnl .
The concentration field cA(x, t) depends on t through the front positions ±�(t)

and cA(x) = cA(x − �(t))θ(x)+ cA(−x − �(t))θ(−x). As a result we may write
the Rayleigh dissipation function approximately as

Rd ≈ 1

2

(d�(t)
dt

)2
∫
dx

(dcA(x)
dx

)2 =
(d�(t)
dt

)2 σ

DA
. (21.25)

Using the expressions for the Lagrangian and Rayleigh dissipation function in terms
of �(t), Eqs. (21.21) and (21.25), respectively, the Lagrangian equation of motion
reads

∂�Fnl
∂�

= −∂Rd

∂�̇
. (21.26)

This yields the following equation of motion for the domain front positions:

d�(t)

dt
= −DA

σ

(
�V± − (�cA)

2

2α
e−2κ�(t)

)
. (21.27)
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In order to determine whether it is possible to have a stable finite domain of the
c+A phase in a sea of the c−A phase, we seek a stationary solution d�(t)/dt = 0 of
Eq. (21.27). Such a solution exists if�V± > 0 or V (c+A)>V (c

−
A): i.e. the c+A phase

is the less stable phase for localized solutions. The stationary solution is � = �∗,
which satisfies

�∗ = 1

2κ
ln
(�cA)

2

2α�V±
. (21.28)

Consequently, a stationary localized solution is possible in one-dimensional
systems.

To determine the stability of these localized stationary solutions we may linearize
Eq. (21.27) about �∗, δ�(t) = �(t)− �∗, to obtain

dδ�(t)

dt
= −

(DA(�cA)2κ
σα

e−2κ�∗
)
δ�(t), (21.29)

which shows that the pulse solution is stable. An example of the evolution of the
FHN model in the bistable region in one dimension is shown in Fig. 21.3. For the

Fig. 21.3. Simulation of the FHN equation showing evolution to a stable stationary
domain of finite length of the less stable phase in the more stable phase. The
A concentration field is shown as a solid line while the B field is depicted by a
dashed line. Filled circles indicate locations where cA = 1

2 . Note that the profile
of the rapidly diffusing B field spans the stable domain and provides a coupling
between the two sharp A-field fronts. Reprinted Figure 5 with permission from
Goldstein et al. (1996). Copyright 1996 by the American Physical Society.
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parameters chosen for this plot, one sees that a domain with large spatial extent
shrinks under the dynamics and evolves to a stable inhomogeneous solution with
fixed � = �∗.

From this analysis we see that it is possible to stabilize a domain of the less stable
phase in the more stable phase as a result of the long-range repulsive coupling that
arises from the fast diffusion of the B species. This behavior should be contrasted
with that of model A without long-range repulsive interaction. We now turn to
the consequences of such front repulsion in two dimensions, where transverse front
instabilities and front curvature play a role in determining the nature of the patterns.



22

Labyrinthine patterns in chemical systems

In two and higher dimensions front repulsion arising from competing interactions
can lead to the formation of new types of chemical pattern. Since front repulsion
can prevent simple curvature-driven coarsening from proceeding to completion,
more complex labyrinthine patterns can form in the system. Figure 22.1 shows
the development of a labyrinthine pattern in a chemically reacting system. The
experiment on the iodine–ferrocyanide–sulfite chemical reaction was carried out in
a gel reactor. This chemically reacting system is known to possess bistable steady
states and oscillations (Edblom et al., 1986; Gáspár and Showalter, 1990). The
evolution and bifurcations of labyrinthine patterns in this chemical system have
been studied extensively in experiments (Lee et al., 1993; Lee and Swinney, 1995;
Li et al., 1996). We now consider the origin of such patterns.

22.1 Interface dynamics in two dimensions

Consider the 2d domain B of the c+A phase in the c−A phase shown in Fig. 22.2.
The boundary separating these two phases is denoted by R(s) and is parameterized
by the arc length s. We use the same local interface-based coordinate system as in
Chapter 7, where any point r in the system is given by r = R(s) + un̂(s), with
n̂(s) a unit normal to the interface at s. The tangent vector at s is t̂(s). It is then
convenient to make the change of variables r = (x, y)→ (u, s) and work in the
(u, s) coordinate system. In this coordinate system a unit vector along r may be
written as r̂ = (x̂, ŷ) = (t̂, n̂).

We may now follow a procedure that is analogous to that used in 1d to
approximate the free energy functional in Eq. (21.12). Again, letting �Fnl[cA] =
Fnl[cA] − Fnl[c−A ], we may write

�Fnl[cA] =
∫
d2r

(
�V±θB(r)+�V (cA(r))+ DA

2
|∇cA|2

)
− 1

2κ2

∫
d2r

∫
d2r ′(∇cA(r)) ·G(r − r′)(∇′cA(r′)), (22.1)

189
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Fig. 22.1. Formation and evolution of a labyrinthine pattern in the iodine–
ferrocyanide–sulfite chemically reacting system. White regions correspond to low
pH and black regions to high pH. The evolution to the stationary pattern takes
place in several hours. Reprinted Figure 1 with permission from Lee and Swinney
(1995). Copyright 1995 by the American Physical Society.

Fig. 22.2. A two-dimensional domain B of the c+A phase in the c−A phase. The
diagram shows the interface-based coordinate system with normal n̂(s) and
tangent t̂(s).

where θB(r) is a characteristic function that is unity within domain B and zero
otherwise.

The first term in Eq. (22.1) involving the potential difference �V± may be
written as

�V±
∫
d2rθB(r) = �V±A, (22.2)

where A is the area occupied by the c+A domain. The reduction of the remain-
ing terms in �Fnl[cA] to tractable forms may be accomplished by first making
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a coordinate transformation to the local coordinate system. In (u, s) coordinates
we have

∇cA = n̂
(∂cA
∂u

)
+ t̂

(∂cA
∂s

)
, (22.3)

from which it follows that

|∇cA|2 =
(∂cA
∂u

)2 +
(∂cA
∂s

)2 ≈
(∂cA
∂u

)2
. (22.4)

In the last approximate equality we have used the small-curvature approximation
to neglect the derivative of cA with respect to the arc length compared with the
derivative of cA normal to the interface. Consequently, we may write∫

d2r
(
�V (cA(r))+ DA

2
|∇cA|2

)
≈ DA

∫
ds du

(∂cA
∂u

)2

=
∫
ds σ = σL, (22.5)

where L is the length of the interface.
Finally, the nonlocal contribution in Eq. (22.1) may be evaluated using the sharp-

interface approximation for the cA(r) concentration field,

cA(r) ≈ c+AθB(r)+ c−A(1 − θB(r)). (22.6)

Given this form for cA(r), its gradient may be written as

∇cA(r) = (�cA)n̂(s)δ(u), (22.7)

where�cA = c+A − c−A , as defined earlier for the 1d system. Using this expression
we may now write the nonlocal contribution to the free energy in the simpler form

−
∫
d2rd2r ′ (∇cA(r)) ·G(r − r′)(∇′cA(r′)) (22.8)

≈ −(�cA)2
∫
dsds′ [n̂(s) · n̂(s ′)]G(R(s)− R(s′))

= −(�cA)2
∫
dsds′ [t̂(s) · t̂(s′)]G(R(s)− R(s′)).

Finally, collecting the results in Eqs. (22.2), (22.5), and (22.8), we may express the
free energy functional approximately as

�Fnl[cA] ≈ σL+ A�V± (22.9)

− (�cA)
2

2κ2

∫
dsds′ [t̂(s) · t̂(s′)]G(R(s)− R(s′)).
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Once again, the equation of motion for the interface can be constructed using the
Lagrangian equations with the inertial terms neglected,

δ�F
δcA

= −δRd

δċA
, (22.10)

where the Rayleigh dissipation function in two dimensions is a simple extension
of that for the one-dimensional case,

Rd = 1

2

∫
d2r ċ2

A. (22.11)

Using the fact that ċA = Ṙ(s) · ∇cA, together with the expression for ∇cA in
Eq. (22.3) and the small curvature approximation, we obtain

ċA
2 = (Ṙ(s) · n̂(s))2

(∂cA
∂u

)2
. (22.12)

Substituting this expression into Eq. (22.11) for the Rayleigh dissipation function,
and using the definition of the surface tension, we are able to write Rd in the form

Rd = σ

2DA

∫
ds (Ṙ(s) · n̂(s))2. (22.13)

The functional derivative of Rd is now easily evaluated to give δRd/δṘ(s) =
σ
DA
(Ṙ(s) · n̂(s))n̂(s).

To complete the calculation we need to evaluate the functional derivatives of
the free energy functional in Eq. (22.9). Using the expression for the length of the
interface of the c+A domain as L = ∫

∂B |dR(s)|, its functional derivative may be
computed to be δL/δR(s) = K(s)n̂(s), where K(s) is the curvature. Likewise,
using A= ∫

d2rθB(r) we find δA/δR(s) = n̂(s). The final quantity that must
be computed is the functional derivative of the nonlocal term in the free energy
functional (22.9). Let

N ≡ δ

δR(s)

∫
dsds′ [n̂(s) · n̂(s′)]G(R(s, s′)), (22.14)

where we have used the fact that t̂(s) · t̂(s′) = n̂(s) · n̂(s ′) and defined R(s, s′) =
R(s)− R(s′) whose magnitude is |R(s, s′)| = R(s, s ′). Performing the functional
derivative, we obtain

N =
∫
ds ′ (t̂(s′)t̂(s)− t̂(s) · t̂(s′)I) · R̂(s, s ′)G′(R(s, s′)), (22.15)
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with G′ the derivative of G with respect to its argument. The x and y components
of N are given by

Nx = −t̂y(s)
∫
ds′ (t̂x(s′)R̂y(s, s′)− t̂y(s′)R̂x(s, s′)) ·G′(R(s, s′)),

≡ −t̂y(s)
∫
ds′ [t̂(s′)× R̂(s, s′)]G′(R(s, s ′)),

Ny = t̂x(s)
∫
ds′ (t̂x(s′)R̂y(s, s′)− t̂y(s′)R̂x(s, s′)) ·G′(R(s, s′)),

≡ t̂x(s)
∫
ds′ [t̂(s′)× R̂(s, s′)]G′(R(s, s′)). (22.16)

The second equalities in these equations introduce the two-dimensional cross prod-
uct of vectors a and b as a × b = axby − aybx . Note that the two-dimensional
cross product, even though denoted in boldface, is a scalar quantity. Using the fact
that (see Eq. (7.10)) −t̂y(s) = n̂x(s) and t̂x(s) = n̂y(s), we obtain a compact
expression for N in the form

N = n̂(s)
∫
ds ′ [t̂(s ′)× R̂(s, s′)]G′(R(s, s′)). (22.17)

The equation of motion for the interface is obtained by using Eq. (22.9) and the
results for the functional derivatives computed above. We get

Ṙ(s) · n̂(s) = −DA
σ

(
K(s)σ +�V± (22.18)

− (�cA)
2

2κ2

∫
ds ′ [t̂(s′)× R̂(s, s ′)]G′(R(s, s′))

)
.

This equation shows that the curvature enters the evolution equation of the domain
boundary. In addition, the nonlocal term is responsible for the repulsive interaction
between two arc length positions with anti-parallel tangent vectors.

One may apply this equation to determine the evolution of the radius R(t) of a
small disk-shaped domain of c+A in the c−A phase. The 2d Green function is given by

G(R) = κ

2πα
K0(κR), (22.19)

whose derivative is

G′(R) = − κ2

2πα
K1(κR), (22.20)
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where K0 and K1 are modified Bessel functions and κ = (α/D̃B)
1/2. Making use

of the fact that R(t) is small to evaluate the Green functions, and the fact that the
curvature for a disk-shaped domain is K(s) = 1/R, we find

dR(t)

dt
=
(

−DA + DA(�cA)
2

4ακσ

)
1

R
− �V±DA

σ
. (22.21)

Note that DA/(ακσ) = D̃
1/2
B /α3/2 is independent of DA. The second term in the

coefficient ofR−1 on the right-hand side arises from nonlocal repulsive interactions.
If there are no long-range interactions, the disk will always shrink, since�V± > 0.
On the other hand, in the presence of long-range interactions, it is possible to
stabilize a disk of the less stable phase in the more stable phase because of the
nonlocal coupling from the B field.

22.2 Transverse instabilities of planar fronts

The boundary of the domain B may not be stable to inhomogeneous perturbations
which are transverse to its length. In order to address this issue in a simple form,
we consider whether a planar front in a 2d system is stable to inhomogeneous
perturbations along its length. This is the analog of the front instability problem
considered in Chapters 19 and 20. To begin this analysis we consider a system with
an initially planar front along the x direction and propagating along the y direction.
Such a planar front will move with constant speed given byDA�V±/σ .This follows
from Eq. (22.18), since the terms on the right-hand side that depend on the curvature
and nonlocal interactions vanish for a planar front. As in earlier discussions of
propagating fronts of this type, in a coordinate system moving with this velocity,
the front appears stationary. We shall assume that such a change of coordinates has
been made. We then suppose the front is subject to a time-dependent perturbation
at each point x in the y direction and determine whether the perturbation decays or
grows.

Given this situation we may write the location of the interface as

R(x) = xx̂ + χ(x, t)ŷ, (22.22)

whereχ(x, t) is the deviation from the planar profile atx, and x̂ and ŷ are unit vectors
along x and y, respectively. In writing this form we have used x to parameterize
the interface curve. The interfacial curve has tangent vector,

t̂(x) = dR(x)
dx

= x̂ + dχ(x, t)

dx
ŷ, (22.23)
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and the curvature K(x) can be determined from

−K(x)n̂(x) = dt(x)
dx

= d2χ(x, t)

dx2
ŷ. (22.24)

The vector distance between any two points on the interface is given by

R(x, x′) = R(x)− R(x′) = (x − x′)x̂ + (χ(x, t)− χ(x ′, t))ŷ. (22.25)

For small deviations from planarity the magnitude of this difference is simply given
by R(x, x ′) = |R(x, x′)| ≈ |x − x′|.

We may specialize Eq. (22.18) to this case to find the following evolution equation
for the profile:

Ṙ(x) · n̂(x) = −DAK(x) (22.26)

+ DA(�cA)
2

2σκ2

∫
dx′ [t̂(x ′)× R̂(x, x′)]G′(R(x, x′)).

We investigate the stability of an interface satisfying this equation by consider-
ing the Fourier components of the deviation from planarity, and take χ(x, t) =
χk(t) cos(kx). In this case t̂(x) = x̂−kχk(t) sin(kx)ŷ andK(x) = k2χk(t) cos(kx).
Using these expressions, the two-dimensional cross product appearing in the
evolution equation may be calculated to give

t̂(x ′)× R̂(x, x′) = t̂x(x ′)R̂y(x, x′)− t̂y(x′)R̂x(x, x′)

≈ |x − x′|−1χk(t)
(

cos(kx)− cos(kx ′)

+ k(x − x ′) sin(kx ′)
)

. (22.27)

We now have all the ingredients to evaluate Eq. (22.26), which takes the form

dχk(t)

dt
=
(

−DAk2 + DA(�cA)
2

2σκ2

∫ ∞

−∞
dx′ |x − x ′|−1 (22.28)

×
[

1 − cos(kx ′)
cos(kx)

+ k(x − x′)sin(kx′)
cos(kx)

]
G′(|x − x′|)

)
χk(t).

The integral on the right-hand side of this equation may be evaluated by converting
the x ′ integral into an integral with −∞ ≤ x′ ≤ x where x > x′, and letting
z = x−x ′; and an integral with x ≤ x ′ ≤ ∞ where x ′ ≥ x, and letting z = x′ −x.
We then find∫ ∞

−∞
dx′ |x − x′|−1

[
1 − cos(kx′)

cos(kx)
+ k(x − x ′)sin(kx′)

cos(kx)

]
G′(|x − x′|)

= 2
∫ ∞

0
dz

1

z
(kz sin(kz)+ cos(kz)− 1)G′(z). (22.29)
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Fig. 22.3. Growth of a labyrinthine pattern from a distorted disk as a result of a
transverse front instability. Reprinted Figure 19 with permission from Goldstein
et al. (1996). Copyright 1996 by the American Physical Society.

Finally, we use Eqs. (22.19) and (22.20) forG(z) andG′(z). With these results, the
linearized equation of motion for χk(t) may be written as

dχk(t)

dt
=
(

−DAk
2 + DA(�cA)

2

4πασ

∫ ∞

−∞
dz [kz sin(kz)

+ cos(kz)− 1]1

z
K1(κz)

)
χk(t)

≡ λkχk(t). (22.30)

The stability of the planar front can be determined by analyzing the growth rate
λk . If one evaluates the growth rate to lowest order in k, one finds λk = DA(−1 +
(�cA)

2/(4ασκ2))k2 + O(k4). Thus, the nonlocal force can lead to a transverse
destabilization of a planar front.

If one starts with a stripe of the c+A phase in the c−A phase, or other initial
domain shapes, transverse instabilities can lead to labyrinthine patterns. For exam-
ple, Fig. 22.3 shows the growth of a labyrinthine pattern from a distorted disk initial
condition as a result of a transverse front instability.

For certain values of the parameters where the compact disk is stable, instead
of growth of a labyrinthine pattern from an arbitrary initial condition, one may
observe shrinkage of a labyrinthine pattern to a stable disk. The labyrinth shrinks
by contracting its free ends along its arms until a compact structure is obtained.
Such evolution is shown in Fig. 22.4.
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Fig. 22.4. Shrinkage of a labyrinthine pattern to a disk using the front equations.
Reprinted Figure 20 with permission from Goldstein et al. (1996). Copyright 1996
by the American Physical Society.

22.3 Three-dimensional patterns

In three-dimensional geometries front repulsion and front instabilities can lead to
new types of pattern formation. Some of the patterns are simple three-dimensional
generalizations of those already discussed in one and two dimensions. For exam-
ple, a ball of the less stable c+A phase in a sea of the more stable c−A phase is
the 3d analog of a stable 1d “bump” or a 2d disk. The existence of a stable
3d ball can be understood from a generalization to 3d of the results presented
in the previous sections for one and two dimensions. In the sharp interface
approximation, the concentration field for a ball with radius R has the form
cA(r) = c+Aθ(R− r)+ c−Aθ(r−R). From this expression it follows that ∇cA(r) ≈
−(�cA)n̂δ(r−R). Using these results in Eq. (21.12), we may write the free energy
functional as

�Fnl[cA] = �V±V + σA (22.31)

− (�cA)
2

2κ2 R4
∫
dŜ

∫
dŜ ′ [n̂(S) · n̂(S ′)]G(|R(S)− R(S′)|),

where S and S′ are points on the surface of the ball and dŜ and dŜ′ are differential
surface elements. The free energy functional may be evaluated by inserting the
expression for the 3d Green function,

G(r) = κ2

4παr
e−κr , (22.32)
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and computing the integral by letting S define the polar axis. We find

�Fnl[cA] = �V±V + σA− 2π(�cA)2R3

α
(22.33)

×
[

1

2κR
− 4

(2κR)3
+ e−2κR

(
4

(2κR)3
+ 4

(2κR)2
+ 1

2κR

)]
.

For small R this simplifies to

�Fnl[cA] =
(
�V± − (�cA)

2

2α

)
V + σA. (22.34)

The equation of motion for the ball radius follows from the 3d Lagrangian equations
dFnl/dR = −dRd/dṘ, and we obtain,

dR(t)

dt
= −DA

σ

(
�V± − (�cA)

2

2α

)
− 2DA

R
. (22.35)

Since�V± > 0 for the less stable phase c+A in the more stable c−A sea, a stable ball
is only possible due to the existence of the term (�cA)

2/(2α), which arises from
the repulsive interaction. The radius R∗ of the stationary ball is given by

R∗ = 4σα

(�cA)2 − 2α�V±
, (22.36)

and its stability may be determined from a linear stability analysis of Eq. (22.35).
Thus far we have restricted the examples of pattern formation in systems with

competing interactions arising from rapid inhibitor diffusion to cases where the
inhibitor kinetics is fast (ε large). As discussed earlier, similar patterns can be
found in the slow inhibitor limit (ε small), although the analysis can no longer be
carried out in terms of a nonlocal free energy functional. For example, a stable 3d
ball obtained under these conditions is shown in Fig. 22.5.

The basic building block for many 3d chemical patterns is a tubular domain of
the less stable phase in the more stable phase, the analog of a “stripe” domain in
two dimensions. Depending on the system parameters, the tubular domain may
either grow in length or shrink to a ball, as shown in Fig. 22.5(a). If the parameters
are such that transverse instabilities can occur, the instability can lead to fingering
which results in 3d labyrinthine patterns, as shown in Fig. 22.5(b).

All of these patterns are 3d versions of their lower-dimensional analogs; how-
ever, in three-dimensional systems new stable patterns can appear that have
no such analogs. A new class of chemical bistable states can be found in these
systems as a result of stabilization due to the topological structure of the pattern.
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Fig. 22.5. (a) Stable balls of the c+A phase in the c−A sea in the slow inhibitor limit
of the FHN equation. (b) Growth of a tubular domain accompanied by fingering
instabilities leading to the formation of a labyrinthine pattern. Reprinted with
permission from Malevanets and Kapral (1998). Copyright 1998 World Scientific
Publishing Company.

Fig. 22.6. (a) Hopf and (b) Borromean links. This and the following figure show
isoconcentration surfaces corresponding to the activator.

Fig. 22.7. (a) Trefoil (31) and (b) figure-8 (41) knots.
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Suppose the system parameters are such that a tubular domain shrinks by contracting
at its free ends while maintaining a fixed diameter. This is the 3d analog of the
contraction shown in Fig. 22.4. This process will lead to a stable ball, as described
above. However, if the tubular domain has no free ends but is a completely con-
nected domain in three-dimensional space, the entire continuous tubular domain
will contract. Such contraction may again yield a ball, but it is possible that the
local repulsion between different segments of the tubular domain that arises from
the rapidly diffusing inhibitor species will be sufficiently strong to prevent collapse:
thus, the topology of the domain structure will be preserved.

Examples of topologically stabilized patterns are given in Fig. 22.6, which
shows stable Hopf and Borromean links, while Fig. 22.7 shows stable trefoil
(31) and figure-eight (41) knots. The results were obtained from reactive lattice-
gas simulations of the FHN model starting from initial conditions composed of
straight segments of tubular domains joined to form structures with these topolo-
gies (Malevanets and Kapral, 1996). Thus, topology in conjunction with long-range
repulsive interactions can lead to the formation of new types of chemical pattern.
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Turing patterns

A Turing pattern forms when a spatially homogeneous steady state, which is stable
to small spatially homogeneous perturbations, loses its stability to small spatially
inhomogeneous perturbations.The mechanism responsible for such instabilities was
first described by Turing (1952), in his paper The chemical basis of morphogenesis,
as a model for pattern formation in biology. The appearance of Turing patterns relies
on the interplay between autocatalytic chemical kinetics and diffusion. The basic
Turing mechanism can be described in terms of the kinetics of two chemical species
termed the activator and the inhibitor. The activator tends to increase the production
of chemical species while the inhibitor tends to inhibit such concentration growth.
ATuring pattern can form if the diffusion coefficient of the inhibitor is much greater
than that of the activator. While there is still controversy over the role of Turing
patterns in morphogenesis, these patterns have been unambiguously identified in
chemically reacting media.

The formation of a chemical Turing pattern in a continuously fed unstirred reactor
was reported by Castets et al. (1990). The chlorite–iodide–malonic acid system
was studied in a thin gel reactor schematically depicted in Fig. 23.1. The top and
bottom sides of the thin hydrogel in which the reaction takes place are in contact
with reservoirs containing chemical reagents. The chemical species diffuse into
the gel, and reaction takes place in a thin layer within the gel shown in the center
panel of the figure. Within this reaction zone a stationary inhomogeneous periodic
pattern of chemical concentrations develops, as seen in the right panel of the figure.
The chemical pattern was visualized by loading the gel with a soluble starch-like
indicator, which changes from yellow to blue as a function of the concentration
ratio [I−3 ]/[I2] in the course of the CIMA reaction.

Lengyel and Epstein (1991) were able to model Turing pattern formation in
this reaction by a simple two-variable model involving [I−] and [ClO−

2 ] chem-
ical species, which act as the activator and inhibitor, respectively. An important
feature of this model was the fact that the [I−] species can complex with the
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Fig. 23.1. Turing pattern formation in the CIMA reaction. (a) Schematic picture
of the gel reactor; (b) the reaction zone and (c) Turing pattern. Reprinted Figure
1 with permission from Castets et al. (1990). Copyright 1990 by the American
Physical Society.

starch in the gel, and this has the effect of significantly reducing the diffusion
coefficient of the [I−] species so that Turing pattern formation is favored. Turing
patterns have been extensively studied in the CIMAreaction (Ouyang and Swinney,
1991). Figure 23.2 shows a variety of Turing patterns obtained under different
experimental conditions. More recently, Turing patterns have been observed in the
Belousov–Zhabotinsky reaction (Belousov, 1958; Zhabotinsky, 1964) carried out
in a microemulsion (Vanag and Epstein, 2001). In this case water-soluble species
confined to small reverse micelles diffuse more slowly than species that reside in
the organic phase. This diffusion coefficient difference is probably responsible for
the appearance of Turing patterns in this system. Liesegang precipitation patterns
have been interpreted in terms of a Turing bifurcation by Flicker and Ross (1974).

23.1 Turing bifurcation conditions

In order to analyze how Turing patterns form, we study systems described by a set
of reaction–diffusion equations of the form

∂cA

∂t
= RA(cA, cB)+DA∇2cA,

∂cB

∂t
= RB(cA, cB)+DB∇2cB . (23.1)

We first consider a spatially homogeneous system where the diffusion terms do not
appear, and study the homogeneous steady states of Eq. (23.1) given by the solutions
of RA(c

s
A, csB) = RB(c

s
A, csB) = 0. A linear stability analysis can be performed to

determine the stability of these steady states to homogeneous perturbations. Letting
δcA(t) = cA(t)−csA and δcB(t) = cB(t)−csB , and linearizing the kinetic equation,
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Fig. 23.2. Two-dimensional Turing patterns in CIMA reaction. (a) and (b) show
hexagonal patterns, (c) is a striped pattern with evidence of a transverse instability,
while the pattern in panel (d) is a mixed pattern composed of spots arranged in
stripes. Reprinted by permission from Ouyang and Swinney (1991). Copyright
1991 Macmillan Publishers Ltd.

we find

dδc(t)
dt

= Mδc(t), (23.2)

where

M =
( RAA RAB

RBA RBB

)
, (23.3)



204 Turing patterns

and the derivatives are evaluated at the steady state: e.g. RAA = (∂RA/∂cA)|csA,csB
.

The roots of M are given by

ω = 1

2
Tr M ± 1

2

{
(Tr M)2 − 4det M

}1/2
. (23.4)

For linear stability of the steady state we must have �ω < 0, which, in turn, implies
that

Tr M < 0, and det M > 0. (23.5)

This imposes conditions on the reaction kinetics.
To determine the stability of the homogeneous steady states to inhomogeneous

perturbations, we linearize the full reaction–diffusion equation. Letting δcA(r, t) =
cA(r, t)− csA and δcB(r, t) = cB(r, t)− csB , linearization yields

dδc(r, t)

dt
= Lδc(r, t), (23.6)

where L = M + D∇2. It is convenient to Fourier-transform this equation, let-
ting, for example, ĉ(k) = ∫

V
dre−ik·rc(r). The (k-dependent) roots are given by

Eq. (23.4) with M replaced by L(k) = M − Dk2. For instability to inhomogeneous
(k �= 0) perturbations we must have �ω(k) > 0. This implies that Tr L(k) > 0 or
det L(k) < 0 or both. Since Tr M < 0 from the condition that the homogeneous
state is stable, we have Tr L(k) < 0. Hence, a necessary condition for the Turing
instability is det L(k) < 0. Using this condition and the fact that det M > 0
we have

RAADB + RBBDA > 0. (23.7)

Since Tr M = RAA+RBB < 0, we haveDB/DA �= 1, and the bifurcation occurs
when the diffusion coefficients of the two species are unequal.

The inequality, Eq. (23.7), does not completely determine the bifurcation.
A Turing bifurcation occurs when �ω(k) passes through zero for some finite value
of k = kc and det L(k) = 0. Since the bifurcation must occur at finite k, we must
also have ddet L(k)/dk2 = 0 at k = kc, yielding

k2
c = (RAADB + RBBDA)

2DADB
, (23.8)

for the critical wavenumber. The diffusion coefficient ratio at the bifurcation point
is determined from the condition det L(kc) = 0, giving

4DADBdet M − (RAADB + RBBDA)
2 = 0. (23.9)
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Fig. 23.3. Plot of �ω(k) versus k2 for δ = DB/DA = δc, the critical diffusion
ratio (middle line) and for two other values of δ lying above and below δc. The
upper line is for δ > δc while the lower line is for δ < δc.

With these results in hand we may sketch the picture of the bifurcation in Fig. 23.3.
This figure shows �ω(k) versus k2 for several values of the ratio of diffusion coef-
ficients, with the kinetic parameters held fixed. One can see that at the bifurcation
point a spatial mode with wavenumber kc becomes unstable, corresponding to an
intrinsic spatial scale �T = 2π/kc, which is determined by the kinetic parameters
and diffusion coefficients of the species.

Consideration of a specific case will help to illustrate the nature of the bifurcation.
The Turing bifurcation conditions imply that RAA and RBB must have opposite
signs. Suppose that RAA > 0 and RBB < 0, and the system is of activator–inhibitor
type with RAB < 0 and RBA > 0: A is the activator, since an increase in A will
lead to production of chemical species; B is the inhibitor, since an increase in B
will lead to suppression of chemical species growth. In this case, from Eq. (23.7)
and the homogeneous stability condition Tr M< 0, we see that DB >DA, and the
instability is driven by a large diffusion of the inhibitor compared with that of the
activator. One may imagine growth in a local region of space triggered by an inho-
mogeneity in the activator concentration. This will produce a growth in the inhibitor
which will diffuse rapidly out of the region and suppress concentration growth in
nearby spatial regions. In this way one can see how the stable homogeneous state
can become unstable in the presence of fast inhibitor diffusion.

From Fig. 23.3, we see that a band of unstable wavenumbers exists for DB/
DA > δc. In order to determine the nature of the chemical pattern that forms we
need to go beyond the linear stability regime and carry out a nonlinear analysis to
find the wavevectors that are selected and determine the stationary pattern.
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23.2 Pattern selection

While the preceding analysis predicts the existence of a Turing bifurcation for
parameters satisfying the Turing conditions, it does not provide information on the
nature of the chemical pattern that forms. In order to determine the actual form of
the Turing pattern, we must keep the nonlinear terms which were dropped in the
above analysis (Pismen, 1980; Manneville, 1990; Cross and Hohenberg, 1993).

The unstable modes are responsible for the instability of the homogeneous steady
state to inhomogeneous perturbations since they grow exponentially. We shall now
derive equations for the amplitudes of these unstable modes near the bifurcation
point. These amplitudes will constitute the order parameters for this problem.

We write the reaction–diffusion equation in the general form

∂c
∂t

= R(c,μ)+ D∇2c, (23.10)

where, as earlier, c is a column vector of concentrations, cT = (cA, cB). Here
μ is a control parameter that may be varied to tune the system through the Turing
bifurcation. We want to extract the behavior of the amplitudes of the unstable modes.
Let c0(μ) be the homogeneous steady solution, R(c0(μ);μ) = 0, for anyμ. At the
Turing bifurcation pointμ = μ0, an eigenvalue of the linearized problem vanishes:
ω(kc) = 0 for kc �= 0 and ω(k) < 0 for k �= kc. More specifically, the linearized
reaction–diffusion equation is

∂δc(r, t)

∂t
=
(
δR
δc0

+ D∇2
)
δc(r, t) = Lδc(r, t), (23.11)

with δc = c − c0. In Fourier space we have

∂δc(k, t)

∂t
=
(
δR
δc0

− Dk2
)
δc(k, t) = L(k)δc(k, t). (23.12)

The right eigenvalue problem is

L(k)e(k) = ω(k)e(k), (23.13)

while the corresponding adjoint eigenvalue problem is

L†(k)e†(k) = ω(k)e†(k). (23.14)

To carry out the analysis we introduce a small parameter λ that gauges the dis-
tance from the bifurcation point and expand both the concentrations and bifurcation
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parameter in this parameter:

c = c0 + λc1 + λ2c2 + · · · =
∞∑
i=0

λici , (23.15)

and

μ = μ0 + λμ1 + λ2μ2 + · · · =
∞∑
i=0

λiμi . (23.16)

We must also introduce multiple time scales to account for slowing down near the
bifurcation point:

∂

∂t
= λ

∂

∂τ1
+ λ2 ∂

∂τ2
+ · · · (23.17)

We expand the reaction–diffusion equation about c0(μ) and about μ = μ0. To do
this we may use the formal Taylor expansion,

R(c,μ) =
∑
m,n

(m!n!)−1(μ− μ0)
mRmn � (c − c0)

n. (23.18)

In this equation � stands for tensor contraction, where, for nth rank tensors A
and B, A � B = ∑

i1,i2,...,in Ai1i2...inBinin−1...i1 . The tensor Rmn is defined as

Rmn =
(
dm

dμm

(
δnR
δcn

)
c0(μ)

)
μ0

. (23.19)

Now we can collect terms in λ. The equations up to order λ3 are

λ : Lc1 ≡
(

R01 + D∇2
)

· c1 = ∂τ1c0 = 0, (23.20)

λ2 : Lc2 = ∂τ1c1 − μ1R11 · c1 − 1

2
R02 � c1c1,

λ3 : Lc3 = ∂τ1c2 + ∂τ2c1 − 1

2
μ1R12 � c1c1 − 1

6
R03 � c1c1c1

− 1

2
μ2

1R21 · c1 − μ2R11 · c1 − μ1R11 · c2 − R02 � c1c2.

The first equation is homogeneous and has a nontrivial kernel which is propor-
tional to the eigenvectors of L with zero eigenvalue. The remaining problems are
inhomogeneous. Since the left-hand sides have a nontrivial kernel then, according
to the Fredholm theorem, they have no solutions unless the right-hand sides are
orthogonal to the kernel of L.
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23.3 Steady-state patterns

The steady-state inhomogeneous solutions of this set of equations are obtained by
setting the time derivatives equal to zero. We have

λ : Lc1 = 0, (23.21)

λ2 : Lc2 = −μ1R11 · c1 − 1

2
R02 � c1c1,

λ3 : Lc3 = −1

2
μ1R12 � c1c1 − 1

6
R03 � c1c1c1

− 1

2
μ2

1R21 · c1 − μ2R11 · c1 − μ1R11 · c2 − R02 � c1c2.

The right eigenfunctions of L may be written as

e(r) = e(k)eik·r, (23.22)

where e(k) is the right eigenfunction of the problem

L(k)e(k) = 0, (23.23)

and e†(k) is the corresponding left eigenfunction. The function c1 must be
proportional to e(r) in view of the order-λ equation (23.21), and we may write

λc1(r, t) = e(kc)

⎡⎣∑
j

Aj (t)e
ikj rj + c.c.

⎤⎦. (23.24)

The complex conjugate is added since c1 is real (a concentration). The sum on
j runs over all directions of r, and |k| = kc, since we evaluate the operator at the
bifurcation point. The Aj are amplitudes whose equations we need to determine.

23.4 Stripe patterns

In order to complete the analysis of these equations we must account for the possible
symmetries of the patterns in order to find the equations for the amplitudes. The
stabilities of the patterns can then be determined using these amplitude equations.
To illustrate the method in a simple context, we restrict our considerations to the
case of stripe solutions where the concentration is homogeneous along y and varies
only along x. In this case we have a one-dimensional problem, and the concentration
field takes the form

c1(x) = 2e(kc) cos(kcx), (23.25)
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where the steady-state amplitudeAs has been identified with the parameter λ. Since
e†(k) is a left eigenfunction of L(k), multiplying from the left by e†, the order-λ2

equation gives

0 = −4e† · R11 · eμ1 cos2(kcx)− 4e† · R02 � ee cos3(kcx). (23.26)

Integration over the spatial domain,

kc

2π

∫ 2π/kc

0
dx· · ·, (23.27)

yields e† · R11 · eμ1 = 0, from which we conclude that μ1 = 0 if e† · R11 · e �= 0.
We also find that e† · R02 � ee = 0. Using this result in the order-λ2 equation we
conclude that c2 ∝ c1, so we may set c2 = 0. The order-λ3 equation now reads

Lc3 = −1

6
R03 � c1c1c1 − μ2R11 · c1. (23.28)

Substitution of the expression for c1 and multiplication from the left with c†
1 yields

0 = −8

3
e† · R03 � eee cos4(kcx)− 4e† · R11 · e cos2(kcx)μ2. (23.29)

After integration over the spatial domain it follows from this equation that

μ2 = −e† · R03 � eee
2e† · R11 · e

≡ g. (23.30)

Through this procedure we have determined the values of μ1 and μ2. To order λ3

we have μ = μ0 + gλ2 and

λ ≈ ±
(
μ− μ0

g

)1/2

, (23.31)

so that the solution for the concentration field reads

c(r) ≈ c0 ± 2

(
μ− μ0

g

)1/2

e(kc) cos(kcx). (23.32)

Note that since μ1 = 0 the bifurcation is either supercritical (g > 0) or subcriti-
cal (g < 0). The steady-state amplitude is given by As = ±(μ−μ0

g
)1/2, which is

sketched in Fig. 23.4 as a function of the parameter μ for the supercritical case. We
see that the amplitude of the stripe pattern grows parabolically with the distance
from the bifurcation. An example of a stripe Turing pattern is shown in Fig. 23.5.
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Fig. 23.4. Sketch of As versus μ for the stripe solution.

Fig. 23.5. (a) Stripe Turing pattern simulated using the Brusselator model;
(b) a zigzag Turing pattern that arises from a sideband instability. Reprinted from
P. Borckmans et al. (1992). Copyright 1992, with permission from Elsevier.

23.5 Time-dependent amplitude equation for stripe patterns

Next, we consider the time-dependent solutions with stripe symmetry. Using the
results obtained above for the μ coefficient and the fact that c2 = 0, the evolution
equations read:

λ : Lc1 = 0, (23.33)

λ2 : Lc2 = 0 = ∂τ1c1,

λ3 : Lc3 = ∂τ2c1 − 1

6
R03 � c1c1c1 − μ2R11 · c1.



23.5 Time-dependent amplitude equation for stripe patterns 211

Letting

c1(x, t) = e(kc)
[
A(t)eikcx + A∗(t)e−ikcx

]
, (23.34)

and using the solvability conditions we find

∂A

∂τ2
= μ2(e† · R11 · e)A+ 1

2
(e† · R03 � eee)|A|2A. (23.35)

Now note that λ2∂/∂τ2 = ∂/∂t + O(λ3) and μ2 ≡ g. Then we have

∂A

∂t
= (e† · R11 · e)[(μ− μ0)A(t)− g|A(t)|2A(t)]. (23.36)

By rescaling the time as τ = (e† · R11 · e)t , we obtain

∂A

∂τ
= (μ− μ0)A(τ)− g|A(τ)|2A(τ). (23.37)

This is the amplitude or order-parameter equation for the stripe solutions in a Turing
bifurcation.

A linear stability analysis of this amplitude equation is easily carried out. Lin-
earizing about the steady-state amplitude,As = ±(μ−μ0

g
)1/2, δA(τ) = A(τ)−As ,

we find

dδA(τ)

dτ
= −(μ− μ0)δA(τ), (23.38)

so that the stripe pattern is stable if μ > μ0.
Similar but more involved analyses can be carried out to determine pattern

selection in two and higher dimensions leading to hexagonal and other patterns
(Borckmans et al., 1992; Dewel et al., 1995). In addition, the above analysis was
limited to spatial patterns constructed from critical modes with |k| = kc. Instabili-
ties in the spatial patterns can arise from modes in the sidebands where k �= kc. For
the stripe Turing patterns such sideband modes can lead to zigzag patterns, shown
in the right panel of Fig. 23.5.
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Excitable media

Excitable media are spatially distributed systems with a stable state that responds
to perturbations in a distinctive way. If the normal resting state of the medium
is perturbed sufficiently strongly, the perturbation is amplified before the sys-
tem returns to the resting state. Such excitable media are commonly found in
nature, and self-organized wave patterns in these systems control the behavior
of many physical and biological systems (Zykov, 1987; Mikhailov, 1994; Kapral
and Showalter, 1995). Surface catalytic oxidation reactions often proceed through
the propagation of excitable waves of oxidation that sweep across the surface of
the catalyst. The oxidation of CO on Pt surfaces has been especially well stud-
ied in this context (Ertl, 2000). In biological systems waves of this type occur
in the aggregation stage of the slime mould Dictyostelium discoideum, where the
chemical signaling is through periodic waves of cAMP; also, the Ca+2 waves in
systems such as Xenopus laevis oocytes and pancreatic β cells fall into this cate-
gory (Goldbeter, 1996). Electrochemical waves in cardiac and nerve tissue also
depend on the excitability of the medium, and the appearance and/or breakup
of spiral wave patterns (Fig. 24.1) are believed to be responsible for various
types of arrhythmia in the heart (Winfree, 1987; Fenton et al., 2002; Clayton and
Holden, 2004). Excitable waves have been extensively studied (Belmonte et al.,
1997) for the BZ reaction, one of the first systems in which such waves were
observed (Zaikin and Zhabotinsky, 1970; Winfree, 1972). Chemical waves in
excitable media often take the form of spirals, and Fig. 24.2 shows spiral waves in
the Belousov–Zhabotinsky reaction under conditions where this chemical medium
is excitable.

The dynamics of an excitable system can be described more precisely as follows:
if the stable fixed point of an excitable system is subjected to small perturbations, it
returns quickly to the fixed point; however, larger perturbations that exceed a certain
threshold value cause the system to make a long excursion in concentration phase
space before returning to the stable state. In many physical systems this behavior

212
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Fig. 24.1. Spiral wave rotors in an anatomically detailed model of the rabbit heart.
(a) Isosurface of electrically active areas; (b) membrane potential across the heart
surface. Figure supplied by R. Clayton, University of Sheffield.

Fig. 24.2. Spiral waves in the Belousov–Zhabotinsky reaction. Experimental
results provided by S. Kadar and K. Showalter, West Virginia University.

is captured by the dynamics of two concentration fields,

dcA

dt
= RA(c),

dcB

dt
= RB(c), (24.1)

a fast activator or propagator variable cAwith an S-shaped nullcline, ċA = RA(c) =
0, and a slow inhibitor or controller variable cB with a linear nullcline, ċB =
RB(c) = 0 (Fife, 1984). The FitzHugh–Nagumo equation, which was discussed
in Chapter 21, is one of the best known equations with such activator–inhibitor
kinetics. In this case RA(c) = −c3

A + cA − cB and RB(c) = ε(cB − acA + b).
Figure 24.3 shows the ċA = 0 and ċB = 0 nullclines of this system along with trajec-
tories corresponding to sub- and superthreshold excitations. The trajectory arising
from the subthreshold perturbation quickly relaxes back to the stable fixed point.
Three stages can be identified in the trajectory resulting from the superthreshold
perturbation: an excited stage where the phase point quickly evolves far from the
fixed point; a refractory stage where the system relaxes back to the stable state and
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Fig. 24.3. Cubic (ċA = 0) and linear (ċB = 0) nullclines for the FitzHugh–
Nagumo equation. The figure shows trajectories resulting from sub- and
superthreshold excitations as well as cA and cB concentration values that enter
the analysis in the text.

is not susceptible to additional perturbations; and the resting state where the system
again resides at the stable fixed point.

An excitable medium is a diffusively coupled array of such local excitable
elements, and is described by the set of reaction–diffusion equations

∂cA

∂t
= RA(c)+DA∇2cA,

∂cB

∂t
= RB(c)+DB∇2cB . (24.2)

Imagine that a local superthreshold perturbation is applied to the system in its
homogeneous resting state. Due to diffusive coupling, the perturbation will excite
neighboring regions of the medium. The originally perturbed region will then
relax to the refractory state, where it is no longer susceptible to perturbation, and
finally back to the stable steady state. Consequently, a circular wave of excita-
tion with a refractory tail will propagate outward through the medium (Fig. 24.4).
If the excitable system is periodically stimulated in a local region of the medium
(a pacemaker region), a target pattern comprising a set of concentric rings of
excitation will be observed.

Suppose an excitable wave is broken by some means, for instance by an obstacle
or inhomogeneity in the medium. Since the front velocity is smaller at the tip than
the rest of the wavefront, the free ends of wavefronts will curl, leading to the
formation of spiral waves in the system. An example of a spiral wave in the FHN
system is shown in the right panel of Fig. 24.4.
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Fig. 24.4. (a) A growing ring of excitation in an excitable FitzHugh–Nagumo
medium; (b) a spiral wave in the same system.

24.1 Traveling waves in excitable media

By exploiting the different time scales of the propagator and controller species,
it is possible to use singular perturbation techniques to investigate the properties
of chemical waves in excitable media (Tyson and Keener, 1988; Bernhoff, 1991).
Scaling space and time variables by the small parameter ε as rε/

√
DA = r′ and

tε = t ′, Eq. (24.2) can be written (after dropping the primes) in the form

ε
∂cA

∂t
= RA(c)+ ε2∇2cA,

∂cB

∂t
= RB(c)+ εδ∇2cB , (24.3)

where δ = DB/DA, RA(c) = RA(c), and RB(c) = RB(c)/ε. As discussed earlier
in Chapter 19, to describe a chemical front propagating with constant speed vp in a
one-dimensional medium, it is convenient to introduce a coordinate frame moving
with the front speed, u = x − vpt , and let cA(x, t) = cA(u) and cB(x, t) = cB(u).
The subscript p is introduced to denote the velocity of a planar front. In this moving
frame the reaction–diffusion equation is

ε2 d
2cA

du2 + εvp
dcA

du
+ RA(c) = 0,

εδ
d2cB

du2 + vp
dcB

du
+ RB(c) = 0. (24.4)

A traveling front solution can be constructed for small ε. Setting ε= 0 in the first
of Eqs. (24.4), we find that (cA, cB) must satisfy RA(c) = 0. Referring to the
nullclines in Fig. 24.3, we see that for cminB < cB < c

max
B , where cminB and cmaxB are

the values of cB at the minimum and maximum of the S-shaped nullcline, there
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are three solutions of RA(c) = 0, which we call c±A(cB) and c0
A(cB). The relevant

solutions are c±A(cB), since c0
A(cB) is an unstable solution.

A single propagating front in an infinite domain satisfies the boundary conditions
limu→±∞ cA(u) = c±A(cB). Starting from an initial condition of the form cA(u) =
c±A for u < 0 and u > 0, respectively, in the vicinity of the origin the terms of O(ε)
cannot be neglected since the solution is discontinuous at that point. A boundary
layer whose width is O(ε) will develop in order to connect the asymptotic c±A
solutions smoothly. In order to investigate the structure of this boundary layer,
we introduce a stretched coordinate ξ = u/ε. In this new coordinate Eqs. (24.4)
become

d2cA

dξ2
+ vp

dcA

dξ
+ RA(c) = 0,

δ
d2cB

dξ2
+ vp

dcB

dξ
+ εRB(c) = 0. (24.5)

If we now set ε = 0, integration of the second equation yields δdcB/dξ + vpcB =
const. If cB is to be bounded between cminB and cmaxB we must have cB = c∗B = const.
Therefore, in the boundary layer connecting the solutions c±A , we have

d2cA

dξ2 + vp
dcA

dξ
+ RA(cA, c∗B) = 0, (24.6)

which must be solved subject to the boundary conditions cA(±∞) = c±A . This
equation is a nonlinear eigenvalue problem for the front speed vp, which depends
on c∗B . We see that while the propagator species changes rapidly across the boundary
layer, the controller species variable remains nearly constant at cB = c∗B , and its
value determines the wave speed.

As an example of the form of a propagating chemical front in an excitable
medium we return to the FitzHugh–Nagumo model with RA written in the form
RA(cA, c∗B) = −(cA− c+A)(cA− c−A)(cA− c0

A). The nonlinear eigenvalue problem
is easily solved, and the equation for the propagating front is given by

cA(u) = 1

2
(c+A − c−A) tanh

(
(c+A − c−A)

2ε
√

2
u

)
+ 1

2
(c+A + c−A). (24.7)

The front speed is vp = (2c0
A − c−A + c−A)/

√
2. In these equations c±A = c±A(c∗B).

From this explicit solution and form of the FitzHugh–Nagumo equations we see
that for c∗B = 0 we have c−A = −c+A and c0

A = 0, so that vp = 0. The sign of the
front velocity depends on the sign of c∗B . These arguments can be generalized for
any reaction–diffusion system with such excitable kinetics.
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24.2 Eikonal equation

In two-dimensional media, excitable chemical fronts generally take the form of
curved domains whose width is approximately that of the interfacial zone separating
the c+A and c−A values obtained in the solution of the one-dimensional problem.
The situation is similar to that discussed previously in Chapter 7, where interface
dynamics at late times was considered. Referring to Figs. 7.1 and 7.2 we again
suppose that the front position is defined by a curve R(s) parameterized by the arc
length s lying in the interfacial zone. Provided the curvature is not too large, we
may use the local coordinate system introduced in Eq. (7.8), where a point x(s, u)
in the medium is given by x(s, u) = R(s)+ un̂(s), with u measuring the distance
from the front along the normal to the curve.

Following the discussion in Chapters 7 and 19, we let c(r, t) = c0(u(R, t))+ δc,
where c0(u(R, t)) is the solution to the planar (one-dimensional) front problem
discussed above. Substituting this expression into the reaction–diffusion equation
(24.2), making use of Eq. (7.18) for the two-dimensional Laplacian, and the same
approximations that led to Eq. (7.17), we have(

D
d2

du2 + (DK(s)+ vN)
d

du

)
c0 + R(c0)

+
(

D
(
∂2

∂u2 + ∂2

∂s2

)
+ (DK(s)+ vN)

∂

∂u
+ δR
δc0

)
δc ≈ 0, (24.8)

where vN(s) = −du(R(s), t)/dt is the normal velocity of the front, and K(s) is
the curvature. The planar solution c0 satisfies the equation(

D
d2

du2 + vp
d

du

)
c0 + R(c0) = 0. (24.9)

Following the arguments in Chapters 7 and 19, we see that 〈u|ζ0〉 = ζ0(u) =
dc0/du is a right eigenfunction satisfying the eigenvalue problem(

D
d2

du2
+ vp

d

du
+ δR
δc0

)
ζ0 = 0, (24.10)

with eigenvalue zero. Using Eq. (24.9) in Eq. (24.8) and taking the scalar product
with < ζ0|, the left eigenvector corresponding to eigenvalue zero, we obtain the
eikonal equation for the normal velocity of the front,

vN(s) = vp − 〈ζ0|D|ζ0〉K(s). (24.11)
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Using the approximations leading to Eq. (24.6) for the propagator–controller
equations, we find 〈ζ0|D|ζ0〉 = ε, and this relation takes the form

vN(s) = vp − εK(s). (24.12)

24.3 Spiral wave solution

The eikonal relation can be used to construct a spiral wave solution to the reaction–
diffusion equation (Tyson and Keener, 1988). A rigidly rotating excitable front with
the form of a spiral wave, parameterized by the radial distance r , is described by
the parametric equations

R(r) = (x, y) = (r cos(θ(r)− ωt), r sin(θ(r)− ωt)). (24.13)

The change in the arc length ds is given by ds = (1 +ψ2(r))1/2dr , where ψ(r) =
rdθ(r)/dr . The tangent t̂ and normal n̂ vectors are given by

t̂ = Rr/|Rr |, n̂ = −t̂r/K . (24.14)

Using the formula K = |Rr × Rrr |/|Rr |3 for the curvature that is independent of
parametrization (Tabor and Klapper, 1994), we obtain

K = ψ(r)

r(1 + ψ2(r))1/2
+ ψr(r)

(1 + ψ2(r))3/2
. (24.15)

The velocity of the spiral space curve can be decomposed into normal and tangential
components,

Ṙ(r) = (ẋ, ẏ) = ωr(sin(�(r , t)), − cos(�(r , t))) = vN n̂ + vT t̂, (24.16)

where �(r , t) = θ(r) − ωt , to give the following results for the normal and
tangential velocity components:

vN = ωr

(1 + ψ2(r))1/2
, vT = − ωrψ(r)

(1 + ψ2(r))1/2
. (24.17)

The expressions for the curvature and normal velocity may be substituted into the
eikonal equation to obtain the differential equation for the unknown functionψ(r),

dψ(r)

dr
= (1 + ψ2)

[
−ωr
ε

+ vp

ε
(1 + ψ2)1/2 − ψ

r

]
. (24.18)

Notice that this equation is independent of the specific form of the reaction terms
in the reaction–diffusion equation. This equation must be solved subject to bound-
ary conditions. For example, consider a spiral wave in an infinite domain rotating
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around a hole with radius rc, and assume that the hole radius is sufficiently large
that vp is independent of r . In this case we may take no-flux boundary conditions
at r = rc, ψ(rc) = 0, and assume ψ(r) ∼ ωr/vp for large r . Here ω/vp is the
wave number of the planar fronts far from the origin. It is not difficult to verify that
solutions of Eq. (24.18) for r ≈ rc and large r are given by

ψ(r) =
⎧⎨⎩
(vp−ωrc)

ε
(r − rc)+ vp

ε
(r−rc)2
rc

+ O((r − rc)
3), (r ≈ rc)

ω
vp
r + ωε

v2
p

+ O(r−1), (r → ∞).
(24.19)

The full solution may be obtained by matching these asymptotic results. The solu-
tion of Eq. (24.18), along with its boundary conditions, gives a relation between
ω and vp. Once the full solution for ψ(r) is known, the spiral wave solution can be
constructed by calculating the function θ(r) that appears in the parametric equation
for the spiral wave as θ(r) = ∫ r

dr ′ ψ(r ′)/r ′. For large distances from the origin we
have θ(r) ∼ (ω/vp)r+(ωε/v2

p) ln r , so that the spirals areArchimedean, while near
the radius of the hole we find θ(r) ∼ ((vp−ωrc)/ε)(r− rc)+ (vp/2rcε)(r− rc)2.

24.4 Kinematic theory

In the limit of weakly excitable kinetics, where the pitch of the spiral is much larger
than the length of the refractory zone following the excitation, it is possible to
construct kinematic models that capture essential features of spiral wave dynamics
(Mikhailov et al., 1994). For weakly excitable media, the excitation and recovery
zones of the propagating fronts are narrow, and the spiral wave can be considered to
be a space curve with a free end. The asymptotic reduction of the reaction–diffusion
equation to the kinematic model for weakly excitable media has been carried out
by Hakim and Karma (1999). The dynamics of space curves was discussed earlier
in Chapter 7, and we employ similar considerations here to see how spiral waves
arise in excitable media.

We consider a space curve R(s, t) now parameterized by the arc length s. The
tangent to the curve at s is defined by t̂(s, t) = ∂R(s, t)/∂s, while the variations of
the tangent and normal with arc length are given by ∂ t̂/∂s = −Kn̂ and ∂n̂/∂s =
K t̂, where againK is the curvature. We have chosen the normal so that it will point
in the direction of the propagating spiral wave. Since the dot products of the tangent
and normal vectors are constant, it follows that t̂ · t̂t = 0 and n̂ · n̂t = 0, where the
subscript refers to partial differentiation with respect to time t . From these results
it may be shown that these vectors satisfy the two-dimensional equations

∂ t̂(s, t)
∂t

= −αn̂(s, t),
∂n̂(s, t)
∂t

= αt̂(s, t), (24.20)

where α is a proportionality constant.
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The velocity Rt of the space curve can again be resolved into normal and
tangential components,

Rt (s, t) = vN(s, t)n̂(s, t)+ vT (s, t)t̂(s, t). (24.21)

Differentiating this equation with respect to the arc length s and using the fact that
∂ t̂(s, t)/∂t = ∂Rt (s, t)/∂s, we obtain

∂ t̂
∂t

= ∂vN

∂s
n̂ + vN

∂n̂
∂s

+ ∂vT

∂s
t̂ + vT

∂ t̂
∂s

,

−αn̂ = ∂vN

∂s
n̂ + vNK t̂ + ∂vT

∂s
t̂ − vT Kn̂. (24.22)

Taking the dot products with n̂ and t̂, respectively, we find

∂vN

∂s
= −α +KvT ,

∂vT

∂s
= −KvN . (24.23)

Next, we differentiate the first of Eqs. (24.23) with respect to s and get

∂2vN

∂s2 = −∂α
∂s

+KsvT +K
∂vT

∂s
. (24.24)

The solution for vT (s, t) in terms of vN(s, t) can be obtained by integrating the
second of Eqs. (24.23) from s = 0 at its free end (vT (0) ≡ vTf ) to s, to give

vT (s, t) = vTf (t)−
∫ s

0
ds′ K(s′, t)vN(s′, t). (24.25)

Differentiating K(s) = t̂ · ∂n̂/∂s with respect to time, we have

Kt = ∂ t̂
∂t

· ∂n̂
∂s

+ t̂ · ∂
∂s

∂n̂
∂t

= t̂ · ∂αt̂
∂s

= ∂α

∂s
. (24.26)

In writing this equation we used the fact that (∂ t̂/∂t) · (∂n̂/∂s) = −αKn̂ · t̂ = 0.
Employing these results in Eq. (24.24), we obtain the equation of motion for the
curvature expressed in terms of the normal component of the velocity of the space
curve and the tangential component at the free end at s = 0:

Kt = −d
2vN

ds2
−K2vN −Ks

∫ s

0
ds′ KvN +KsvTf (t). (24.27)

To solve this equation we need to supply initial and boundary conditions.
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Kinematic theory assumes that the normal velocity vN(s) of the space curve of
an excitable wave at s is smaller than the corresponding velocity vp if the curve
were planar. The normal velocity depends linearly on the curvature through the
eikonal relation, vN(s) = vp − γK(s), where we let γ = 〈ζ0|D|ζ0〉. Similarly,
it is assumed that the tangential velocity at the free end vTf also depends linearly
on the curvature at the free end K(0): i.e. the curvature extrapolated to s = 0,
vTf = vTfp − γfK(0). Depending on the magnitude of the curvature at the free
end, the curve will either grow or shrink. For a critical value of the curvature at the
end, Kc = vTfp/γf , the curve will neither grow nor shrink. In this case we can
derive the form for a spiral wave rotating around a circle of a given radius, the core
of the spiral wave.

When K(0) = Kc we can find a steady solution of Eq. (24.27) where the spiral
wave rotates with frequencyω around the core. Equation (24.27) may be simplified
by using vN(s) = vp−γK(s), noting that d2vN/ds

2 = −γKss , and assuming that
the curvature is sufficiently small that γK � vp, so that vN may be replaced by
vp in the remaining terms. In this circumstance, we find the approximate equation
of motion

Kt = γKss −K2vp −Ks

∫ s

0
ds′ Kvp

= γKss − ∂

∂s

(
K

∫ s

0
ds ′ Kvp

)
. (24.28)

For steady rotation of the spiral around the core we have

γKss − d

ds

(
K

∫ s

0
ds′ Kvp

)
= 0. (24.29)

Integrating over s we find

γKs = vpK

∫ s

0
ds′ K − ω, (24.30)

where ω is an integration constant. Letting h(s) = ∫ s
ds′ K(s′) or K(s) =

dh(s)/ds in this equation, it takes the form,

γ
d2h

ds2
= vph

dh

ds
− ω. (24.31)

The boundary conditions are (dh(s)/ds)s=0 = Kc, h(0) = 0 and, since far from
the tip the curvature is zero, lims→∞ hs(s) = 0. The second-order differential
equation subject to these three boundary conditions has a solution only for a specific
value of ω.
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Fig. 24.5. Spiral wave determined from the solution of the kinematic
equation (24.28) for vp = 1.5, γf = 0.96, γ = 1.0, and γf = 1.5. Reprinted
from Mikhailov et al. (1994). Copyright 1994, with permission from Elsevier.

An approximate solution of Eq. (24.31) can be obtained as follows. From the form
of this equation we see that lims→0 dK(s)/ds = −ω/γ . It then follows that near
s = 0 the solution isK(s) = Kc−ωs/γ . For large values of s the second derivative
term in Eq. (24.31) can be neglected because the curvature tends to a constant in
this region. Using this approximation we findK(s) = (ω/2vps)1/2 for large s. The
unknown parameter ω can be determined by requiring that these solutions and their
first derivatives match at some intermediate value of s = s ′. The result is

ω =
(

2

3

)3/2

Kc(Kcγ vp)
1/2. (24.32)

To obtain a more accurate result the equation must be integrated numerically. The
results of such a calculation show that prefactor (2/3)3/2 ≈ 0.544 is replaced
by 0.685.

Equation (24.28) may be solved numerically in a suitable laboratory frame start-
ing from a given initial curve to determine the evolution. The result of such a
calculation is shown in Fig. 24.5. It shows that an initial straight-line segment with
a free end evolves to a spiral wave steadily rotating around a circular core with
radius rc. The core radius is approximately given by rc = vp/ω.

24.5 Spiral wave meander

We have seen that spiral wave solutions, where the tip of the spiral executes a
circular periodic motion about the spiral core, can be constructed. However, this is
not the only type of motion the spiral tip can undergo. Shortly after spiral waves were
found to exist in the excitable Belousov–Zhabotinsky reaction–diffusion system,
Winfree (1973) observed that the tip could execute much more complicated “flower-
pattern” dynamics of the type shown in Fig. 24.6. Subsequently, this motion was
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Fig. 24.6. Spiral wave meander for the BZ reaction as a chemical concentration
is changed. Reprinted from Skinner and Swinney (1991). Copyright 1991, with
permission from Elsevier.

quantitatively characterized experimentally (Agladze et al., 1988; Janke et al.,
1989; Skinner and Swinney, 1991) and the theoretical description of the origin of
such complex tip dynamics was provided (Barkley, 1994; Golubitsky et al., 1997;
Sandstede et al., 1997; Sandstede and Scheel, 2001).

If a rigidly rotating spiral wave with angular velocity ω is viewed in a rotating
frame, it will appear stationary. We consider either the entire plane or a disk-shaped
domain and, as in earlier chapters, let c = (cA, cB) be a vector-valued concentration
field. In the rotating frame the reaction–diffusion equation is

∂

∂t
c = ω

∂

∂θ
c + D∇2c + R(c), (24.33)

where the polar coordinates are (r , θ). Steadily rotating spiral waves cs(r , θ) are
stationary solutions of the reaction–diffusion equation

ω
∂

∂θ
cs + D∇2cs + R(cs) = 0. (24.34)

This equation is a nonlinear eigenvalue problem, which must be solved, subject
to suitable boundary conditions for the domain under consideration, to yield the
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field cs and the angular velocityω. Given these steady-state solutions in the rotating
frame, their stability can be determined in the usual way by linearizing the reaction–
diffusion system about the steady-state solutions and studying the properties of the
eigenvalues. The eigenvaluesλ can be determined from the solution of the linearized
eigenvalue problem, (

ω
∂

∂θ
+ D∇2 + δR

δcs

)
C = λC, (24.35)

where δR/δcs is the functional derivative of R and C is an eigenvector. Rotating
spiral waves become unstable through a Hopf bifurcation where a complex con-
jugate pair of eigenvalues crosses the imaginary axis (see also Chapter 25). The
Hopf bifurcation introduces a second frequency ω2 into the problem, giving rise to
modulated rotating spiral waves where spiral wave tips execute the flower-pattern
trajectories shown in Fig. 24.6. If ω2<ω the flower petals are inward, and they are
outward when ω2>ω. The spiral tip trajectories of modulated traveling waves are
quasiperiodic in the laboratory frame but are periodic in the rotating frame since the
frequency ω has been removed from the problem.

The phase diagram that shows the different types of spiral tip dynamics ver-
sus the parameters of the excitable system has been constructed for several model
excitable systems, including the FitzHugh–Nagumo model and the Oregonator
model for the Belousov–Zhabotinsky reaction. This diagram has also been deduced
from experimental measurements. It has the general characteristics shown in
Fig. 24.7, which was constructed for Barkley’s variant of the FitzHugh–Nagumo
model, where RA = ε−1cA(1 − cA)(cA − cthA (cB)) and RB = cA − cB , where
cthA (cB) = (cB + b)/a is a threshold that depends on cB . In this figure the Hopf
bifurcation line separates the domain that contains periodically rotating spiral waves
from the domain where modulated rotating spiral waves are found. Modulated trav-
eling waves are found along the dashed line in this figure, which starts on the Hopf
boundary where ω = ω2. The spiral tips of these modulated traveling waves have
trajectories like those shown in the figure.

In the vicinity of the point in the phase diagram where the dashed line of traveling-
wave solutions meets the Hopf bifurcation line, one finds periodically rotating,
modulated-rotating and traveling-wave solutions. In order to understand this struc-
ture one must consider a two-parameter bifurcation analysis. On the Hopf line
there is a complex conjugate pair of eigenvalues λH = ±iω2 on the imaginary
axis. In addition to these eigenvalues, the other relevant eigenvalues of the problem
have their origins in the symmetries of the solutions. There is a zero eigenvalue
that has eigenfunction CR = ∂θcs and is associated with the rotational symme-
try of the rigidly rotating spiral state. In addition there is a complex conjugate
pair of imaginary eigenvalues ±iω with eigenfunctions C±

T = ∂xcs ± ∂ycs arising
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1.0

Fig. 24.7. Phase diagram showing regions where different types of spiral dynamics
occur as a function of the parameters a and b. The RW region contains periodically
rotating spiral waves, the MRW region has modulated rotating waves, while the
region labeled N does not support spiral waves. A solid curve of supercritical
Hopf bifurcation points separates the RW and MRW regions. The dashed line is
the locus where ω = ω2 separates tip trajectories with inward petals from those
with outward petals. Reprinted Figure 1 with permission from Barkley (1994).
Copyright 1994 by the American Physical Society.

from the translational symmetry of the system. These results can be verified by
differentiation of Eq. (24.34). At the codimension-two point (intersection of the
dashed and solid lines in Fig. 24.7) where the Hopf and traveling wave lines meet,
the eigenvalues are no longer distinct since ω = ω2.

To unravel the behavior at this point a bifurcation analysis must be carried out
that considers the resonance between the Hopf eigenvalue λH = i(ω −�ω2) and
the translation eigenvalue. The normal form for a supercritical Hopf bifurcation
near the resonance is given by (Sandstede and Scheel, 2001)

dp

dt
= ei�(p0 − z∗), d�

dt
= ω

dz

dt
= (λH + μ− |z|2)z, (24.36)

wherep0 is a complex constant andμ is a bifurcation parameter. The last equation is
the Hopf normal form (Nicolis, 1995). This normal form is derived in Chapter 25,
which deals with oscillatory media. The spiral tip position is determined by the
complex function p. This set of equations can be solved for p(t) to yield

p(t) =
{

−i p0
ω
eiωt + i

√
μ

�ω2
e−iα

(
ei�ω2t − 1

)
(�ω2 �= 0),

−i p0
ω
eiωt + √

μtei(π−α) (�ω2 = 0),
(24.37)
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where the initial condition z = eiα was used. Letting p(t) = x(t)+ iy(t), we can
find the spiral tip trajectories in the plane. From the forms of the time dependence
of these results we see that the spirals meander for�ω2 �= 0 and drift for�ω2 = 0.

24.6 Scroll wave dynamics

In three-dimensional excitable media spiral waves take the form of scroll waves
shown in Fig. 24.8. We can imagine constructing an excitable scroll wave by stack-
ing two-dimensional spiral waves as shown in the figure. The core of the spiral
wave is drawn out to form a filament, and the study of the dynamics of this filament
provides information on the scroll wave motion.

The filament is a space curve X(s, t) = (x(s, t), y(s, t), z(s, t)), where t is time
and s is arc length, 0 ≤ s ≤ L(t) with L(t) total length of the filament. An
orthogonal coordinate system with tangent t̂(s), normal n̂(s), and binormal b̂(s)
can be used to describe the local geometry of the filament:

t̂(s) = dX
ds

, n̂(s) = d t̂/ds

|d t̂/ds| , b̂(s) = t̂(s)× n̂(s). (24.38)

The tangent, normal, and binormal satisfy the Frenet–Serret equations

d t̂
ds

= K(s)n̂,
dn̂
ds

= −K(s)t̂ + τ(s)b̂,
db̂
ds

= −τ(s)n̂, (24.39)

where K(s) = |d t̂/ds| is the curvature and τ(s) = |db̂/ds| is the torsion.

Fig. 24.8. Scroll wave for the Belousov–Zhabotinsky reaction. (a) An isocon-
centration surface, (b) the projection through the cuvette, and (c) reconstructed
horizontal slices through the system. The filament describing the core is also shown
in the figure. Reprinted from Storb et al. (2003). Reproduced by permission of the
PCCP Owner Societies.
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Fig. 24.9. (a) Stack of two-dimensional spiral waves to form a twisted scroll wave.
The phase field of the two-dimensional spiral waves is twisted along the vertical
direction leading to a ribbon curve. (b) Schematic depiction of the ribbon curve
describing the scroll wave filament.

We must also account for the fact that the phase field may twist around the
filament, as shown in Fig. 24.9. Thus, we are led to consider the dynamics of
ribbon curves. The local phase of spiral may be defined as the angle between the
unit vector V̂ and some local reference direction. We choose V̂ = b̂ cosϕ+ n̂ sin ϕ,
where ϕ is the angle that V̂ makes with the binormal b̂ (Tabor and Klapper, 1994).
The edges of the ribbon curve are then defined by X(s) and X(s)+εV̂(s), where ε is
a small constant. The vector V̂ twists along the filament, and the local twist rate is

w(s) =
(

V̂ × dV̂/ds
)
· t̂ = τ(s)+dϕ/ds. Thus, the twist can be decomposed into

the twist of the filament that measures how the binormal twists around the filament,
and the ribbon twist that measures how the ribbon twists around the binormal or
Frenet ribbon.

The dynamics of the concentration field in the medium is again governed by
the set of reaction–diffusion equations (24.2). The motion of the filament about
which the scroll wave rotates can be extracted from this equation (Keener, 1988).
The reaction–diffusion equation may be expressed in the coordinate system (s, u).
Making use of Eq. (7.39) for the Laplacian in generalized coordinates, and tak-
ing ω1 = s, ω2 = u1, and ω3 = u2 in that equation, we find, in the limit of small-
curvature K ,

∇2 ≈
(
∂

∂s
− τu × ∂

∂u

)2

+ ∇2
u −K

∂

∂u1
, (24.40)

where a × b stands for the two-dimensional cross product defined in Chapter 22,
and ∇2

u is the two-dimensional Laplacian in u coordinates. After expressing the
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reaction–diffusion equation in these generalized coordinates, we transform to a
frame moving with the filament, Xt = Rt + u1n̂t + u2b̂t ,(

∂

∂t
− Xt · ∇

)
c(s, u, t) = D∇2c + R(c), (24.41)

where ∇ is the gradient operator in generalized coordinates,

∇ ≈ t̂
(
∂

∂s
− τu × ∂

∂u

)
+ ∇u, (24.42)

with ∇u the two-dimensional gradient operator, ∇u = n̂∂/∂u1 + b̂∂/∂u2.
For a slowly moving filament with small curvature and torsion, we write the solu-

tion of the reaction–diffusion equation in the form c(s, u, t) = cs(u, θ + φ(s, t)−
ωt)+δc. Hereφ(s, t) is a slowly varying phase and u = (u1, u2) = (u cos θ , u sin θ)
is expressed in polar coordinates. In this polar coordinate system u×∂/∂u = ∂/∂θ .
The field cs(u, θ − ωt) satisfies the two-dimensional equation

∂

∂t
cs = D∇2

ucs + R(cs). (24.43)

If we substitute the expression for c(s, u, t) into the reaction–diffusion equation,
linearize assuming τ and φs are O(ε) while δc, Xt , φt , φss , τs and K are O(ε2),
and use Eq. (24.43), we find

Lδc = D
(
∂

∂s
− τ

∂

∂θ

)2

cs −KD
∂cs
∂u1

+ (Rt · t̂)
(
∂

∂s
− τ

∂

∂θ

)
cs

+ Rt · ∇ucs + (n̂t · b̂ − φt )
∂cs
∂θ

. (24.44)

The linear operator

L = ω
∂

∂θ
+ D∇2

u + δR
δcs

, (24.45)

was discussed in the previous section and has three right eigenvectors corresponding
to the eigenvalue zero, CR and C±

T , which arise from the rotational and translational
symmetry of the spiral. We denote these eigenvectors by |C〉 and the corresponding
left eigenvectors by 〈C|. Taking the scalar product of Eq. (24.44) with 〈C|, we have

0 = 〈C|D∂/∂θ |CR〉(φs − τ)2 + 〈C|D|CR〉(φss − τs)− 〈C|D|C+〉K
+ 〈C|CR〉(Rt · t̂)(φs − τ)+ 〈C|C−〉(Rt · b̂)

+ 〈C|C+〉(Rt · n̂)+ 〈C|CR〉(nt · b̂ − φt ). (24.46)
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In writing this equation we used the fact that ∂cs/∂θ = CR , ∂cs/∂u1 = C+ with
C+ = (C+

T + C−
T )/2, and ∂cs/∂u2 = C− with C− = (C+

T − C−
T )/2. If we select

〈C| = 〈CR|, we obtain the equation of motion for φ,

φt = nt · b̂ + (Rt · t̂)(φs − τ)+ α1(φss − τs)

+α2(φs − τ)2 − α3K , (24.47)

where α1 = 〈CR|D|CR〉, α2 = 〈CR|D∂/∂θ |CR〉, and α3 = 〈CR|D|C+〉. The
equations of motion for Rt · n̂ and Rt · b̂ can be found by letting 〈C| = 〈C±|,
respectively,

Rt · n̂ = −α4(φs − τ)2 − α5(φss − τs)+ α6K ,

Rt · b̂ = −α7(φs − τ)2 − α8(φss − τs)+ α9K , (24.48)

with α4,7 = 〈C±|D∂/∂θ |CR〉, α5,8 = 〈C±|D|CR〉, and α6,9 = 〈C±|D|C+〉. The
tangential component of the velocity, Rt · t̂, is not specified by these equations and
is arbitrary.

The coefficients in these equations are difficult to compute for general situations.
The equations simplify in some cases. For example, if we consider an untwisted
scroll ring the torsion is zero and φ is independent of the arc length. The equations
of motion become

Rt · n̂ = α6K , Rt · b̂ = α9K , φt = −α3K . (24.49)

As an example of this description consider scroll wave filaments in a three-
dimensional excitable medium with a spherical shape obeying FitzHugh–Nagumo
kinetics. As shown in Fig. 24.10, a scroll wave filament initiated in the interior
of the sphere quickly adopts the form of a segment of a ring with ends attached
to the sphere surface (see Chavez et al., 2001). The filament segment (densely
plotted black points) within the spherical medium with radius R lies on a circle
with radius ρ. For a ring we have Rt · n̂ = α6K = α6/ρ, and from this equation
the length of the filament as a function of time can be computed. The result is

ρ(t) = R
(
e2α6(tf−t)/R2 − 1

)1/2
, (24.50)

where tf is the lifetime of the filament. This equation is able to describe the simu-
lation results. The effects of twist on scroll wave filaments have also been analyzed
in some detail in terms of such ribbon models for the dynamics (Echebarria et al.,
2006).

Scroll wave filaments can also undergo bifurcations. For example, if the coeffi-
cient α6 is negative for some values of the parameters, a filament ring will grow
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Fig. 24.10. (a) A shrinking ring segment of filament in a sphere of excitable
FitzHugh–Nagumo medium (densely plotted black points); (b) the time evolution
of the length of the filament obtained from a simulation of the reaction–diffusion
equation compared with the theoretical prediction.

Fig. 24.11. Three-dimensional reconstruction of an expanding and buckling scroll
ring with negative tension in an excitable medium. Two-dimensional projections
are also shown. Reprinted Figure 3 with permission from Bánsági and Steinbock
(2007). Copyright 2007 by the American Physical Society.
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instead of shrinking and may develop transverse instabilities. An example of an
expanding and buckling scroll ring in the Belousov–Zhabotinsky reaction is shown
in Fig. 24.11. Other experimental studies have been carried out by Luengviriya et al.
(2008). Simulations of expanding scroll rings in some excitable medium models
show that they grow to fill the volume with a highly contorted filament that does not
self-intersect, leading to what has been termed filament turbulence (Biktashev et al.,
1994; Henry and Hakim, 2000, 2002;Alonso et al., 2004). Filament turbulence may
play a role in processes such as cardiac fibrillation (Panfilov, 1999; Fenton et al.,
2002; Clayton and Holden, 2004; Clayton et al., 2006).
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Oscillatory media and complex
Ginzburg–Landau equation

Thus far we have considered systems which evolve to equilibrium or are in nonequi-
librium steady states. Under far-from-equilibrium conditions a number of other
types of attracting state may arise. In this chapter we consider situations where
stable steady states lose their stability in a Hopf bifurcation leading to stable limit
cycle oscillations. In such situations a generic model for the dynamics is the complex
Ginzburg–Landau (CGL) equation,

∂A

∂τ
= A− (1 + iα)|A|2A+ (1 + iβ)∇2A. (25.1)

Here A(x, τ) is a complex amplitude field or order parameter that depends on
position x and time τ and specifies the slow modulation of the envelope of the
oscillatory pattern. The assumptions of slow modulation in space and time and
weak nonlinearity that are used in the derivation of the CGL equation apply in
many physical circumstances, giving this equation a wide domain of applicability.
It has been found to describe a variety of wave and pattern formation phenomena
in diverse systems, and has been the subject of frequent study. Reviews (Cross
and Hohenberg, 1993; Newell et al., 1993; Aranson and Kramer, 2002) and books
(Kuramoto, 1984; Pismen, 1999, 2006) have been devoted to its properties and
solutions.

The CGL equation has a long history, and many important contributions
have been made to its development. Its origins lie in the work of Landau
(1937) on phase transitions, where the free energy was expanded in terms of
the order parameter, in models for superconductivity by Ginzburg and Landau
(1950) and Stuart (1960) on pattern-forming instabilities (see also Chapter 5).
Derivations of complex amplitude equations can be found in Newell and
Whitehead (1971).

232



25.2 Complex Ginzburg–Landau equation 233

25.1 Hopf bifurcation

It is useful to review the properties of an Andronov–Hopf bifurcation before
considering the derivation of the complex Ginzburg–Landau equation (Nicolis,
1995; Hoyle, 2006). Consider an ordinary differential equation ċ = f(c,μ) that
depends on a parameterμ and has an equilibrium solution c0(μ) forμ nearμ0. Sup-
pose the Jacobian matrix has one pair of complex conjugate eigenvalues that become
pure imaginary when μ = μ0. Then, as μ passes through μ0, the equilibrium
solution changes stability and a unique limit cycle bifurcates from it.

For two variables, this system of ordinary differential equations is topologically
equivalent to the normal form,

ċ1 = (μ− μ0)c1 − c2 + γ c1(c
2
1 + c2

2),

ċ2 = c1 + (μ− μ0)c2 + γ c2(c
2
1 + c2

2). (25.2)

Analysis of this set of equations shows that if γ = −1 the equilibrium at the origin
is asymptotically stable for (μ − μ0) ≤ 0 and unstable for (μ − μ0) > 0. A
unique stable limit cycle exists for (μ−μ0)> 0 with radius (μ−μ0)

1/2. The Hopf
bifurcation is supercritical. If γ = +1 the equilibrium at the origin is asymptotically
stable for (μ− μ0) < 0 and unstable for (μ− μ0) > 0. There is an unstable limit
cycle for (μ− μ0) > 0. The Hopf bifurcation is subcritical.

25.2 Complex Ginzburg–Landau equation

The reduction of a reaction–diffusion equation near a Hopf bifurcation point to the
CGL equation was carried out by Kuramoto and Tsuzuki (1976) and Kuramoto
(1984). In this approach, the focus is on a chemically reacting medium near a Hopf
bifurcation point where a steady-state attractor (focus) loses its stability and a limit
cycle is born. The system is described by a reaction–diffusion equation,

∂c
∂t

= R(c,μ)+ D∇2c. (25.3)

Here, as usual, R is the reaction rate, which depends on local chemical concentra-
tions and a set of parameters μ. The matrix D of diffusion coefficients is assumed
to be diagonal. We suppose that Eq. (25.3) has a spatially independent steady state
c0 determined from the solution of R(c0,μ) = 0.

Using the notation introduced above, the supercritical Hopf bifurcation is
assumed to occur at μ=μ0, and a stable limit cycle emerges for μ>μ0. Its ampli-
tude grows as (μ − μ0)

1/2 while the relaxation time to the limit cycle scales as
(μ−μ0). Thus, it is convenient to define the small parameter λ by λ = (μ−μ0)

1/2,
where μ − μ0 gauges the distance from the Hopf bifurcation point μ0. By intro-
ducing the scaled distance and time variables x = λr and τ = λ2t , respectively,
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we may determine the form of the reaction–diffusion equation which is valid on the
long distance and time scales that characterize the behavior near the Hopf point.

To this end, we seek a solution of the form

c(x, t) =
∞∑
k=0

λkck(x, t , τ), (25.4)

where the ck are bounded functions in t . The reaction term is expanded in a double
Taylor series,

R(c, λ) =
∑
m,n

(m!n!)−1λ2mRmn � (c − c0)
n. (25.5)

In this equation � again stands for tensor contraction (see Chapter 23). The tensor
Rmn is defined as

Rmn =
(
∂m

∂λm

(
δnR
δcn

)
c0

)
μ0

. (25.6)

In order to obtain the CGL equation, we insert these expressions into Eq. (25.3),
along with the replacement D · ∇2

r c(r, t) = λ2D · ∇2
x c(x, t , τ). Noting that ∂/∂t →

∂/∂t + λ2∂/∂τ and collecting terms in powers of λ, we obtain, for the first three
orders in λ,

λ : ∂tc1 = R01 · c1, (25.7)

λ2 : ∂tc2 = R01 · c2 + 1

2
R02 � c1c1, (25.8)

λ3 : ∂tc3 + ∂τ c1 = R01 · c3 + R02 � c1c2 + 1

6
R03 � c1c1c1

+ R11 · c1 + D∇2c1, (25.9)

with similar expressions for contributions that are higher order in λ.
At a supercritical Hopf bifurcation point, R01 ≡ M has a pair of purely imaginary

eigenvalues ±iω0. Let a and a†, respectively, be the right and left eigenvectors of
the matrix M corresponding to the eigenvalue iω0,

(iω0 − M)a = 0, a†(iω0 − M) = 0. (25.10)

The solution of the order-λ equation (25.7) is

c1(x, t , τ) = C(x, τ)aei(ω0t+φ(x,τ)) + c.c., (25.11)
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plus decaying terms that have been neglected. Here c.c. stands for the complex
conjugate of the expression that precedes it. The real functions C(x, τ) and φ(x, τ)
are as yet unknown. To solve the order-λ2 equation (25.8), we substitute the solution
for c1 into this equation and write c2 as

c2 = C̄aei(ω0t+φ̄) + b0C
2 + b2C

2e2i(ω0t+φ) + c.c., (25.12)

where b0 and b2 are complex constant vectors, and C̄ and φ̄, which are real functions
of x and τ , are to be determined later. We find

b0 = −1

2
M−1R02 � aa∗ (25.13)

and

b2 = 1

2
(2iω0I − M)−1R02 � aa. (25.14)

Finally, substituting the solutions for c1 and c2 into the order-λ3 equation (25.9),
we find

(∂t − M)c3 = f , (25.15)

where

f = ei(ω0t+φ)
{

− (Cτ + iCφτ )a + CR11 · a

+ [(∇2C − C(∇φ)2 + i(2(∇C) · (∇φ)+ C∇2φ)]D · a

+C3[R02 � (ab0 + ab∗
0 + a∗b2)+ 1

2
R03 � aaa∗]

}
+ c.c. + nonsecular terms. (25.16)

To simplify the equation we use the fact, deduced from Eq. (25.15), that

a†(∂t − M)c3 = (∂t − iω0)a†c3 = a†f . (25.17)

If we average this equation over one period of the oscillation, we find the relation∫ 2π/ω0

0
dte−iω0t (∂t − iω0)a†c3 =

∫ 2π/ω0

0
dte−iω0ta†f = 0, (25.18)

since the integral by parts of the first term is zero. We may now multiply Eq. (25.16)
by a† from the left, integrate over a period, and use Eq. (25.18) to obtain equations
of motion for the unknown functions C(x, τ) and φ(x, τ). If we define

D = a†D · a, ν = a†R11 · a, (25.19)
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and

σ = −a†R02 � {ab0 + ab∗
0 + a∗b2} − 1

2
a†R03 � aaa∗, (25.20)

the equations of motion take the form

Cτ = (∇2C − C(∇φ)2)DR − (2(∇C) · (∇φ)+ C∇2φ)DI

+CνR − C3σR + higher-order terms, (25.21)

Cφτ = (∇2C − C(∇φ)2)DI + (2(∇C) · (∇φ)+ C∇2φ)DR

+CνI − C3σI + higher-order terms. (25.22)

The real and imaginary parts of the complex coefficients are defined by νR = �(ν),
νI = �(ν), σR = �(σ ), σI = �(σ ), DR = �(D), and DI = �(D).

The CGL equation may be written in the standard form given in Eq. (25.1)
by scaling space, time, and the variables as: τ = τ ′/νR , r = r′(DR/νR)

1/2,
C = C′(νR/σR)1/2, and φ = φ′ − νI τ ′/νR . The parameters in Eq. (25.1) are given
by α = σI/σR and β = DI/DR . In terms of these scaled variables we obtain

Cτ = (∇2C − C(∇φ)2) (25.23)

− (2(∇C) · (∇φ)+ C∇2φ)β + C − C3,

Cφτ = (∇2C − C(∇φ)2)β (25.24)

+ (2(∇C) · (∇φ)+ C∇2φ)− C3α.

Finally, letting A = Ceiφ be a complex amplitude, we can write this pair of
equations as the complex Ginzburg–Landau equation (25.1). In general, the CGL
equation cannot be written in terms of a free energy functional. However, if
α = β = 0, so that the coefficients are real, the CGL equation reduces to the
Ginzburg–Landau equation of model A discussed earlier in Chapter 5.

In some circumstances the amplitude field is essentially constant in space and
time, while the system displays substantial variations in the phase. In this case
we can reduce the CGL equation to an evolution equation for the phase alone. To
determine the form of the phase equation we begin with Eqs. (25.23) and (25.24)
and suppose thatC varies slowly in space and time in comparison with the variations
that occur in the phase field. In this limit we may adiabatically eliminate C from
Eq. (25.24) to obtain

φτ = (1 + αβ)∇2φ + (α − β)(∇φ)2 − 1

2
α2∇4φ, (25.25)

which is just the Kuramoto–Sivashinsky equation discussed in Chapter 19 in con-
nection with transverse front instabilities. This equation describes the diffusive
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dynamics of the phase, provided (1 + αβ)> 0. If (1 + αβ)< 0 diffusion is desta-
bilizing, and the fourth-order gradient term is responsible for the saturation of
the instability. As in the case of front dynamics, in this regime the Kuramoto–
Sivashinsky equation exhibits spatiotemporal chaotic dynamics associated with
phase turbulence, which will be discussed in Section 25.4.

25.3 Stability analysis of CGL equation

25.3.1 Homogeneous limit cycle

We begin the discussion of the stability of various solutions of the CGL equation
with an examination of the response of the homogeneous limit cycle to both homo-
geneous and inhomogeneous perturbations. In the absence of spatial gradient terms,
the CGL equation (25.1) has a limit cycle solution, A = exp(−iατ). The stability
of this solution to radius and phase perturbations is easily carried out by considering
the linearized forms of Eqs. (25.23) and (25.24) for the deviations δC = C− 1 and
δφ = φ + ατ , (

δCτ

δφτ

)
=
( ∇2 − 2 −β∇2

β∇2 − 2α ∇2

)(
δC

δφ

)
. (25.26)

Assuming C(x, τ) ∼ eωτ eik·x in this set of linearized equations, one may compute
the dispersion relation to find

ω2 + 2ω(1 + k2)+ k2(2 + k2)+ βk2(2α + βk2) = 0. (25.27)

From an analysis of this dispersion relation it follows that the homogeneous limit
cycle is stable to inhomogeneous perturbations provided 1 + αβ > 0. This is the
Benjamin–Feir condition.

25.3.2 Plane wave solutions

Consider a plane wave of the form

A
p
q = ρqe

i(q·r−ωqτ). (25.28)

After substitution of this form into the CGL equation (25.1), one may verify that
plane waves are solutions provided the following relations are satisfied:

ρq = (1 − q2)1/2, ωq = α + q2(β − α). (25.29)

To study the stability of these solutions we write

A = A
p
q + hei(q·r−ωqτ), (25.30)
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and linearize the CGL equation in h. The result is

∂h

∂τ
=
{
−(1 + iα)(1 − q2)+ 2(1 + iβ)iq · ∇ + (1 + iβ)∇2

}
h

− (1 + iα)(1 − q2)h∗. (25.31)

A similar equation may be written for h∗, the complex conjugate of h. Fourier
transformation of this pair of equations and evaluation of the secular determinant
yields the dispersion relation,

λ2 + 2
{
1 − q2 + k2 − i2βq · k

}
λ+ (1 + β2)

{
k4 − 4(q · k)2

}
+ 2(1 − q2)

{
k2(1 + αβ)+ i2(α − β)q · k

} = 0. (25.32)

This dispersion relation may be solved for λ as a power series in k to obtain

λ = i2(β − α)(q · k̂)k − dpk
2 + O(k3), (25.33)

where

dp ≡ 1 + αβ − 2(1 + β2)
(q · k̂)2

(1 − q2)
. (25.34)

The plane wave solutions will be stable to long wavelength perturbations provided
dp > 0. This is the Eckhaus stability criterion. The Eckhaus instability may have
a convective character since the unstable modes have a nonzero group velocity,
vg = 2(β − α)(q · k̂), if α �= β. This will be the case if the growing perturbation
to the plane wave drifts sufficiently rapidly so that growth does not occur at a
fixed position. The instability is absolute if localized perturbations grow at a fixed
position.

The notions of convective and absolute instabilities can be placed in a more gen-
eral context (Sandstede and Scheel, 2000). In unbounded domains, if perturbations
grow in time at every point in the domain, the instability is absolute. In a convective
instability, perturbations decay locally at every point in the domain and the growing
perturbation is “convected” to infinity. Note that this distinction between absolute
and convective instabilities depends on the choice of the coordinate system since
in a moving frame a convective instability can become an absolute instability.

Usually simulations and experiments are carried out on bounded domains, and
this introduces new features since waves may be reflected at the boundary. It is useful
to introduce the concepts of essential and absolute spectra. Letting ω and ν be the
temporal and spatial eigenvalues of the problem, the essential spectrum is the set
of all ω for which one of the spatial eigenvalues ν is pure imaginary. The absolute
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spectrum is the set of all ω for which the spatial eigenvalues ν have the same
real part. As the domain size tends to infinity all but possibly a fixed number of
discrete eigenvalues will converge to the absolute spectrum. Thus, all eigenvalues
of the partial differential equation on the bounded domain are close to the absolute
spectrum.

Wave patterns on the unbounded domain are unstable when their essential spec-
trum extends into the right half-plane. Wave patterns that have unstable essential
and absolute spectra are absolutely unstable. Patterns with an unstable essential
spectrum but a stable absolute spectrum are only convectively unstable.

25.4 Spatiotemporal chaos

The CGL equation possesses a variety of coherent structures that often lead to
complicated spatiotemporal states. In the remainder of this chapter we consider
such states for one-dimensional systems. One of the simplest coherent structures
that has been studied extensively is the Nozaki–Bekki hole (Nozaki and Bekki,
1984) corresponding to a sink solution for a special choice of wavenumbers. The
hole solution, characterized by a sharp decrease in the amplitude |A|, moves with
velocity v and emits plane waves (Fig. 25.1). The hole solutions are not stable to
modifications of the CGL equation arising from the addition of higher-order terms.
If several hole solutions exist they are separated by shocks where wave fronts
collide. Complicated dynamics, which is akin to the dynamics of a collection of
interacting particles, can arise from the motions of the holes and their interactions
(Chaté and Manneville, 1992; Stiller et al., 1995a, 1995b).

X

A

Fig. 25.1. Plot of |A| versus x showing a Nozaki–Bekki hole solution of the CGL
equation and its accompanying shock. Reprinted Figure 5 with permission from
Aranson and Kramer (2002). Copyright 2002 by the American Physical Society.
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Fig. 25.2. Phase diagram of the one-dimensional CGLequation showing regions of
defect/amplitude (defect-mediated) turbulence, phase turbulence, spatiotemporal
intermittency and bichaos. These regions are delimited by lines L1, L2, and L3.
The Benjamin–Feir (BF) line is also shown. The choice of abscissa and ordinate
arises from the different parametrization of the CGL equation. Reprinted from
Chaté (1994), with permission of the Institute of Physics.

The approximate phase diagram of the CGL equation is shown in Fig. 25.2 and
indicates where various types of spatiotemporal behavior are observed. The regions
in the phase diagram include phase turbulence, defect-mediated turbulence, bichaos,
and spatiotemporal intermittency.

Two prominent spatiotemporal patterns exhibited by the CGL equation are
phase and defect turbulence (Sakaguchi, 1990; Shraiman et al., 1992; Egolf and
Greenside, 1995). As one enters the Benjamin–Feir unstable regime the CGL
equation displays phase turbulence where the amplitude field |A| varies weakly
in space and time and remains close to its saturation value. The spatiotemporal
chaos in this regime is characterized by the absence of defects where the ampli-
tude field vanishes. A space–time plot of the dynamics in this regime is shown in
Fig. 25.3. One can see that the dynamics is dominated by shocks in the |A| field that
propagate in space and time. Close to the BF line the full CGL dynamics may be
reduced to a Kuramoto–Sivashinsky equation (25.25) for the phase variable alone,
as discussed in Section 25.2.
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Fig. 25.3. (a) Space–time plot of |A| in the phase turbulent regime. The CGL
parameters are α = −4/3 and β = 1. (b) Space–time plot of |A| in the regime of
spatiotemporal intermittency. The CGL parameters are α = −1.43 and β = 0.5. In
both figures the abscissa is space and the ordinate time, with time running upward
in the figure. Reprinted from Chaté (1994), with permission of the Institute of
Physics.

Defect-mediated turbulence is observed in the parameter domain roughly delim-
ited by the L1 and L3 lines determined by Shraiman et al. (1992). In this regime,
as the name implies, there are a finite number of defects where |A| = 0 and phase
slips occur in the phase field. The defects are spontaneously created and destroyed,
so that while the number of defects fluctuates, a constant mean number persists in
the system. The nature of the transition and location of the precise boundary sepa-
rating phase and defect chaos is difficult to determine since rare defect-nucleation
events cannot be determined easily in simulations. This question has been addressed
recently by Brusch et al. (2000).

The spatiotemporal dynamics in the intermittency region of the phase diagram
is shown in Fig. 25.3. Intermittency is characterized by the existence of laminar
domains where plane waves are found, separated by regions of localized structures
where |A| is very small and which move in a complicated manner. By contrast, in the
bichaos regime the “laminar” domains correspond to regions of phase turbulence.
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Spiral waves and defect turbulence

Spiral and scroll wave solutions were shown to be prominent wave patterns in
two- and three-dimensional excitable media. Such solutions also exist in oscillatory
media and are found in a large parameter domain of the complex Ginzburg–Landau
equation, as shown in Fig. 26.1 (Rousseau et al., 2008). In this chapter we discuss
these spiral wave solutions and describe some of their special characteristics for
oscillatory media near the Hopf bifurcation point. While explicit solutions of this
type for the CGL equation can be determined only by matched asymptotic expan-
sions or numerical methods, in polar coordinates (r , θ) these solutions take the
general form

As(r , θ , t) = F(r)ei[ωsτ−σθ+ψ(r)], (26.1)

with ωs = −α + (α − β)k2
s . Here F(r) and ψ(r) are two real functions whose

asymptotic forms for large and small r may be determined by substitution into the
CGL equation. The limiting forms are

limr→∞F(r) =
√

1 − k2
s , F(r) ∝ r when r → 0, (26.2)

and

ψ(r) � ksr when r → ∞, ψr(r = 0) = 0. (26.3)

The asymptotic wave number of the spiral waves is ks. At the center or core of the
spiral wave the amplitude vanishes, and the phase is undefined. The line integral
of the gradient of the phase along a closed curve encircling the core gives the
topological charge σ of the spiral (Mermin, 1979),∮

∇φ(r, t) · dl = 2πσ . (26.4)

242
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b

a

Fig. 26.1. Phase diagram for the two-dimensional complex Ginzburg–Landau
equation, showing the parameter region in which stable spiral wave solutions
are found. The Eckhaus (EK) and Benjamin–Feir (BF) lines are also shown in the
figure.

In two space dimensions, the spiral solution with topological charge σ = ±1
plays a dominant role since solutions with higher topological charge are unstable
(Hagan, 1982).

26.1 Core instability

Spiral waves in oscillatory media can develop instabilities that lead to complex
spatiotemporal structures. In certain parameter regions the spiral core no longer
remains stationary and instead accelerates. This instability occurs when β is large
so that dispersion dominates over diffusion. In this regime it is convenient to rescale
positions by replacing r by r

√|β| so that the CGL equation takes the form (Aranson
and Kramer, 2002)

∂A

∂τ
= A− (1 + iα)|A|2A+ (ε + i)∇2A, (26.5)

where ε = 1/|β|. For ε = 0 this equation supports a family of spiral waves,

Aas(r , θ , t) = F(r ′) exp

(
i

[
ω′

sτ − σθ + ψ(r ′)+ 1

2
r′ · v

])
, (26.6)

moving with arbitrary velocity v where r′ = r + vτ and ω′
s = ωs − v2/4. For

nonzero ε these solutions develop a slowly varying velocity. Consequently, as β
increases to sufficiently large values, the core of the spiral moves. This core motion
is the analog of meandering seen in excitable systems, which was discussed in
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Fig. 26.2. Phase diagram showing the stability of spiral wave solutions to the core
instability (CI) of the two-dimensional CGL equation (heavy line with diamonds).
The oscillatory range (OR), Eckhaus instability (EI) and strong turbulence (ST)
regimes are indicated. Reprinted Figure 13 with permission from Aranson and
Kramer (2002). Copyright 2002 by the American Physical Society.

Chapter 24. In contrast to excitable media, for CGL spirals the instability giving
rise to the core motion does not saturate, and the core continues to accelerate as it
moves.

The stability of CGL spirals to the core instability has been determined numer-
ically, and the results are summarized in the phase diagram in Fig. 26.2. Complex
spatiotemporal states with distinctive characteristics exist within the core-unstable
region for large β, and are delimited by the lines OR, EI, and ST in this figure.

Apart from the core instability, CGLspirals may undergo other instabilities. Spiral
waves may be stable on large bounded domains, even though they are unstable
on unbounded domains due to an unstable essential spectrum. The transition from
convective to absolute instability causes the spiral to break up. Spiral-wave breakup
can occur in either the far field or the core of the spiral wave (Bär and Or-Guil,
1999; Brusch et al., 2000; Sandstede and Scheel, 2000).

26.2 Defect-mediated turbulence

Weakly driven dissipative pattern-forming systems often exhibit spatiotemporal
chaos in the form of defect-mediated turbulence. In such turbulent states the dynam-
ics of a pattern is dominated by the rapid motion, nucleation, and annihilation of
point defects or vortices (Coullet et al., 1989). Examples can be found in striped
patterns in wind-driven sand, electroconvection in liquid crystals (Rehberg et al.,
1989), nonlinear optics (Ramazza et al., 1992), fluid convection (Morris et al., 1993;
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Fig. 26.3. Defect-mediated turbulence in the BZ reaction. (a) Spatial structure
close to the instability; (b) fully developed spatiotemporal turbulence. The con-
trol parameter is the concentration of H2SO4 in the feed reactor. Reprinted
by permission from Ouyang and Flesselles (1996). Copyright 1996 Macmillan
Publishers Ltd.

Daniels and Bodenshatz, 2002), cardiac tissue (Davidenko et al., 1992), and
Langmuir circulation in the oceans (Haeusser and Leibovich, 1997), to name only
a few. Defect-mediated turbulence has also been observed in experiments on the
BZ reaction (Ouyang and Flesselles, 1996). Figure 26.3 shows a chemical pattern
near the onset of the instability giving rise to spatiotemporal turbulence. Note that
small, well-defined spirals can still be seen embedded in a sea of turbulent dynam-
ics. Well beyond the instability one sees fully developed turbulence. These results
suggest that the dynamics of these very different systems can be characterized by
a universal description which is based only on the defect dynamics.

Since the CGL equation provides a generic description of an oscillatory medium,
detailed studies of defect-mediated turbulence have been carried out for this system.
Figure 26.4 shows the CGL system in the defect-mediated turbulence regime and
illustrates distribution of spiral defects in the turbulent dynamics described above.

In the defect-mediated turbulent state the average number of defect pairs is
fixed but their instantaneous number fluctuates around a statistically stationary
value (Fig. 26.5). Assuming the creation and annihilation of defect pairs occur in a
statistically independent fashion, a simple model for the probability distribution of
the number of defect pairs at time t , p(n, t), was constructed by Gil et al. (1990).
The master equation describing the pair-number probability density is

∂p(n, t)

∂t
= c(n− 1)p(n− 1, t)+ a(n+ 1)p(n+ 1, t)

− (c(n)+ a(n))p(n, t), (26.7)
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Fig. 26.4. Defect-mediated turbulence in the CGLequation. (a) The phase, arg(A),
as gray shades; (b) the amplitude, |A|, with a similar color coding. Topological
defects can be identified as points in the phase field around which one finds all
shades of gray. The amplitude exhibits a random spatial pattern.

Fig. 26.5. Number of defects as a function of time for the CGL equation with
parameters α = 2.0 and β = −0.85. Reprinted Figure 1 with permission from Gil
et al., 1990. Copyright 1990 by the American Physical Society.

where c(n) and a(n) are the creation and annihilation rates of defect pairs. The
stationary solution of the master equation leads to the recursion relation,

p(n) = c(n− 1)

a(n)
p(n− 1). (26.8)

Assuming that the creation rate is constant, c(n) = c, and that the annihilation rate
is determined by a binary collision process so that a(n) = a0n

2 with a0 a constant,
the solution of this equation is a squared-Poissonian distribution,

p(n) ∝ (c/a0)
n

(n!)2 . (26.9)
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The prediction that the probability density is a squared-Poissonian distribution has
been verified both in simulations of the CGLequation and in experiments on systems
exhibiting defect-mediated turbulence.

In experimental studies of defect-mediated turbulence, effects arising from
defects entering and leaving through the boundaries must be taken into account.
Such boundary effects can alter the defect creation and annihilation rates that enter in
the master equation model. Boundary effects have been accounted for in the study of
defect-mediated turbulence in inclined-layer convection (Daniels and Bodenschatz,
2002). Including these boundary effects in the master equation model led to a
modified Poissonian distribution that was able to describe the experimental data.

26.3 Other spatiotemporal states

In addition to defect-mediated turbulence, a number of other spatiotemporal states
have been observed in simulations of the CGL equation and related reaction–
diffusion models in two spatial dimensions. In particular, the analogs of phase
turbulence and spatiotemporal intermittency as well as glassy vortex states, shown
in Fig. 26.6, have been studied (Brito et al., 2003; Chaté and Manneville, 1996).
In the vortex glass, spirals grow from random initial conditions to fill the entire
periodic domain. The spirals occupy cells whose boundaries are shock lines where
spiral wave fronts collide. Such glassy states have very long lifetimes.Adescription
of many of these states is given in Aranson and Kramer (2002).

Fig. 26.6. (a) Nucleation of spirals from random initial conditions. (b) After
a transient, a vortex glassy state is formed. The amplitude field |A| is shown.
Reprinted from Chaté and Manneville (1996). Copyright 1996, with permission
from Elsevier.
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26.4 Scroll wave solutions

Just as in excitable media, scroll wave solutions of the CGL oscillatory medium
exist in three-dimensional systems. Following the development in Chapter 24, it is
useful to focus on the dynamics of the singular filament that corresponds to the core
of the scroll wave. We again assume that the filament of the scroll wave is described
by the space curve R(s, t), parameterized by the arc length. We adopt a coordinate
system similar to that used in Chapter 24, where any point X in the vicinity of
filament can be written as X(s, u, t) = R(s, t)+u1n̂(s, t)+u2b̂(s, t), where n̂(s, t)
and b̂(s, t) are the normal and binormal, respectively. Here u = (u1, u2). The
tangentdR(s)/ds = t̂(s), normal, and binormal satisfy the Frenet–Serret equations,
d t̂/ds = Kn̂, dn̂/ds = −K t̂ + τ b̂, and db̂/ds = −τ n̂, where τ is the torsion.

Employing the methods discussed in Chapter 24, Frenet–Serret equations can be
used to reduce the CGL equation to an equation of motion for the filament. Such
an analysis was carried out by Gabbay et al. (1997), who obtained the filament
equations,

n̂ · Rt = −(1 + β2)K , b̂ · Rt = 0, (26.10)

where β is the parameter appearing in the CGL equation. This equation is valid in
the regime where the radius of curvature of the filament is much larger than the
filament core radius. Apart from a straight filament, one of the simplest geometries
to investigate is a closed circular filament with radius R and no phase twist. In this
case Eq. (26.10) reduces to

dR(t)

dt
= −(1 + β2)

1

R(t)
. (26.11)

The solution of this equation is R2(t) = R2(t0) − 2(1 + β2)(t − t0). Thus, the
curvature-driven dynamics causes the square of the radius of the filament to contract
linearly with time.

Equation (26.10) breaks down if β is large, and this breakdown was investigated
by Aranson et al. (1998). By carrying out an asymptotic expansion for ε � 1 of
the CGL equation in the form given in Eq. (26.5) used in the analysis of the core
instability, an equation of motion for the filament that includes inertial terms may
be obtained, and is given by

dv
dt

= −K̂(εv −Kn), (26.12)

where v is the velocity of the filament and K̂ is a friction term that appears in the
analysis of the 2d core instability. Since the velocity may vary along the filament,
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Fig. 26.7. Time evolution of a vortex ring undergoing a filament instability that
bends and stretches the ring. Reprinted Figure 6 with permission from Aranson
et al., 1998. Copyright 1998 by the American Physical Society.

the acceleration term can cause an instability which will lead to stretching and
bending of the filament. An example of such an instability for a vortex ring is
shown in Fig. 26.7.

26.5 Twisted filaments

Since the scroll wave filament can be described by a ribbon curve when the phase
field is taken into account, we can consider what may happen when a twist is
applied to the phase field (Gabbay et al., 1997; Nam et al., 1998; Rousseau et al.,
1998). In physical situations twist may arise from gradients or inhomogeneities in
the medium. For scroll rings or periodic boundary conditions the ribbon curve is
closed, and White’s theorem (White, 1969),

Lk = Tw + Wr = Twf + Twr + Wr, (26.13)

is applicable. This equation expresses the conservation law relating various topo-
logical quantities characterizing the ribbon curve. The (integer) link number Lk rep-
resents half of the sum of signed crossings of the two ribbon boundaries. The twist,

Tw =
∮
τ(s)ds +

∮
(dϕ/ds)ds ≡ Twf + Twr, (26.14)

which is again decomposed into the twist of the filament Twf and the ribbon twist
Twr, is the number of times the phase field is wrapped around the binormal along
the curve. The writhe

Wr = 1

4π

∮ ∮
(t̂(t)× t̂(s)) · (R(t)− R(s))

|R(t)− R(s)|3 dtds (26.15)

quantifies the nonplanarity of the filament curve.
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(a) (b)

Fig. 26.8. Helical (a) and superhelical (b) vortex filaments in large CGLoscillatory
media.

Consider the region of parameter space where the spiral solution is linearly stable,
which implies stability of the core and at least absolute stability of the plane wave
of wavenumber ks(α,β). In a finite box of height Lz along z which is periodic
in z, as long as the filament is unbroken, the link number is conserved, and the link
density γ is quantized by the box size,

Lk = 2π nt = γLz. (26.16)

Here nt is the number of times the phase winds around the filament curve. If the
filament is straight, the Frenet frame is degenerate. The writhe is zero, and one can
choose to have Twf = 0 and Lk = Twr, so that γ can also be seen as the (initial)
phase twist density. The conservation of the total link requires one to consider γ
as an extra parameter of the problem in addition to (α,β), the usual parameters of
the CGL equation.

Consider a straight, infinite filament oriented along the z axis, with a constant
link per unit length γ . The solution of the three-dimensional CGL equation for this
case may be expressed in cylindrical coordinates (r , θ , z) as

Af =
√

1 − γ 2F(r ′) exp
(
i[ωf t ± (θ + γ z)+ ψ(r ′)]) (26.17)

where r ′ = r
√

1 − γ 2 and ωf = ωs(1 − γ 2) − γ 2α, with ωs, F , and ψ given by
the 2d spiral solution (26.1).

We are interested in the stability of this solution. Three-dimensional simulations
of the CGL equation in a cylindrical box of heightLz and diameterLx = Ly which
is periodic in z illustrate what happens as the twist on the filament is increased. The
initial state corresponds to the phase-twisting the 2d spiral solution nt times along
the z axis. For a small link density, in a large region of the (α,β) plane, the initial
state quickly relaxes to solution (26.17): i.e. the system merely takes into account
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Fig. 26.9. Radius of the helix versus γ . The inset shows that R2 varies linearly
with γ consistent with a supercritical Hopf bifurcation.

the amplitude, wavenumber, and frequency corrections with respect to the 2d spiral
solution.

Increasing the link per unit length γ , the straight filament remains stable up to
some critical value γc. For larger γ values a helical deformation of the filament
occurs. The radius R of the helix grows and saturates at a finite value forming a
helical filament with wavelength λh, shown in Fig. 26.8 (Rousseau et al., 2008).
Note that γh ≡ 2π/λh �= γ . The radius of the helix may be used as an order
parameter for the bifurcation, and is plotted versus γ in Fig. 26.9 (Rousseau et al.,
1998). The frequency of the asymptotic (far field) waves also changes from ωf to
ωh. The helix itself rotates with constant angular velocity ω, and any point on it
moves along the z-axis at a constant velocity v = ω/γh. This velocity is just a
phase velocity: a localized perturbation merely diffuses; i.e. the group velocity is
zero. These results indicate that the straight filament has undergone a (supercritical)
Hopf bifurcation to traveling waves. The direction of propagation and rotation is
determined by the sign of γ , which breaks the z → −z parity symmetry.

The curvature and torsion of the helical solution are constant along the z axis:
K/(Rγh) = τ = γh/(1 + R2γ 2

h ). We then have

Twf

Lk
= γh

γ
− Wr

Lk
= γh

γ

√
1 + R2γ 2

h

, (26.18)
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and the ribbon twist is expressed as

Twr

Lk
= 1 − γh

γ
. (26.19)

A negative ribbon twist appears to “compensate” the torsion arising from the
instability. This helical bifurcation (termed sproing) was seen in excitable media
and analyzed in a similar way by Henze et al. (1990).

As the twist density increases, the helical filament undergoes a series of secondary
bifurcations to more complex coiled forms. A secondary Hopf bifurcation leads to a
supercoiled structure shown in Fig. 26.8. Far from the filament defect line, temporal
oscillations of the local field are characterized by three independent frequencies.
These are associated with a dominant local pulsation and amplitude modulations
related to the variation of the distance to the defect line, leading to two extra
frequencies for this superhelix solution.Avariety of other localized solutions, which
involve localized superhelical regions and long helical segments, exist in other
regions of the parameter space.
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Complex oscillatory and chaotic media

In the previous chapter generic features of spiral wave dynamics in oscillatory
media were described on the basis of the complex Ginzburg–Landau equation.
Spiral waves can also exist in complex oscillatory media where the local dynamics
can have period-doubled or even chaotic oscillations. In regimes where complex-
oscillatory behavior is found, the new feature that appears in spiral waves is a line
defect across which the phase of the oscillation changes by 2π . The presence of
line defects leads to spatiotemporal patterns not seen in media with simple local
oscillatory dynamics.

Complex periodic or chaotic oscillations do not have simple single-loop trajecto-
ries in concentration phase space. For example, a period-n limit cycle is described
by a period-n orbit that loops n times in concentration phase space before closing on
itself (see Fig. 27.1). In such circumstances no simple single-valued angle variable
may be introduced to play the role of the phase. It is often possible to generalize the
definition of phase, even for systems whose dynamics is chaotic, and this is related
to the phenomenon of phase synchronization (Rosenblum et al., 1997; Pikovsky
et al., 2001; Osipov et al., 2003).

A spiral wave is an example of a self-organized structure that is a result of phase
synchronization in a medium with complex local dynamics. Reaction–diffusion
equation studies (Goryachev and Kapral, 1996a, 1996b; Goryachev et al., 1998,
2000) and experiments (Yoneyama et al., 1995; Park and Lee, 1999, 2002; Guo
et al., 2004; Park et al., 2004) have demonstrated that spiral waves with synchroniza-
tion defect lines exist in spatially distributed systems that undergo period-doubling
bifurcations. An example of an experimental spiral wave with a line defect in the
Belousov–Zhabotinsky reaction is shown in Fig. 27.2. Spiral waves persist even if
the local dynamics is chaotic (Klevecz et al., 1991; Brunnet et al., 1994; Goryachev
and Kapral, 1996a; Zhan and Kapral, 2006). Line defects change the structure and
symmetry of spiral waves and influence the nature of the spatiotemporal dynamics
in media with complex-oscillatory local dynamics.

253
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Fig. 27.1. (a) A single-loop period-1 orbit for the Willamowski–Rössler model;
(b) the phase space trajectory for a period-2 limit cycle that makes two loops in
phase space before closing on itself.

Fig. 27.2. (a) (left) Spiral wave in the Belousov–Zhabotinsky reaction–diffusion
system; (right) the local dynamics is period-1. (b) Spiral wave in the period-2
regime with a line defect. Reprinted Figure 1 with permission from Park et al.,
2004. Copyright 2004 by the American Physical Society.

27.1 Spiral waves and line defects

In order to investigate the nature of spiral wave patterns in complex oscillatory
media we consider reaction–diffusion systems,

∂

∂t
c(r, t) = R(c(r, t))+D∇2c(r, t), (27.1)
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with reactive dynamics that display a period-doubling cascade to chaos. Most
simulations have been carried out on the Rössler (Rössler, 1976) and Willamowski–
Rössler (Willamowski and Rössler, 1980) models. Both of these models involve
three chemical concentrations c(r, t) = (cX, cY , cZ), and the corresponding
reaction rates are, respectively,

RR
X = −cY − cZ,

RR
Y = cX + AcY ,

RR
Z = cXcZ − CcZ + B, (27.2)

and

RWR
X = k1cX − k−1c

2
X − k2cXcY + k−2c

2
Y − k4cXcZ + k−4,

RWR
Y = k2cXcY − k−2c

2
Y − k3cY + k−3,

RWR
Z = −k4cXcZ + k−4 + k5cZ − k−5c

2
Z . (27.3)

In both cases, as a bifurcation parameter is changed, reaction–diffusion systems
with these reaction kinetic terms undergo a period-doubling bifurcation, although
the parameter value at which the bifurcation occurs differs in the PDE and ODE
systems. Furthermore, in these reaction–diffusion systems, only a finite number
of period-doubling bifurcations are seen before more complex spatiotemporal
dynamics appears.

Several features associated with period doubling of spiral waves complicate the
description of the nature of the bifurcation.Asimple spiral wave in a circular domain
may be viewed in a frame rotating with the period ω of the spiral. In such a frame
the spiral will appear stationary, and it constitutes a relative equilibrium state of the
system. As a consequence of the rotational symmetry, only saddle-node and Hopf
bifurcations are permitted, and the standard period-doubling bifurcation, which is
associated with a Floquet multiplier of −1, cannot occur. The symmetry arguments
are akin to those discussed in Chapter 24 for the meandering transition for spiral
waves. The most reasonable explanation for the spiral period-doubling bifurcation
is that it is a Hopf bifurcation where the Hopf frequency ωH is in 2:1 resonance
with the spiral frequency, so that ωH = ω/2. The full explanation of why the 2:1
resonance occurs and is generic was given by Sandstede and Scheel (2007).

In order to understand the nature of the line defect, first consider a spiral wave in
a simple oscillatory (period-1) medium. For such a period-1 oscillation the phase
variable is just the angle variable ϕ = arctan((cY − c0

Y )/(cX − c0
X)), where c0

X and
c0
Y are reference concentrations. The reference concentrations can be chosen to lie

near the unstable fixed point that gave rise to the oscillation in a Hopf bifurcation,
or in the interior of the planar projection of the limit cycle (see Fig. 27.1). The line
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integral of the gradient of the phase along the closed curve gives the topological
charge ±nt of the spiral, ∮

∇ϕ(r, t) · dl = ±2πnt . (27.4)

For a stable one-armed spiral nt = 1, and the phase is incremented by 2π along
such a closed curve.

Next, suppose a control parameter is changed and the local dynamics signals a
bifurcation from period 1 to period 2 where the period of the orbit doubles so that
T2 ≈ 2T1. In the period-1 regime the spiral wave has rotational symmetry such that
evolution in time through one period T1 corresponds to rotation through 2π of the
entire concentration field of the spiral about its center. Just beyond the bifurcation
point, where the period of the orbit doubles, one full rotation of the spiral no longer
restores the concentration field to its original value. Instead two spiral rotations
are required to restore symmetry. The reaction–diffusion medium is continuous in
space, so that when the closed path surrounding the defect is traversed one must
arrive at the starting value of the concentration. In view of the fact that it takes
two rotations of the spiral through an angle 2π to restore the entire concentration
field to its initial value, there must be an additional phase jump of 2π to satisfy
the continuity requirements. This phase jump of 2π occurs along a synchronization
line defect emanating from the spiral core. Figure 27.3 shows the change in the
spiral wave structure on both sides of the period-2 bifurcation point. When the
local dynamics is period-1, a simple spiral wave exists. In the period-2 regime,
the spiral wave has a synchronization line defect.

The nature of the synchronization line defect can be seen by examining the
structure and transformations of local trajectories in phase space as the line defect
is crossed. The phase space trajectories at five spatial points along an arc that crosses
the line defect are shown in Fig. 27.4. As the arc is traversed, the larger, outer loop
of the local orbit constantly shrinks while the smaller, inner loop grows. On the
line defect both loops merge and then pass each other, exchanging their positions
in phase space. Since the entire loops coincide in phase space on the line defect, the
local oscillation is effectively period-1 on this line while it is period-2 elsewhere
in the medium.

27.2 Archimedean spiral splay field and line defects

The splay state is a self-organized structure in a spatially distributed medium in
which all local oscillators execute identical periodic trajectories but with different
phases. In Chapter 25 we saw that the core region that surrounds the topolog-
ical defect in the complex Ginzburg–Landau equation is very small. Outside
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Fig. 27.3. Instantaneous images of the cZ(r, t) field showing spiral waves in
the Willamowski–Rössler reaction–diffusion system for two parameter values:
(a) k2 = 1.430 (period-1 regime) and (b) k2 = 1.510 (period-2 regime). The
other parameters are: k1 = 31.2, k−1 = 0.2, k−2 = 0.1, k3 = 10.8, k−3 = 0.12,
k4 = 1.02, k−4 = 0.01, k5 = 16.5, and k−5 = 0.5. (a) There is a single defect
point (spiral tip), indicated by a large star, for the period-1 spiral wave. (b) The
period-2 spiral has a line defect, which is superimposed on the pattern. Reprinted
Figure 1 with permission from Zhan and Kapral (2005). Copyright 2005 by the
American Physical Society.

Fig. 27.4. Loop exchange in local orbits in (cX, cY , cZ) phase space as the line
defect curve is crossed. First and second halves of an oscillation period are shown
by different line styles. Reprinted with permission from Goryachev and Kapral
(2000). Copyright 2000, American Institute of Physics.

the core the local dynamics asymptotically tends to a limit cycle attractor with
harmonic character. In this context, the spiral wave may be considered to be a
generalized splay state field where the phase space trajectories at all spatial points,
except those in the core region, have identical structure but differ in their phases.
Similar considerations apply to complex oscillatory media where the local dynam-
ics has a period-doubled or even chaotic character. The spiral waves discussed
above are Archimedean spirals, and for such waves the geometrical structure in
space and the dynamical behavior in time are related. We can view the system
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Fig. 27.5. Schematic picture of Archimedean spirals at times t (solid line) and t ′
(dashed line) with points A, B, and C used in the analysis.

as being in an Archimedean-spiral generalized splay state with the exception of a
small core region. The form of line defect can be determined using these ideas (see
Zhan and Kapral, 2005).

Given the Archimedean spiral structure, outside the core region the phase of
any point, or the lag time between any two spatial points, can be determined. An
Archimedean spiral (solid line) at time t is shown in Fig. 27.5. A point A on this
spiral is given by

rA = P

2π
(θA − θA0), (27.5)

whereP is the pitch, rA and θA (+∞ > θA > 0) are the polar coordinates of pointA,
and θA0 is the initial angle with respect to a reference axis that characterizes this
Archimedean spiral. Counterclockwise is chosen as the positive direction. Point B
lies on anotherArchimedean spiral (dashed line) at time t ′ (t ′ > t), and its equation is

rB = P

2π
(θB − θB0), (27.6)

where θB0 (θB0 �= θA0) is a different initial phase that characterizes the dashed
spiral. Since points A and B lie along the same radial vector, they have identical
polar angles (θB = θA). The only difference in the local dynamics between pointsB
and A is the lag time,

�tBA = (θB0 − θA0)
T

2π
= (rA − rB)

T

P
, (27.7)

which arises because their initial phases are different. For any pointC in the domain
with a polar angle θ that is different from that of A, the expression for the lag time
between C and A is

�tCA =
(
rA −

(
rc − P

2π
θ

))
T

P
, (27.8)

where the fact that points C and B have identical phases has been used.
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Fig. 27.6. Diagram showing the geometry used in the calculation. The pointA lies
on the line defect, and the heavy dashed arrow is tangent to the line defect at point
A. The perpendicular distances AB = AC = ξ . The angles are β = ∠DAC =
∠BAO and α = π/2 + β = ∠DAE.

Figure 27.6 shows a schematic representation of a portion of the line defect
for a system with period-2 oscillatory dynamics. At a point A on the line defect
the local dynamics is period-1. In the vicinity of the line defect there is a narrow
interfacial zone of width 2ξ that connects the period-2 regions on either side of the
line that differ in phase by 2π . Without loss of generality, the two points B and C
are at the same distance ξ away from the point A. The line BC is perpendicular
to the tangent to the line defect at point A. The lengths of the line segments are
AB = AC = ξ .

The lag time T (ξ) between points B and C is

T (ξ) =
(1

2
+ rC − rB

P
− θ1 + θ2

4π

)
T . (27.9)

PointsB andC are taken to lie in the period-2 region where the Archimedean spiral
splay field approximation is valid. Assuming that rA(rA = r), rB , rC � 1 and
θ1, θ2 � 1, rC − rB ≈ 2ξ cosβ, and θ1 + θ2 ≈ 2ξ

r
sin β, where β = ∠DAC =

∠BAO. We find

T (ξ) =
(1

2
+ 2ξ cosβ

P
− 2ξ sin β

4πr

)
T . (27.10)

Using the fact that the solution X of the equation a sinX + b cosX = c, where
a, b, and c are constants, can be written as sin (X + θ) = c(a2 + b2)−1/2 and
θ = arctan (b/a), we obtain

β = arctan

(
4πr

P

)
+ arcsin

(
T (ξ)/T − 1/2

2ξ
√
(1/P )2 + (1/4πr)2

)
. (27.11)
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It follows that α(r) = ∠DAE, the angle between the polar and tangent directions
of the line defect at A, is α(r) = π

2 + β = π
2 + α1 + α2, where

α1 = arctan

(
4πr

P

)
, α2 = arcsin

(
�

2
√
(1/P )2 + (1/4πr)2

)
. (27.12)

The equality between α and π/2 +β is independent of shifts in the direction of the
line BC around A (clockwise or counterclockwise). Here� = (T (ξ)/T − 1/2)/ξ
plays the role of an order parameter. While�(ξ) varies rapidly within the interfacial
zone surrounding the line defect, it tends to a nearly constant plateau value outside
the narrow zone. Consequently, α(r) does not depend strongly on ξ for values of ξ
lying outside the interfacial zone.

An equation for the line defect can be constructed from this information. If α
is the angle between the polar and the tangent directions of any curve expressed
in polar coordinates (r , θ), we have tan α = r/r ′, where r ′ = dr/dθ . Taking the
curve to be the line defect we obtain

θb = θa +
∫ b

a

1

r
tan α(r)dr , (27.13)

where θa and θb are polar angles at two points a and b on the line defect. Given
the position of the spiral tip and any point a on the line defect, we can determine
the location of any other point b on the line defect by performing the integral in
Eq. (27.13) using the knowledge of the functional form of α(r). Figure 27.7 shows

Fig. 27.7. (a) Comparison of the simulation results for the line defect for k2 =
1.510 (overlapping open circles) with the prediction of Eq. (27.13) (solid line,
obscured by the open circles). For the chosen parameters, T = 1.919, P = 33.5,
and� ≈ 0.0036. (b)Amagnification of a portion of the curve in panel (a), indicated
by a square, showing the comparison near the spiral tip. Reprinted Figure 7
with permission from Zhan and Kapral (2005). Copyright 2005 by the American
Physical Society.
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that the analytical formula is able to describe the shape of the line defect, even
rather close to the core where the splay field analysis begins to lose its validity.

27.3 Line defect dynamics and spiral core motion

A variety of interesting phenomena exist which are related to the existence of line
defects in systems with complex periodic and chaotic dynamics. The presence of
line defects in complex oscillatory media breaks the rotational symmetry of the
spiral wave. This broken symmetry gives rise to a generic mechanism for core
motion (Davidsen et al., 2004) that differs from the instabilities that cause the
nonsaturating core instability in simple oscillatory media (Chapter 25), and the
meandering instability in simple excitable media (Chapter 24). Such core motion
is predicted by the analysis of Sandstede and Scheel (2007).

Consider a single spiral for the Rössler reaction–diffusion system in a disk-
shaped domain with no-flux boundary conditions (Fig. 27.8). The spiral core moves,
albeit very slowly, taking typically several thousand oscillations to move by one
wavelength. After transients, the core moves ballistically at constant speed until it
encounters a boundary in a finite system, which influences its motion. The speed
v increases continuously and monotonically from the onset of motion at the period-2
bifurcation point, C2 ≈ 3.03, for the Rössler system. The velocity has a power law
form v ∼ (C−C2)

3/2. The angleα between the direction of motion and the attached

Fig. 27.8. (a) Instantaneous image of the scalar field�cz(r, t) = 1/τ
∫ τ

0 |cz(r, t+
t ′)−cz(r, t+t ′+τ)|dt ′ with τ = 5.95 in the period-2 regime of the Rössler system
for A = B = 0.2, C = 3.5, and D = 0.4. A line defect emanates from the spiral
core. (b) Magnification of the rectangular region showing the line defect at two
times. The angle α is defined as the angle between the spiral core’s trajectory (thick
black line) and the attached line defect. Reprinted Figure 1 with permission from
Davidsen et al. (2004). Copyright 2004 by the American Physical Society.
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line defect is constant for a given C. It decreases monotonically from 180◦ at C2

towards 90◦ with increasing C.

27.4 Turbulence in chaotic systems

When the parameters are changed further beyond the period-2 bifurcation point
new phenomena arise. The medium usually undergoes several additional period-
doubling bifurcations before the local dynamics becomes chaotic. If the underlying
dynamics is period 2n, 2n−1 different types of synchronization defect lines with
periodicities 2k (k < n) may exist. Defect lines may persist even when the local
dynamics is chaotic, and deep in the chaotic regime turbulent states are found
where defect lines are spontaneously created and annihilated. We now consider
some of the different scenarios for the onset of turbulent dynamics involving line
defects.

Some of these scenarios are related to spiral core motion induced by the presence
of line defects. Multi-spiral, spatially disordered configurations occur sponta-
neously in any sufficiently large domain. For oscillatory media described by the
CGL equation, spatially disordered frozen solutions do not exist (Brito et al., 2003),
since the weak effective interaction between spirals gives rise to ultra-slow core
motion. These results should apply to systems with simple oscillatory dynamics.
Figure 27.9 shows the vortex glass phase for the Rössler system in the period-1
regime. This state is analogous to the vortex glass state in the CGL equation shown
in Fig. 26.6. Very slow core motion occurs in this regime. In the period-2 regime spi-
rals have a tendency to be grouped in pairs connected by line defects (Fig. 27.9(b)).
The spiral pattern rearranges, since a connected pair tends to drift apart and a
state that is different from a vortex glass is observed. To see this consider a single
spiral pair connected by a straight-line defect. The two cores move with speed v

Fig. 27.9. (a) Plot of �cz showing a vortex glass state in the period-1 regime
(C = 2.5). (b) A similar plot for the period-2 regime where line defects connect
spiral cores (C = 3.5). Reprinted Figure 5 with permission from Davidsen et al.
(2004). Copyright 2004 by the American Physical Society.
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at angles ±α relative to the line defect and drift away from each other with speed
2v cos(π − α), which is positive as long as |α| > 90◦. The dependence of v and
α on C is indistinguishable from that for the single-spiral case discussed earlier. In
multi-spiral disordered period-2 regimes, spiral cores move nearly independently,
stretching the line defects, until they meet another core, leading to reconnections
and creation/annihilation of line defects. In a period-1 medium these cores would
annihilate. Here, they repel each other after a new line defect connects them and the
annihilation of spiral pairs is prevented. Spatiotemporal chaos in period-2 media
preserves the number of spiral cores through the complex dynamics of the line
defects connecting them.

Deeper in the chaotic regime the shock lines that form the boundaries of the spi-
ral regions can act as sources for line defects. As system parameters in the Rössler
system are changed, chaos first appears on the shock lines for C � 4.20. For
C = 4.3, where most of the medium is still in the period-4 regime, two-banded
chaos occurs on the shock lines and leads to local fluctuations which nucleate
circular-shaped line defects. For C � 4.306, the circular domains are smaller than
a certain critical value and collapse shortly after their formation. For larger C the
circular-shaped domains proliferate, forming large domains whose growth is lim-
ited by collisions with spiral cores or other domains (Fig. 27.10). The transition to
line-defect turbulence in media with spiral waves changes the nature of the local
dynamics seen in the bulk of the medium.As the line defects propagate, they collide,
and these collisions result in an effective band-merging in the orbits of local trajecto-
ries so that they take the form of two-banded chaotic trajectories.Although the local
trajectories retain their period-4 structure between two passages of line defects, the
long-time trajectory cannot be distinguished from that of two-banded chaos. Thus,
the global transition of the medium to defect-line turbulence can be characterized
locally as intermittent band-merging. The density of line defects grows as a power
law beyond the transition (Goryachev et al., 2000) and exhibits properties of a
nonequilibrium phase transition. Even more fully developed turbulent states arise
when parameters are tuned to lie deeper in the chaotic regime.

The dynamics of the line defects can influence spiral core motion, changing the
ballistic core dynamics to Brownian core motion. In the chaotic regime complicated
configurations arise, which involve more than one line defect attached to the core,
and the core motion is no longer characterized by a simple angle α. Connection and
reconnection events among line defects and between line defects and the core con-
tinuously occur. Close to the onset of this chaotic regime, the spiral core trajectory
often changes its direction abruptly, even though long periods of ballistic motion still
persist. As shown in Fig. 27.11, deeper in the turbulent regime the ballistic flights
become shorter and shorter, and the core trajectory resembles Brownian motion
(see Davidsen et al., 2004). In this regime, line defects are generated rapidly and
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Fig. 27.10. (a) Configuration of a spiral wave pair for the Rössler model with
C = 4.30. The phase field, which does not resolve the period-4 structure, is
shown. (b) The cz(r) field in gray shades which resolves the period-4 structure
and the line defect (dashed line). Panel (c) presents a representation of the con-
centration field that emphasizes the line defect and shock lines (indicated by an
arrow) and suppresses the spiral wave structures. Panel (d) shows the develop-
ment of circular-shaped line defects on the shock lines for C = 4.32. Reprinted
with permission from Goryachev et al. (2000). Copyright 2000 World Scientific
Publishing Company.

homogeneously in the medium. The core motion is characterized by a well-defined
diffusion constant.

27.5 Defect-mediated turbulence

Defect-mediated turbulence in oscillatory media was discussed in Chapter 25, and it
was shown that a simple stochastic model that accounts for the creation and destruc-
tion of defect pairs could capture many aspects of the dynamics of the number of
defect pairs in the system. Treating the defect pairs as statistically independent
entities, the nucleation rate for pairs of defects was taken to be independent of the
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Fig. 27.11. (a) Brownian trajectory of the spiral core in the turbulent regime far
from onset of core motion (C = 5.8). (b) Turbulent line defect motion responsible
for Brownian core dynamics.

Fig. 27.12. Defect-mediated turbulence for the Willamowski–Rössler reaction–
diffusion model in the deterministic chaotic regime. Parameters are: k1 =
31.2, k−1 = 0.2, k2 = 1.45, k−2 = 0.072, k3 = 10.8, k−3 = 0.12, k4 =
1.02, k−4 = 0.01, k5 = 16.5, k−5 = 0.5. (a) Number of defect pairs n(t) versus
time. (b) Normalized histogram h(n) of the defect pair number. The solid curve
is the corresponding squared-Poissonian distribution. Reprinted Figure 2 with
permission from Davidsen and Kapral (2003). Copyright 2003 by the American
Physical Society.

number of pairs n and, based on the topological nature of the defects, the annihila-
tion rate was taken to be proportional ton2. This directly led to a squared-Poissonian
distribution for the probability distribution function of n.

Defect-mediated turbulence can also exist in systems of the sort considered in
this chapter, where the underlying local dynamics is chaotic rather than oscillatory.
Consider the Willamowski–Rössler model in a domain with periodic boundary
conditions to illustrate the phenomenon. The fluctuations in the number of pairs of



266 Complex oscillatory and chaotic media

topological defects in this system are shown in Fig. 27.12, and provide evidence
that a defect-mediated turbulent state can exist in chaotic oscillatory media. The
total number of defects in the medium is exactly twice the number of pairs
because the net topological charge is conserved and equal to zero due to the
periodic boundary conditions. Hence, topological defects can be created and anni-
hilated only in pairs of opposite topological charge. One can easily derive a
probability distribution function p(n) for the number of defect pairs provided
that the defects are statistically independent entities following the calculation
given in Chapter 25. If the creation rate c(n)= c= const and the annihilation rate
a(n)= an2, the stationary probability distribution is a squared-Poissonian distri-
bution, p(n) ∝ (c/a)n/(n!)2. Figure 27.12 shows that the stationary probability
distribution function for the Willamowski–Rössler model agrees with the predicted
form of a squared-Poissonian distribution. The assumptions leading to this distri-
bution are justified, since the annihilation rate scales approximately with n2 and
the creation rate is approximately independent of n.

While the stationary probability distribution has a squared-Poissonian form like
that for simple oscillatory media, differences between defect-mediated turbulence
in oscillatory and chaotic media are seen when the scaling structure of the power
spectrum,

SL(f ) = lim
T→∞

1

2T

∣∣∣ T∫
−T

dt n(t)e−i2πf t
∣∣∣2, (27.14)

is examined. For defect-mediated turbulence in the complex Ginzburg–Landau
equation it is found that the power spectrum scales as SL(f ) ∝ 1/f γ for inter-
mediate frequencies with an exponent γ = 1.9, independent of the CGL equation
parameters in the turbulent regime. The power spectrum has the same scaling form
for the Willamowski–Rössler model but with an exponent γ that is far from the
CGL value. In addition, the exponent γ depends on the system parameters. For
k−2 = 0.072, γ = 1.43, and for k−2 = 0.075, γ = 1.60. Thus, different media can
have different second-order statistics for n(t) depending on the underlying local
dynamics. This implies that a universal description of defect-mediated turbulence
is not possible for chaotic media.

The analysis of the series of waiting times between consecutive creation events
and consecutive annihilation events can provide insight into how the nontrivial
correlations in n(t) at intermediate time scales arise. In both cases the waiting
times are exponentially distributed and statistically uncorrelated, as for a random
walk. This implies that the correlations in n(t) are due to the interaction of creation
and annihilation events. This is further confirmed by the normalized pair correlation
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Fig. 27.13. Normalized pair correlation function h(|�r|/r0)with r0 = √〈n〉/L2,
where L is the linear dimension of the system.

function for the defects, defined as

h(|�r|) = 〈n+(r, t)n−(r +�r, t)〉r,t

〈n〉2
− 1, (27.15)

where n±(r, t) is the number of defects with nt = ±1 at site r at time t . This
function is shown in Fig. 27.13 (see Davidsen and Kapral, 2003). For the CGL
equation, the first peak and its decay are very similar to what one would expect for
a process where the motion of single defects is unaffected by defects of opposite
charge as long as they do not collide: the peak is due mainly to the creation of pairs,
and decays to zero approximately as 1/r as expected in two dimensions. In contrast,
h(|�r|) for the Willamowski–Rössler model has a pronounced negative value in
the vicinity of |�r| ≈ 0.1 r0. These strong anti-correlations imply that, with high
probability, defects with opposite topological charge annihilate each other directly
after their creation, or they separate quickly. This manifests itself in the behavior of
n(t) and is probably responsible for the nontrivial exponents in the power spectrum.
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Resonantly forced oscillatory media

When an oscillatory medium is subjected to external periodic forcing, a variety
of spatial structures can form. These spatial patterns are characterized by fronts
with distinctive dynamics that separate homogeneous domains in the system. Such
self-organized structures arise in a number of different physical contexts, includ-
ing magnetic field effects on liquid crystals (Frisch et al., 1994), oscillatory grid
patterns in liquid crystals (Sano et al., 1993), Rayleigh–Bénard convection (Meyer
et al., 1988), and optical parametric oscillators (Longhi, 2001). They also occur in
resonantly forced oscillatory reaction–diffusion systems. Spatially resolved experi-
mental studies have been carried out on the Belousov–Zhabotinsky reaction (Petrov
et al., 1997; Lin et al., 2000, 2004) and catalytic CO oxidation on Pt surfaces
(Bertram et al., 2003) in the presence of external resonant forcing.

In Chapter 25 we saw how the reaction–diffusion equation could be reduced
to the complex Ginzburg–Landau equation near the Hopf bifurcation point. This
generic CGL equation could then be used to explore the spatiotemporal dynamics
in a way that did not rely on specific details of the reaction kinetics. Similarly, for
resonantly forced reaction–diffusion systems near the Hopf bifurcation point, it is
possible to derive a generic Ginzburg–Landau equation that can be used to explore
the properties of the dynamics.

First we consider a spatially homogeneous system whose dynamics is described
by the set of ordinary differential equations,

d

dt
c(t) = R(c;μ)+ a
(c,μ, t), (28.1)

where the external forcing function 
(c,μ, t) = 
(c,μ, t + Tf ) is periodic with
period Tf = 2π/ωf . The constant a measures the amplitude of the forcing. The
reaction rate and forcing term depend on the parameter μ. In the following we
assume that the reactive dynamics dc(t)/dt = R(c) is oscillatory with a limit
cycle solution c0(t) = c0(t + T0) with period T0 = 2π/ω0. For certain values of

268
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the forcing amplitude, when the forcing frequency ωf is approximately a ratio-
nal multiple of the natural frequency ω0, the system may become entrained to the
external forcing. When ωf /ω0 ≈ p/q, where p and q are coprime integers, the
system is said to be entrained at a p : q resonance, and oscillations occur with fre-
quency ωf /p. The continuous time-translation symmetry of the system is broken,
and the system possesses p stable limit cycles c0(t + k2π/ωf ), k = 0, . . . ,p− 1.
If the system is viewed stroboscopically at the period Tf of the external forcing
the system will cycle through p periodic fixed points of the dynamics. An example
of the dynamics of a 3:1 resonantly forced system is shown in Fig. 28.1. The three
coexisting limit cycle solutions differ in phase by n2π/3 where n = 1, 2, 3. The
regions in the (ωf /ω0, a) parameter plane where the system is entrained are Arnold
tongues (Nicolis, 1995). The Arnold tongue for a model of 3:1 resonantly-forced
CO oxidation on a Pt surface is shown in Fig. 28.2.

Fig. 28.1. (a) Three coexisting limit cycle solutions for a 3:1 resonantly forced
system. The period of the forcing is indicated by vertical lines. (b) Plot in the
complex amplitude plane of the three fixed points under stroboscopic dynamics.
(c) In a spatially distributed system, domains that differ in phase are connected by
interfaces or fronts. The front structure in the complex amplitude plane connecting
two fixed points is also shown in the middle panel. Figure provided by C. Hemming.
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Fig. 28.2. 3:1 Arnold tongue for resonantly forced CO oxidation on Pt(110) as a
function of the frequency (ωf /ω0) and forcing amplitude a.Also shown are regions
of 2:1 and 6:1 entrainment. Reprinted Figure 9 with permission from Davidsen
et al. (2005). Copyright 2005 by the American Physical Society.

To describe resonantly forced spatially distributed systems we supplement the
reaction–diffusion equation with a periodic forcing term:

∂

∂t
c(r, t) = R(c;μ)+ D∇2c + a
(c,μ, t). (28.2)

The solutions of this equation can also be entrained to the external driving, but now,
because of the existence of spatial degrees of freedom, a much richer structure of
resonantly locked solutions can be found. The resonantly locked solutions again lie
in Arnold tongues in the (ωf /ω0, a) parameter plane, but different spatiotemporal
states can exist within the same tongue. Examples of the types of pattern that can
exist are provided by the results of experimental studies on periodic forcing of
the Belousov–Zhabotinsky reaction in the oscillatory regime of its dynamics. The
ferroin-catalyzed version of this reaction is light sensitive, and when the oscillatory
reacting medium is subjected to periodically varying light intensity the entrained
states shown in Fig. 28.3 are observed. Although all of the states in the Arnold
tongue are resonantly locked at the 2:1 resonance, different spatiotemporal patterns
are found as the light intensity and forcing frequency are varied. These patterns are
shown in Fig. 28.4, and range from rotating spiral waves to a variety of standing
wave patterns.

The resonantly forced reaction–diffusion equation can be reduced to the res-
onantly forced complex Ginzburg–Landau equation near the Hopf bifurcation
point. The analysis is similar to that carried out earlier in Chapter 25 for unforced
oscillatory systems but is technically more involved. As in the earlier analysis, we
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Fig. 28.3. 2:1 resonant tongue for the light-sensitive Belousov–Zhabotinsky reac-
tion indicating the different types of spatial structure seen as a function of the light
intensity γ 2 and forcing frequency f . The patterns corresponding to the different
symbols are shown in Fig. 28.4. Reprinted Figure 1 with permission from Lin et al.
(2000). Copyright 2000 by the American Physical Society.

Fig. 28.4. Spatial patterns corresponding to the symbols in the 2:1 Arnold tongue
in Fig. 28.3. (a) Rotating spiral wave (+); (b) mixed rotating spiral and standing
wave pattern (triangle); (c–f) different standing wave patterns: (c) (*); (d) (square);
(e) (filled circle); (f) (open circle). Reprinted Figure 2 with permission from Lin
et al. (2000). Copyright 2000 by the American Physical Society.
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introduce a complex amplitude field A(r, t) and write the concentration field in
terms of this amplitude as

c(r, t) = c0(μ0)+ A(r, t)eiωf t/pa + A∗(r, t)e−iωf t/pa∗ + O(|A|2). (28.3)

Here c0(μ0) is the steady-state concentration at the Hopf bifurcation pointμ = μ0,
and a is the right eigenvector of the linear stability matrix δR(c0(μ0);μ0)/δc.
The asterisk denotes the complex conjugate. The reduction of a spatially homoge-
neous resonantly forced oscillatory system to the resonantly forced Stuart–Landau
equation was carried out by Gambaudo (1985), while the corresponding reduction
of the resonantly-forced reaction diffusion equation to the resonantly-forced CGL
equation can be performed using the methods developed by Elphick et al. (1987).
Full details of this reduction for a p : q resonance are given in Hemming (2003).
The result is

∂

∂t
A(r, t) = (μ+ iν)A− (1 + iα)|A|2A+ γA∗(p−1) + (1 + iβ)∇2A, (28.4)

where γ gauges the strength of the forcing and the parameter ν measures the
detuning from the resonance. The CGL equation parameters α and β are the same as
those introduced in Chapter 25. The strong resonances correspond to p = 1, . . . , 4,
and we consider these resonances in more detail below.

28.1 2:1 resonance

The 2:1 forced Ginzburg–Landau equation (p = 2) in one spatial dimension takes
the form

∂

∂t
A(x, t) = (μ+ iν)A− (1 + iα)|A|2A+ γA∗ + (1 + iβ)

∂2

∂x2
A. (28.5)

This equation does not have a variational form. However, we may gain some insight
into the nature of its solutions if we take the parameters ν, α, and β to be zero.
In this case we may write Eq. (28.5) in variational form as (Coullet et al., 1990;
Coullet and Emilsson, 1992a, 1992b)

∂

∂t
A(x, t) = −δF[A,A∗]

δA∗ , (28.6)

where the free energy functional F [A,A∗] is given by

F[A,A∗] =
∫
dx

(
−μ|A|2 + 1

2
|A|4 − γ

2
(A∗2 + A2)+ 1

2

∣∣∣∣dAdx
∣∣∣∣2
)

. (28.7)
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The stationary homogeneous solutions of Eq. (28.6) (or Eq. (28.5) with ν = α =
β = 0) areA = A∗ = ±√

μ+ γ , while the stationary spatially dependent solutions
may be obtained by solving the ordinary differential equation

d2

dx2
A0 + μA0 − |A0|2A0 + γA∗

0 = 0. (28.8)

This equation possesses stationary kink-like solutions connecting the two homoge-
neous steady states. Letting A0 = X0 + iY0, we obtain two types of front solution.
Ising fronts have the form

XI0(x) = √
μ+ γ tanh(x

√
(μ+ γ )/2), Y I0 (x) = 0. (28.9)

These fronts are stable if γ > μ/3. The amplitude AI0 of the Ising front is
always real, and vanishes at the center of the front at x = 0. Bloch fronts have
a different form,

XB0 (x) = √
μ+ γ tanh

(
x
√

2γ
)

, YB0 (x) = ±
√
μ− 3γ

cosh(x
√

2γ )
. (28.10)

They are stable if γ < μ/3, and have a complex amplitude which does not vanish
at x = 0.

It is not possible to obtain analytical front solutions for the resonantly forced CGL
equation (28.5); however, if ν, α, and β are small parameters of order ε one may
obtain approximate solutions that provide insight into the front structure. In contrast
to the variational case, for nonzero ν, α, and β traveling front solutions exist. For
small values of these parameters the front velocity will also be small and of order ε.
To describe a traveling front we can transform to a moving frame with velocity v,
where u = x − vt , so that A(x, t) = A(x − vt) ≡ A0(u), and write Eq. (28.5) as

(1 + iβ)
d2A0

du2
+ v

dA0

du
+ (μ+ iν)A0 − (1 + iα)|A0|2A0 + γA∗

0 = 0. (28.11)

To find a solution we substitute A0 = εA + O(ε2) into this equation and obtain,
to linear order in ε, the equation in A,(

d2

du2
+ μ− 2|A0|2

)
A +

(
γ − A2

0

)
A∗

= −v dA0

du
− iνA0 + iα|A0|2A0 − iβ

d2A0

du2
. (28.12)

This equation may be written as a pair of coupled equations for the real and
imaginary parts of A = (AR , AI ). The left eigenvector of the operator on the right-
hand side corresponding to the eigenvalue zero is (dX0/du, dY0/du)≡ (X0u,Y0u).
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Consequently, taking the scalar product with this vector gives the solvability
condition, ∫

du
[

− v(X2
0u + Y 2

0u)+ (ν − α|A0|2)(X0uY0 − Y0uX0)

+ β(X0uY0uu − Y0uX0uu)
]

= 0. (28.13)

Inserting the expression for the Bloch front AB0 yields an expression for the front
velocity:

v = ±
(
(μ+ γ )(μ− 3γ )

2γ

)1/2 3π((β − α)γ + αμ− ν)

2(3μ− γ )
. (28.14)

From this expression we see that when γ < μ/3 the Bloch front velocity is real and
can be positive or negative. The velocity vanishes as γ approachesμ/3 from below.
For γ > μ/3 the Ising front with zero velocity is stable. This nonequilibrium Ising–
Bloch bifurcation is sketched in Fig. 28.5. The plot of the front velocity versus the
forcing amplitude γ shows the appearance of two branches of positive and negative
velocities of the Bloch front that emerge from the zero-velocity Ising front as the
forcing amplitude is changed. The figure also shows how the Ising and Bloch
fronts connect the two stable states in the complex amplitude plane. The Ising
fronts pass through the origin while the Bloch fronts have a nonzero imaginary
part that indicates how the imaginary part of the complex amplitude field changes
across the interface.

(a) (b)

Fig. 28.5. (a) Front velocity versus γ . The bifurcation from an Ising front to Bloch
front occurs at γ = γc = μ/3. (b) Sketch of the fronts in the complex amplitude
plane. The parameter χ denotes the extremal value YB0 (0) and is called the chiral
order parameter in applications to spin systems.
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Fig. 28.6. Formation of a Bloch spiral wave in the 2:1 resonantly forced CGL
equation. The two homogeneous resonantly locked states are indicated by black
and gray colors and are separated by two different Bloch fronts whose velocities
have opposite sign and are connected at a Néel point in the center of the domain.
As time evolves a Bloch spiral wave forms. Reprinted from Coullet and Emilsson
(1992). Copyright 1992, with permission from Elsevier.

In two-dimensional systems the existence of Bloch fronts can lead to pattern for-
mation that is not seen in the unforced CGL equation. Figure 28.6 shows how Bloch
spirals can form in these regions of the parameter space. Consider an initial state
where the two homogeneous states in the 2:1 system are separated by two different
Bloch fronts with positive and negative velocities. They are connected through a
defect or Néel point. As the fronts propagate in opposite directions, a two-armed
spiral wave is formed with Bloch fronts separating the domains in the spiral. Such
fronts can also undergo transverse instabilities similar to those discussed earlier
for cubic autocatalytic reactions, giving rise to complex spatiotemporal structures.
The unstable fronts can spawn Bloch spirals, leading to spiral wave turbulent states
(Hagberg and Meron, 1994).

28.2 Other strong resonances

Systems in the 3:1 resonance tongue have p= 3, and can be described by the
equation

∂

∂t
A(r, t) = (μ+ iν)A− (1 + iα)|A|2A+ γA∗2 + (1 + iβ)∇2A. (28.15)

In contrast to 2:1 forced systems, Eq. (28.15) possesses three inequivalent fixed
points (see Fig. 28.1), and the chiral symmetry of the system is broken. For 2:1
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resonantly forced systems, the phase difference between the two states on the right
and left sides of a phase front is π . Since there is no difference between phase shifts
by π or −π , the left–right symmetry is preserved. For an interface separating two
of the three homogeneous resonantly locked states in a 3:1 resonance, the phase
jump across the front may be either 2π/3 or −2π/3. Since these phase shifts are
inequivalent, the left–right symmetry is broken, and fronts in such systems generally
have a nonzero velocity.As an example, if the three homogeneous resonantly locked
states are placed in contact with a phase defect where the three phases meet, the
fronts separating pairs of locked states will move, and the system will evolve to
form a three-armed spiral as shown in Fig. 28.7.

For the remaining strong 4:1 resonance additional features appear in the front
dynamics as a result of the existence of two different types of front separating
the four stable phases (Elphick et al., 1998, 1999). Experimental studies of the
resonantly forced Belousov–Zhabotinsky reaction have shown that a wide range of
self-organized patterns exist in this system when parameters controlling the forcing
amplitude, detuning, and other system parameters are changed.

28.3 Complex front dynamics

The fronts observed in resonantly forced reaction–diffusion systems can adopt more
complex structures in different parameter regimes. In Chapter 25 we discussed
the Benjamin–Feir instability where phase turbulence exists. If the CGL equation
parameters are selected to lie in the Benjamin–Feir unstable regime (1 + αβ < 0)

Fig. 28.7. A three-armed spiral for the 3:1 resonantly forced CGL equation.
Reprinted with permission from Hemming and Kapral (2000). Copyright 2000,
American Institute of Physics.
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Fig. 28.8. Turbulent fronts separating two homogeneous phases in the 3:1 res-
onantly forced CGL equation. Reprinted from Hemming and Kapral (2001).
Reproduced by permission of The Royal Society of Chemistry.

then, for sufficiently large forcing amplitudes γ , the instability can be suppressed
and the homogeneous state will remain stable.As the forcing amplitude is decreased,
a critical amplitude will be reached where the homogeneous phase-locked states are
unstable to inhomogeneous perturbations. If two resonantly locked phases are in
contact and separated by a phase front that provides the source of the inhomogeneity,
the instability manifests itself in complex dynamics in the interfacial zone separating
the two homogeneous phases. The complex interfacial structure produced through
such a mechanism is shown in Fig. 28.8, which shows turbulent front dynamics
for the 3:1 resonantly forced CGL equation. Viewed stroboscopically with the
period of the limit cycle, fronts of this type can be described as consisting of
an interfacial zone containing a turbulent phase which separates the resonantly
locked homogeneous phases. Such fronts may lose their stability for certain values
of the forcing amplitude. When this happens the interfacial zone grows without
bound to fill the entire domain, with the turbulent phase giving rise to a global
spatiotemporally chaotic state. The transverse structures of the two interfaces that
separate the turbulent zone from the homogeneous states and scaling properties of
the interfacial width have been investigated for both the CGL equation (Hemming
and Kapral, 2001, 2002) and coupled map lattice models (Kapral et al., 1994,
1997). Both simulations (Davidsen et al., 2005) and experiments (Bodega et al.,
2007) on resonantly forced catalytic CO oxidation on a Pt(110) surface have shown
that complex front dynamics and spatiotemporal structures can be observed in this
surface reaction. Thus, the addition of periodic forcing to oscillatory reaction–
diffusion media can give rise to new classes of self-organized structures whose
applications remain to be explored.
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Nonequilibrium patterns in laser-induced melting

The preceding chapters developed the basic principles needed to describe self-
organization and self-assembly in a variety of systems in either initially prepared
unstable and metastable states or far-from-equilibrium states. The underlying meso-
scopic description involved order parameter fields whose evolution was given in
terms of either free energy functionals or amplitude equations. The latter approach
is used for systems for which the free-energy-based description is not applica-
ble. However, in many applications to physical and biological problems there is no
clear-cut distinction between these two approaches. Often physical systems operate
far from equilibrium, and the dynamics may involve both a free energy functional
component and a component that cannot be expressed in this form. In this and the
following chapters we describe several applications that illustrate how the methods
developed in the body of the book may be used to construct models that capture
the important aspects of the dynamics. We begin with a discussion of laser-induced
melting in this chapter. In the following chapter we consider reactive physical
and biological systems where phase segregation and reaction–diffusion dynamics
are combined. The last chapter considers active materials where the constituent
elements undergo driven or self-propelled motion. The analysis involves the com-
bination of liquid crystal free energy formulations with order parameter dynamics
to account for the active motion.

29.1 Laser-induced melting

When a laser with an appropriate intensity is focused onto a solid semiconductor
film it can create a variety of ordered and disordered lamellar patterns of coexist-
ing solid and melt regions (Fig. 29.1). The periodicity of the ordered patterns is
commensurate with the wavelength of the incident laser radiation (van Driel et al.,
1982). Disordered patterns form when the laser beam intensity is low and the beam
diameter is large. In this case, the length scales of the disordered patterns are much

278
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Fig. 29.1. Melt morphology of silicon under laser irradiation at λ = 10.6 μm.
(a) and (b) Disordered structures; (c) ordered structure with the adjacent molten
regions separated by λ. (a) Reprinted Figure 1b with permission from Preston et al.
(1987). Copyright 1987 by the American Physical Society. (b) and (c) Reprinted
Figure 1 with permission from van Driel and Dworschak (1992). Copyright 1992
by the American Physical Society.

larger than the wavelength of the incident radiation. These disordered patterns occur
because the molten regions have a higher reflectivity than the solid regions. In con-
trast to ordered patterns, the melt in the disordered pattern is supercooled due to
its higher reflectivity and has a temperature lower than the melting temperature Tm
while, similarly, the solid regions are superheated with a temperature that is higher
than Tm. The film is in a highly nonequilibrium steady state in the presence of the
incident laser beam.

A phase-field model with two coupled variables can be constructed to describe
such nonequilibrium phenomena (Yeung and Desai, 1994). The phase field φ(r, t)
is a binary variable with values ±1 in the liquid and solid regions, respectively. The
phase variable φ is coupled to a temperature-like field E(r, t), which is proportional
to the fractional temperature deviation (T −Tm)/Tm of the local temperature T (r, t)
from the melting temperature Tm of the solid film. In dimensionless units the free
energy functional is

F [φ(r, t)] =
∫
ddr

[
−1

2
φ2 + 1

4
φ4 + 1

2
(∇φ)2 − Eφ

]
, (29.1)

where, apart from the usual double well and square gradient terms, one also has
the coupling term (−Eφ). If T >Tm the equilibrium phase is liquid and E and
φ are both positive; if T <Tm the equilibrium phase is solid and both E and φ
are negative. In either case the coupling term (−Eφ) is negative and favors the
appropriate equilibrium phase. The phase field φ obeys a dissipative relaxational
equation and the E field obeys a heat balance equation:

∂φ

∂t
= −φ3 + φ + E + ∇2φ,

∂E
∂t

= −�∂φ
∂t

+D∇2E − roφ +�j . (29.2)
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Four dimensionless parameters enter the description: � is a latent-heat-like
parameter andD is proportional to the thermal diffusivity of the solid film. The other
two terms are proportional to the difference between the incoming heat flux from
the laser and the outgoing heat flux through the bottom of the film.�j is the value of
this difference at the interface between the melt and solid phases whereφ = 0. If�j
is zero, there is symmetry between the solid and liquid phases: thus, �j is akin to
the off-criticality parameterψo in models A and B. Finally the −roφ term takes into
account the difference in the reflectivity between the solid and melt phases. This
term is negative since the melt (φ > 0) has a higher reflectivity. The parameters�j
and ro are also inversely proportional to the film thickness.Although there is no free
energy (Lyapunov) functional in general for the coupled set of equations (29.2),
such a functional does exist for large latent heat �. From the first of the Eqs. (29.2)
one can obtain an expression for E ; substituting it in the second equation leads to

�
∂φ

∂t
+ ∂2φ

∂t2
+ ∂

∂t
(φ3 − φ + ∇2φ)−D∇2 ∂φ

∂t

= D∇2(φ3 − φ + ∇2φ)− roφ +�j . (29.3)

In the limit � � 1 and � � D, the left-hand side is dominated by the first term and
other terms in it can be neglected. Then the equation reduces to, after dividing byD,

�

D

∂φ

∂t
= ∇2(φ3 − φ + ∇2φ)− ro

D
(φ − φo), (29.4)

whereφo = �j/D.TheresultingEq.(29.4)isequivalenttoEq.(13.12)thatdescribes
the dynamics of microphase separation of block copolymers (Bahiana and Oono,
1990). The correspondence is D/� → M , ro/D → B, φo → ψo, and φ → ψ .
Equation (13.12) is obtained using a coarse-grained free energy functional for block
copolymers obtained by Leibler (1980) and Ohta and Kawasaki (1986). Therefore
in the limit � � 1 and � � D the Ohta–Kawasaki block copolymer free energy
functional serves as a Lyapunov functional for the laser-induced melting model.

Figure 29.2 shows theφ field obtained from a numerical integration of Eq. (29.2).
There are two regimes with qualitatively different patterns. These are called the
weak and strong segregation regimes, in analogy with block copolymers. In the
weak segregation regime long parallel stripes straighten out in time. In the strong
segregation regime a complicated, interconnected, disordered lamellar structure is
found. In this regime, a cross-section of the order parameter profile would show
domains of the two phases separated by a thin interfacial region over which φ
changes from +1 to −1. By contrast, in the weak segregation regime the φ and
E fields vary approximately sinusoidally with relatively small amplitudes. In both
regimes the E field is out of phase with the φ field: E is negative (positive) where
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Fig. 29.2. The φ field obtained from a numerical simulation of Eq. (29.2) for
Lx = Ly = 640, dx = dy = 1.25, � = 2.0, D = 0.5, and �j = 0. (a) The
evolution for r0/D = 0.24 (close to onset; weak segregation) with t = 1600,
12800, and 102400, left to right, respectively. The rolls continue to straighten at
later times. (b) The evolution for r0/D = 0.001875 (far from the onset; strong
segregation) for the same times. The patterns are essentially frozen after this time.
Reprinted Figure 1 with permission from Yeung and Desai (1994). Copyright 1994
by the American Physical Society.

φ is positive (negative) so that the solid phase (φ < 0) is superheated and the melt
phase (φ > 0) is undercooled.

29.2 Static solutions

Consider, for simplicity, the symmetric case where �j = 0. In this case, the static
solution consists of periodic stripes with wavenumber k = 2π/λ, and their normal
points in the x direction. In the pair of Eqs. (29.2), if one sets all time derivatives to
zero, eliminates E using the first equation, and sets�j = 0, the resulting equation
is the equation that the one-dimensional static solution obeys:

0 = ∂2
x

(
φ3 − φ − ∂2

xφ
)

− Bφ, (29.5)
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where B = r0/D. Although the dynamical analogy with the block copolymer
model holds only for large �, the static solutions are the same for all values of �.
The static solutions minimize the block copolymer free energy (see Eq. (13.10)).
For the one-dimensional static solution, the free energy density is

F[φ]
λ

= 1

λ

∫ λ/2

−λ/2
dx

[
−1

2
φ2 + 1

4
φ4 + 1

2

(∂φ
∂x

)2
]

− B

2λ

∫ λ/4

−λ/4
dx

∫ λ/4

−λ/4
dx ′φ(x ′) |x − x ′| φ(x). (29.6)

The equilibrium wavelength is obtained by substituting the static solution with an
unspecified λ into the free energy and then minimizing it with respect to λ. The
reduced temperature field E can be obtained using the relation ∂2E/∂x2 = Bφ. We
now let (φ3 − φ) = μB(φ) and consider strong and weak segregation limits.

29.2.1 Strong segregation limit

In the strong segregation regime (B � 1/4) the domains withφ = ±1 are separated
by sharp interfaces. For small B, Ohta and Kawasaki (1986) obtained the pattern
length scale λ∗ using a variational method by assuming a form for φ(x). This length
scale can also be obtained, without assuming a form for φ(x), by using a systematic
expansion in the small parameter 1/λ as follows. We partition the system into four
sections consisting of two outer (bulk) regions, corresponding to φ = ±1, and two
inner regions, each consisting of a skin of thickness unity around the two interfaces.
In the outer regions we are interested in length scales of order λ ∼ k−1, and this
motivates the introduction of the small parameter ε = λ−1. To extract the large-
distance behavior, we rescale the distance in the normal direction asX = εx in the
outer region. The interfacial width is order unity, so x is not rescaled in the inner
region. The parameter B must also be rescaled since it determines the wavenumber
of the pattern. In the bulk phases φ = ±1 as B→ 0. For B→ 0, the first term in
Eq. (29.5) scales as ε3. Therefore, one expects B = O(ε3) also, and we rescale B
as B̃ = ε−3B.

In the outer regions the static solution obeys

0 = ∂2
Xμ(φ)− εB̃φ, (29.7)

where μ(φ) = μB(φ)− ε2∂2
Xφ. In the inner region the static solution is given by

0 = ∂2
xμ(φ)− ε3B̃φ, (29.8)

whereμ(φ) = μB(φ)−∂2
xφ. In each region we expand φ = φ0 +εφ1 +O(ε2) and

μ(φ) = μ0 + εμ1 + O(ε2). The continuity of μ leads to the matching conditions
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for φ and mth derivatives in the normal direction at the boundary between inner
and outer domains: φinneri = φouteri and ∂mx φ

inner
i+m = ∂mXφ

outer
i . The inner equation

gives

φ(x) = φ0(x)+ O(ε2). (29.9)

To zeroth order B does not contribute, and φ0 is the planar interfacial profile
discussed earlier for model B in Chapter 7. The higher-order terms, φi>0, are con-
strained to be orthogonal to the Goldstone translation mode dφ0/dx. The outer
equation gives

φ(X) = ±
(

1 + εχB̃X

(
X ∓ 1

2

))
+ O(ε2), (29.10)

where χ−1 = dμB/dφ|φ=1. For μB = −φ + φ3 we obtain χ = 1/2. In the outer
region the temperature field is

E(X) = ±
[
ε
B̃

2
X

(
X ∓ 1

2

)
+ ε2χB̃2 X

12

(
X2 (X ∓ 1)± 1

8

)]
+ O(ε3).

(29.11)

In the inner region E(x) = O(ε3).
Using the above results, we can now calculate the free energy density. There

are two interfaces per period so the local term in the free energy density is
2σ̄ /λ + O(λ−2), where σ̄ is dimensionless surface tension. The long-range term
is Bλ2/96 +O(λ−3). Thus the free energy density is

F[φ]
λ

= 2σ̄

λ
+ λ2B

96
+ O

(
1

λ2

)
. (29.12)

Here B is O(λ−3). Minimizing F with respect to λ gives the wavelength of the
one-dimensional solution with the lowest free energy as

λ∗ =
(

96σ̄

B

)1/3

+ O(B0). (29.13)

Higher-order corrections can also be computed, and we have

λ∗ =
(

96σ̄

B

)1/3

+ 8χσ̄

5
+ O(B). (29.14)

Thus, in the strong segregation limit, to leading order in ε, the system selects a
periodic stripe pattern with λ ∼ B−1/3.
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29.2.2 Weak segregation limit

We can also find the wavelength that minimizes the free energy in the weak
segregation regime. The homogeneous state first becomes unstable at B = B0 =
1/4 and wavenumber k = k0 = 1/

√
2. Near onset, we can expand the static solu-

tion in orders of ε where ε2 = B0 − B, and let k = k0 + εk1. The static solution
obeys the equation

0 = −∂2
x

(
φ − φ3 + ∂2

xφ
)

− (B0 − ε2)φ. (29.15)

We seek a solution for wavelength λ = 2π/k and write φ(x) in the form

φ(x) =
∞∑
m=1

εmfm(kx), (29.16)

where fm(kx) ≡ fm(θ) = fm(θ + 2π). To fix the position of the interface, we
require that fm be orthogonal to f ′

m. We can now write Eq. (29.15) order by order
in ε. First order in ε gives

0 = L0f1(θ), (29.17)

where L0 = − (
k2

0∂
2
θ + k4

0∂
4
θ + B0

)
. Assuming odd symmetry, this gives

f1(θ) = Ak sin(θ). (29.18)

The order ε2 expression, along with the orthogonality condition, gives f2 = 0. The
order ε3 equation is

−L0f3 = −
(
k2

1∂
2
θ + 6k2

1k
2
0∂

4
θ − 1

)
f1 + k2

0∂
2
θ f

3
1 . (29.19)

The solvability condition requires that the right-hand side of this equation be orthog-
onal to the zero eigenvector of L0, which is simply sin θ . Applying this condition
and using Eq. (29.18) gives

3

8
A3
k = k2

1Ak − 6k2
1k

2
0Ak + Ak = (1 − 2k2

1)Ak, (29.20)

or A2
k = 8(1 − 2k2

1)/3. Substituting this result into Eq. (29.19) and solving the
resulting ordinary differential equation gives f3(θ) = A3k sin(3θ) with A3k =
9A3

k/128. The order ε4 expression gives f4(θ) = 0. Therefore the static solution is
given by

φ(x) = εAk sin(kx)+ ε3A3k sin(3kx)+ O(ε5), (29.21)
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and

E(x) = ε
Ak

k2
sin(kx)+ ε3A3k

9k2
sin(3kx)+ O(ε5). (29.22)

Using these results the free energy density is

F[φ]
λ

= −ε
2A2

k

4

(
1 − k2

)
+ ε43A4

k

32

(
1 − 9k2

)
+ ε2BA2

k

4k2 + O(ε6). (29.23)

The first two terms arise from short-range interactions while the last term is the
contribution from long-range interactions. Minimization of this expression with
respect to k gives

k∗4 = B + O(ε4). (29.24)

If terms of order ε4 in the free energy are retained we obtain

k∗4 = B

(
1 − 5

16
ε4
)

+ O(ε6). (29.25)

The O(ε4) correction is fairly small. In the weak segregation limit the selected
wavelength behaves as λ∗ ∼ B−1/4.

29.3 Linear stability analysis

The homogeneous solution of Eqs. (29.2) is φ∗ = �j/r0, E∗ = − φ∗ + φ∗3. To
carry out a linear stability analysis around this homogeneous solution, we assume
infinitesimal perturbations of the form δφk = δφ exp(ωkt + ik · r) and δEk =
δE exp(ωkt + ik · r). Solving Eqs. (29.2) to first order in δ gives

ωk = −γ
′
k

2
+
(
(γ ′
k)

2

4
− (r0 + γkDk

2)

)1/2

, (29.26)

where γk =μ′
B+k2 withμ′

B = (3φ∗2−1) and γ ′
k = �+γk+Dk2 = (�+3φ∗2−1)+

(1 +D)k2.
For φ∗> 1/

√
3, the real part ofωk is always negative and the homogeneous state

is linearly stable. In this case, the initial state lies outside the spinodal curve. For
φ∗< 1/

√
3, the linear dynamics can be divided into several classes. For �< (1 −

3φ∗2), the homogeneous system is linearly unstable to small-k perturbations. If
4r0 > (�+3φ∗2−1)2, the instability will be oscillatory. If � > (1−3φ∗2), the system
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is linearly stable to small-k perturbations. In addition, if r0 > D(3φ∗2 − 1)2/4,
the homogeneous state is linearly stable to perturbations of all wavenumbers. For
r0 < D(3φ∗2 − 1)2/4 the system is unstable in a finite band of wavenumbers,

−μ′
B −

√
(μ′
B)

2 − 4r0
D

< 2k2 < −μ′
B +

√
(μ′
B)

2 − 4r0
D

. (29.27)

For �j = 0, the stability of the homogeneous state can be characterized as fol-
lows: (i) unstable at k= 0 if �< 1, with an oscillatory instability if 4r0>(1 − �)2;
(ii) stable for all k if �> 1 and r0/D> 1/4; and (iii) if �> 1 and r0/D< 1/4, then
the solution is unstable in a band of wavenumbers with

(
1/2 − √

1/4 − r0/D
)
<

k2 <
(
1/2 + √

1/4 − r0/D
)
. At threshold, r0/D = 1/4, the band collapses to a

point k = k0 = 1/
√

2.

29.4 Phase diffusion description and lamellar stability

The free energy of the system is a minimum for the inhomogeneous state consisting
of globally parallel lamellae. This state is approached via locally parallel lamellar
structures whose orientation and wavenumber vary slowly on the length scale of
the pattern. The dynamics of the lamellae can be described using the phase dif-
fusion formalism (Pomeau and Manneville, 1979; Cross and Newell, 1984). This
formalism allows one to classify the stability of the lamellae and provides a rig-
orous criterion for wavenumber selection. Below, we restrict the analysis to the
symmetric lamellar case and set �j = 0 in Eq. (29.2).

The basic idea that underlies the phase diffusion analysis is the recognition that
there are two length scales in the problem. The long-distance, long-time behavior
on a length scale much larger than the pattern wavelength λ must be separated
from the short length scale behavior. To extract this behavior, we note that a local
wave vector k(r, t) can be defined at each point in the stripe pattern. It is directed
normal to the stripes, and its magnitude is the local wavenumber of the stripes. This
vector is twofold degenerate: i.e. we can choose either k or −k. Once this choice
is made at one point, it is fixed at all points. We assume that k varies on length
scales 1/ε̃, much larger than the pattern wavelength 2π/k. Here we use ε̃ as the
small parameter to avoid any confusion with the ε that appears in the analysis of
the static solutions. Since the φ and E fields describe diffusive dynamics through
Eqs. (29.2), we introduce the slow space and time variables X = ε̃r and T = ε̃2t ,
and the fast phase variable θ(r, t) such that θ = nπ at each solid/melt interface.
We also introduce a slow phase variable � = ε̃θ . The introduction of the separate
slow and fast variables allows us to write the evolution equations (29.2) order by
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order in ε̃. The local wavevector k of the stripes is related to the fast and slow phase
variables by

k(X, T ) = ∇θ(r, t) = ∇X�(r, t). (29.28)

The goal of the phase diffusion description is to describe the slow dynamics of k
on the long length scales, X. Expressing the dynamical fields in terms of the phase
variables, we have

φ(r, t) = φk(θ(r, t), X, T ), E(r, t) = Ek(θ(r, t), X, T ), (29.29)

where φk and Ek are 2π -periodic functions of θ . Since static solutions exist for a
band of wavenumbers, φk and Ek depend on the local wavenumber and, hence, on
the slow variables X and T .

Starting from Eqs. (29.2), the dynamical equations in the phase diffusion descrip-
tion are obtained order by order in ε̃. The zeroth-order equations show that φ0 and
E0 correspond to static solutions of the one-dimensional equations. Since the static
solutions exist for a band of wavenumbers k, the fields φ0 and E0 depend on the
slow variables through the local wavenumber k. The analysis to first order in ε̃
yields the equation obeyed by the phase variable θ :

τk∂t θ = −∇ · kG(k) = Du∂
2
uθ +Ds∇2

s θ , (29.30)

where

Du = −d(kG(k))/dk, Ds = −G(k), (29.31)

with

G(k) = D

r0
AE (k)qE ,k − Aφ(k)qφ,k , (29.32)

and

τk = Aφ(k)

(
qφ,k + �

Dk2

)
− 1

r0
AE (k)qE ,k

= D − 1

r0
AE(k)qE ,k + �

Dk2
Aφ(k)−G(k). (29.33)
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The A coefficients are related to the static one-dimensional solutions by

Aφ(k) = 1

2π

∫ 2π

0
dθ φk(θ)

2,

Aφ(k)qφ,k = 1

2π

∫ 2π

0
dθ [∂θφk(θ)]

2 ,

AE (k) = 1

2π

∫ 2π

0
dθ Ek(θ)2, (29.34)

AE(k)qE ,k = 1

2π

∫ 2π

0
dθ (∂θEk(θ))2 .

Since φk and Ek depend on k(X, T ), these coefficients depend on the slow variables.
If τ−1

k Du ≤ 0 there is an Eckhaus instability corresponding to the slow variations
of the local wavenumber. If τ−1

k Ds ≤ 0, then the system is unstable to the zigzag
instability which corresponds to variations in the orientation of the lamellae. If
τk > 0 and one neglects defects,

F [k(r, t)] =
∫
dr
∫ k(r,t)2

0
dq2 G(q) (29.35)

defines a Lyapunov functional with an extremum G(k∗) = −Ds(k∗) = 0. There-
fore, the selected length scale is exactly that which is marginally stable against the
zigzag instability.

For some parameters, τk can be negative. If this occurs at a wavenumber larger
than that for which eitherDs orDu is negative, the lamellae will be unstable to both
the zigzag and Eckhaus instabilities simultaneously. In this case both τ−1

k Ds(k)

and τ−1
k Du(k) become negative at the same value of k. From Eq. (29.33) this

simultaneous instability supersedes the isolated zigzag instability if the latent heat
is sufficiently small,

� < (1 −D)
Dk∗2AE(k∗)qE ,k∗

r0Aφ(k∗)
. (29.36)

Here the wavenumber k∗ is where the zigzag instability occurs: i.e.Ds(k∗) = 0. One
cannot determine the final evolution of the unstable state from the phase diffusion
dynamics. However, the lamellae are unstable to perturbations of wavenumber k
in an entire band of wavenumbers around k = 0. This signals a new dynamic
instability in the time-dependent dynamics. If the instability arises from negative
τk , the lamellae are unstable to perturbations with an arbitrary ratio of normal and
tangential components.
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1.0

0.1

k∗

10−110−210−3
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Fig. 29.3. Graphical summary of the stability analysis for the symmetric case,
�j = 0. The homogeneous state is linearly unstable within the shaded area. The
solid line is k∗ = (r0/D)

1/4: i.e. the lowest-order result for the wavenumber near
onset (weak segregation). The dotted line is the lowest-order wavenumber far
from onset (strong segregation), k∗ = 2π(96Dσ̄/r0)−1/3. The dashed line is the
far-from-onset result including next-order corrections. The squares are the length
scales obtained from simulations of Eq. (29.2) with � = 2 andD = 0.5. Reprinted
Figure 2 with permission from Yeung and Desai (1994). Copyright 1994 by the
American Physical Society.

In general, the coefficientsAφ(k),AE (k), and qφ,k , qE ,k must be obtained numer-
ically. However, they can be obtained explicitly in the strong and weak segregation
limits. In particular, since these coefficients depend only on the static 1d solutions,
the results obtained earlier in this chapter can be used for this purpose. In the strong
segregation limit, the lamellae are unstable to the zigzag instability for λ > λ∗
where

λ∗ = 2π

k∗ =
(

96Dσ̄

r0

)1/3

+ 8χσ̄

5
+ O(λ−1). (29.37)

In the weak segregation limit this instability occurs at

k∗4 = r0

D
− 5

64
ε4 + O(ε6), (29.38)

which is in agreement with the result for the equilibrium wavelength.
Figure 29.3 summarizes the results of the stability analysis in the large � limit.

It shows the neutral stability curve |k − k0| = √
r0/D (shaded region boundary)

as well as the boundaries of the zigzag instability. The numerical results agree
quite well with the theoretical predictions: in particular, both the strong and weak
segregation regimes are observed in the numerical results of Fig. 29.3.
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Reaction dynamics and phase segregation

Throughout this book we have described the mechanisms underlying phase
segregation processes in a variety of systems, as well as the pattern formation
processes that occur in reactive systems driven far from chemical equilibrium.
There are many similarities in the morphologies of the patterns that arise in these
two contexts. But there are also important differences, many of which stem from
the fact that a description in terms of free energy functionals is not usually possible
for far-from-equilibrium conditions. In this chapter we consider some examples of
systems where both chemical reaction and phase segregation interact to change the
character of the self-organization process.

30.1 Phase segregation in reacting systems

We begin by investigating one of the simplest situations where a phase-separating
mixture undergoes chemical reaction, and examine the nature of the chemical pat-
terns seen in such systems. In particular, we consider a binary mixture of A and B
species undergoing the interconversion chemical reaction

A
kf
�
kr
B, (30.1)

where kf and kr are the forward and reverse rate coefficients. The mass action rate
law is

dnA(t)

dt
= −kf nA(t)+ krnB(t). (30.2)

Since the total number of A and B molecules is constant, nA(t)+ nB(t) = n0, we
can express this rate law in terms of the density of either species. Expressing the
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rate law in terms of φ(t) = nA(t)/n0, we find

dφ(t)

dt
= −kAB (φ(t)− φo) , (30.3)

where kAB = kf + kr and φo = kr/kAB .
We also assume that the A and B species are partially miscible, so that the

A-B binary mixture can undergo phase segregation, as discussed in Chapter 2.
Consequently, φ serves as the order parameter field, and we may combine the
model B equation of motion for a system with a conserved order parameter (see
Chapters 6 and 13) with the mass action rate law to find the kinetic equation for the
local order parameter field,

∂φ(r, t)

∂t
= ∇2 δFGLW [φ]

δφ
− kAB (φ − φo) . (30.4)

Here we have assumed that the local total density field is constant, so that nA(r, t)+
nB(r, t) = n0. The free energy functional is taken to have the Ginzburg–Landau–
Wilson form (see Eq. (3.2)),

FGLW [φ(r, t)] =
∫
ddr

[
f (φ)+ κ

2
(∇φ)2

]
. (30.5)

We can write the kinetic equation for the order parameter in a form that closely
resembles that for model B with long-range repulsive interactions (Motoyama and
Ohta, 1997). For this purpose we define the Green functionG(r − r′) that satisfies
the equation ∇2G(r − r′) = −δ(r − r′). Its Fourier transform is Ĝ(k) = 1/k2.
Thus, if we rewrite the free energy functional as

F[φ] = FGLW [φ] + FLR[φ] = FGLW [φ]
+ kAB

2

∫
ddr

∫
ddr′ (φ(r)− φo)G(r − r′)

(
φ(r′)− φo

)
(30.6)

we can rewrite Eq. (30.4) and cast it into the form of the model B order parameter
equation,

∂φ(r, t)

∂t
= ∇2 δF[φ]

δφ
. (30.7)

Written in this form, we see that the phase separation kinetics of the binary reacting
mixture shares many features in common with phase segregation in block copoly-
mer and other systems with long-range repulsive interactions and a conserved order
parameter. Linearizing the order parameter equation about the initial average value
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Fig. 30.1. Sketch of the dispersion relation for the binary mixture with no reaction
(solid line) and with reaction (dashed line). Reprinted Figure 1 with permission
from Glotzer et al. (1995). Copyright 1995 by the American Physical Society.

of the order parameter φ̄ and taking the Fourier transform yields the growth rate of
small perturbations from φ = φ̄ as (Glotzer et al., 1995)

ω(k) = κk2(k2
c − k2)− kAB , (30.8)

where kc = (f ′′(φ0)/κ)
1/2. This dispersion relation is plotted in Fig. 30.1 for the

binary mixture with no reaction (kAB = 0) and with reaction. When reaction is
present we see that the dispersion relation is modified by reaction to yield a band
of unstable wave vectors between kc2 and kc1, signaling the formation of patterns
with a characteristic wavelength that is independent of the system size.

As suggested by the linear stability analysis, one of the most interesting conse-
quences of the existence of chemical interconversion between the A and B species
is the fact that the domain-coarsening process can be arrested, leading to time-
independent patterned states with a characteristic spatial scale. This is confirmed
by simulations of the kinetic equation for φ. Taking the free energy functional to
be given by

f (φ) = φ ln φ + (1 − φ) ln(1 − φ)+ χφ(1 − φ), (30.9)

where the parameter χ characterizes the interaction energy between the A and B
species, the simulation results in Fig. 30.2 show that coarsening stops when reac-
tions between the two species take place.Alabyrinthine pattern with a characteristic
wavelength, similar to those found earlier for systems with competing interactions,
is obtained.

Competition between phase segregation and chemical reaction has been observed
experimentally in polymer blends subjected to ultraviolet light that induces poly-
merization in one component during the segregation process (Tran-Cong and
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Fig. 30.2. Concentration field φ(r, t1) for a long-time t1. (a) φ(r, t1) for the
system without reaction. The system will continue to coarsen as time evolves.
(b) φ(r , t1)when reaction is present. One sees domains with a smaller characteris-
tic wavelength. No further coarsening will take place as time increases. Reprinted
Figures 2 and 3 with permission from Glotzer et al. (1995). Copyright 1995 by the
American Physical Society.

Harada, 1996) and in surface-supported Au–Pd adlayers on Rh(110) surfaces
where spinodal decomposition and chemical reaction combine to produce lamellar
structures (Locatelli et al., 2006).

30.2 Protein-induced pattern formation in biomembranes

The above results showed how a simple chemical reaction between two species can
influence the phase segregation process in a binary system. If the reactive dynamics
is more complex and is carried out under far-from-equilibrium conditions, its cou-
pling to the phase segregation process can lead to more interesting self-organized
structures. Such effects have been considered in the context of surface catalytic reac-
tions (Hildebrand et al., 2003). Biological systems are especially good candidates
for the observations of such dynamics. Biochemical network reactions in living sys-
tems take place under far-from-equilibrium conditions and often involve positive
or negative feedback loops that lead to complex pattern-formation dynamics. In
addition, specific molecular interactions can give rise to segregation processes that
can couple to the reaction dynamics. We now examine protein-induced pattern for-
mation in biomembranes as an illustration of the self-organized structures that can
arise from the competition between these two mechanisms for pattern formation.

In the cell membrane, lipids and proteins lie in proximity and interact strongly.
As a result of these interactions, biomembranes can often segregate into different
lipid microdomains. It is believed that such domain structure is important for some
of the processes at the cellular level: for example, domains can serve as signaling
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platforms in living cells (Simons and Ikonen, 1997). It has been postulated that the
nature of the microdomains can be affected by both phase segregation and chemical
pattern formation (John and Bär, 2005a), and we outline the construction of a model
that incorporates these mechanisms for GMC proteins interacting with acidic lipids
in the membranes of eukaryotic cells.

The chemical mechanisms that underlie the GMC protein–lipid interactions are
believed to occur as follows. The cell membrane is assumed to contain acidic
and neutral lipid species as well as adsorbed proteins. The GMC proteins interact
with and bind only to the acidic lipids, and these interactions can induce phase
separation leading to microdomain formation. The protein–lipid interactions are
regulated by a protein kinase C (PKC). In quiescent cells GMC proteins are bound
to the membrane. When the membrane-bound proteins are phosphorylated by PKC,
the proteins unbind and move into the cytosol. In the cytosol dephosphorylation
can take place, and the proteins can rebind with the membrane. This mechanism,
called the myristoyl–electrostatic (ME) switch, is shown in Fig. 30.3.

With these considerations in mind, John and Bär (2005a, 2005b) formulated the
model for protein-induced phase segregation in quantitative terms. The membrane
consists of acidic and neutral lipids and the area fraction of the membrane covered
by acidic lipids is φ�, so that the area fraction of neutral lipids is (1 − φ�). The
GMC protein is assumed to exist in a membrane-bound form (M) as well as in
unphosphorylated (U) and phosphorylated (P) forms in the cytosol. The fraction
of the total membrane surface area covered by membrane-bound GMC proteins

adsorption desorption cytosolPKC

GMC neutral lipid

acidic lipidphosphorylated GMC

membrane

phosphatase

Fig. 30.3. Schematic representation of the mechanism for the ME switch, showing
reaction-induced GMC protein binding and unbinding processes with the acidic
lipids in the membrane. Reprinted from John and Bär (2005b). Copyright 2005,
with permission of the Institute of Physics.
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will be denoted by φM . The concentrations of the protein in the cytosol in the
unphosphorylated and phosphorylated forms are cU and cP , respectively.

First, consider the dynamics of the lipid and membrane-bound protein species.
The kinetic equations determining the evolutions of these species are given by

∂φ�(r, t)

∂t
= −∇ · j�(r, t), (30.10)

∂φM(r, t)

∂t
= RM(c(r, t))− ∇ · jM(r, t). (30.11)

Equation (30.10) is simply the continuity equation for the local acidic lipid area
fraction. The flux of acidic lipids, j�(r, t) is given by

j� = −D�(φ�)∇ δF
δφ�

. (30.12)

The free energy functional

F[φ�,φM ] =
∫
ddr

[
f (φ�,φM)+ κ

2
(∇φ�)2

]
, (30.13)

contains a local free energy that depends on both the acidic lipid and membrane-
bound protein area fractions and a square gradient term that accounts for the
interfaces between the lipid microdomains. The local free energy has the usual
entropic terms corresponding to the two species discussed in earlier chapters, as
well as an interaction term between the lipid and membrane-bound protein with
strength characterized by a parameter u:

f (φ�,φM) = φ� ln φ� + (1 − φ�) ln(1 − φ�) (30.14)

+φM ln φM + (1 − φM) ln(1 − φM)− uφ�φM ,

The area-fraction dependence of the diffusion coefficient of the acidic lipids is
assumed to take the form D�(φ�) = D�φ�(1 − φ�).

The kinetic equation for the membrane-bound protein in Eq. (30.11) has a similar
structure. However, in addition to the flux term,

jM = −DM(φM)∇ δF
δφM

, (30.15)

where DM(φM)=DMφM(1 −φM), the chemical reactions that the proteins
undergo are accounted for by the reaction rate RM . The proteins can adsorb at
sites of the membrane which are free of protein with a rate constant kad . In order
to desorb from the membrane, the proteins must overcome an activation barrier



296 Reaction dynamics and phase segregation

determined by the interaction energy Nuφ� (in units of kBT ) of the proteins with
the acidic lipids. HereN measures the size ratio between lipids and proteins. Thus,
the desorption rate coefficient is given by kdee−Nuφ� . Once membrane-bound pro-
teins are activated by PKC, they are phosphorylated through reactions that follow
Michaelis–Menten kinetics. The PKC activation, characterized by the rate coeffi-
cient kPKC , requires lipid proteins as effector molecules, and the rate coefficient is
given explicitly by k∗

PKC = kPKC(1−φM)cnP /(Kn
P + cnP ), where n is a parameter.

Taking these considerations into account, the reaction rate RM is given by

RM = kad(1 − φM)cU − kdeφMe
NχcP − k∗

PKC

φM

KM + φM
, (30.16)

where the first two terms account for the adsorption and desorption processes and
the last term accounts for the PKC activation and phosphorylation kinetics governed
by Michaelis–Menten kinetics.

The evolution of the concentrations of the unphosphorylated and phosphorylated
GMC protein species in the cytosol is given by reaction–diffusion kinetics. The
reaction–diffusion equations are

∂cU (r, t)

∂t
= RU(c(r, t))+Dc∇2cU (r, t)

∂cP (r, t)

∂t
= RP (c(r, t))+Dc∇2cP (r, t), (30.17)

whereDc is the diffusion coefficient of the protein, assumed to be the same for either
form in the cytosol. The reaction rates follow from considerations similar to those
described above. The concentration of the unphosphorylated form can change by
adsorption and desorption on the membrane. Also, in the cytosol, phosphorylated
proteins are dephosphorylated by a phosphatase with rate constant kPh. Thus,

RU = −kad(1 − φM)cU + kdeφMe
−NucP + kPhcP . (30.18)

The rate for the phosphorylated form must account for the production due to PKC
activation processes as well as depletion due to dephosphorylation processes,

RP = k∗
PKC

φM

KM + φM
− kPhcP . (30.19)

Using physiologically reasonable values for the parameters entering this descrip-
tion, the model yields a variety of interesting structures. These are summarized in
the phase diagram in Fig. 30.4 obtained from a study of the linear stability of the uni-
form steady state of the model. Depending on the system parameters, the uniform
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Fig. 30.4. Phase diagram showing regions in parameter space where stationary and
oscillating domains can exist. Reprinted from John and Bär (2005b). Copyright
2005, with permission of the Institute of Physics.

Fig. 30.5. (a) Evolution from the unstable homogeneous steady state for param-
eters lying in the stationary domain region. One observes domain formation and
coarsening. (b) Evolution from the unstable homogeneous steady state for param-
eters in the oscillating domain region, showing the formation of traveling domains.
In both (a) and (b) time increases from left to right. Reprinted from John and Bär
(2005b). Copyright 2005. Copyright 2005, with permission of the Institute of
Physics.

steady state can lose its stability and form stationary domains or even oscillating
domains. Figure 30.5 shows the results of simulations starting from small pertur-
bations about the uniform steady state for parameters corresponding to stationary
domains. The unstable uniform steady state evolves into stationary domains of high
acidic lipid and protein concentrations that coarsen as time increases.
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In contrast, if parameters are chosen to lie in the oscillating domain region,
different dynamical behavior is observed. The unstable uniform state initially
evolves into a standing wave with growing amplitude (not shown in the figure)
until a traveling wave whose wavelength is comparable to that of the cell size
develops. Such dynamical structures arise from interactions between the nonlin-
ear far-from-equilibrium biochemical reaction kinetics and the phase segregation
process, and are outside the scope of descriptions based solely on free energy func-
tionals. Consequently, in far-from-equilibrium systems we expect a rich variety of
spatiotemporal self-organized structures that can be analyzed using the techniques
discussed in this book.
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Active materials

Self-organization and self-assembly take different forms, and their description
involves the consideration of different principles when the elements comprising
the system undergo active motion. The active motion may arise either because
the elements are self-propelled or because external forces or fluxes are applied
to the system to induce motion. Biology provides many examples of such active
media. Microorganisms such as Escherichia coli move by using molecular motors
to drive flagella that propel the organism. The amoeba Dictyostelium discoideum
moves by using pseudopods that change shape through actin polymerization and
depolymerization processes. Large numbers of such active agents often display
collective behavior: for example, Dictyostelium discoideum colonies form stream-
ing patterns, and rippling patterns are seen in myxobacteria such as Myxococcus
xanthus. Myxobacteria patterns have been modeled using reaction–diffusion-like
descriptions (Börner et al., 2002; Igoshin and Oster, 2004). Flocking behavior is
also exhibited by birds, fish, mammals, and a variety of microorganisms (Reynolds,
1987). The spatial patterns seen in these systems span a large range of length scales,
from kilometers for herds of wildebeest to micrometers for colonies of the amoeba
Dictyostelium discoideum.

Often particle-based models are employed to describe the nonequilibrium
dynamics of active media. Studies based on such models show that collec-
tive motion arises as a result of the emergence of orientational long-range
order in a system with many degrees of freedom. Simple discrete models
are able to capture many of the essential features of the collective behavior
(Vicsek et al., 1995; Grégoire et al., 2003). Figure 31.1 shows configura-
tions depicting cohesive flocks obtained from simulations of a discrete model.
The model depends on two parameters: α measures the force tending to
align the particle velocities, while β measures the cohesive forces between
the particles. As β increases, the system evolves from gas to liquid to solid
phases.
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Fig. 31.1. Configurations depicting four phases of systems containing active par-
ticles observed in simulations of the modified Vicsek model: (a) solid, α = 1,
β = 100; (b) moving solid, α = 3, β = 100; (c) liquid, α = 1, β = 2; and (d)
moving liquid, α = 3, β = 3. In (a), (c), and (d) 20 consecutive time intervals are
superimposed. In (b) three configurations separated by time intervals of 120 are
shown. In (b) and (d) the arrows indicate the direction of motion. Reprinted from
Grégoire et al. (2003). Copyright 2003, with permission from Elsevier.

Flocking is not restricted to living organisms; it is also seen in physical systems
such as agitated granular-rod monolayers (Mishra and Ramaswamy, 2006). While
particle-based schemes are often used to describe the dynamics and collective
behavior of such systems, the pattern-formation processes that occur on mesoscopic
scales may be modeled by free energy functional approaches and their extensions
that account for nonequilibrium effects. Below we consider several examples that
illustrate how the dynamics of active materials can be modeled using the concepts
developed in this book.

31.1 Active nematics

The orientation of anisotropic particles determines the direction of their motion.
The simulation results shown in Fig. 31.1 were obtained for polar self-propelled
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particles with a vector order parameter where there is a nonzero average velocity
in ordered moving phases. Continuum hydrodynamic models of vector order para-
meter systems have been constructed (Toner and Tu, 1998). In such models number
conservation is assumed, which leads to the coupling between the local density and
the local velocity through the nonlinear continuity equation. The model predicts
the existence of an ordered phase in which all members of the flock move together
with the same mean nonzero velocity. The Goldstone modes associated with the
spontaneously broken rotational symmetry are fluctuations in the velocity direc-
tion. These Goldstone modes couple with the modes associated with the number
conservation law to produce propagating sound modes. The special character of
these sound modes leads to anomalously large fluctuations of the flock’s number
density at long wavelengths.

Here we consider the apolar case where there is no preferred orientation of the
rod-like particles, and the system behaves like an active nematic liquid crystal.
An active nematic is a collection of active particles with inversion (head–tail)
symmetry whose axes are aligned, on average, in a direction n̂. We shall show
that active nematics behave in a manner that is qualitatively different from their
equilibrium counterparts.

The appropriate order parameters for a system of active nematic particles are
the tensor nematic order parameter Q(r) defined in Eq. (11.2) and the local con-
centration of active particles c(r). A continuum hydrodynamic model for active
nematics on a substrate that provides dissipation was constructed by Ramaswamy
et al. (2003). The concentration field satisfies a continuity equation,

∂c(r, t)

∂t
= −∇ · j(r, t) = −∇ · (c(r, t)v(r, t)), (31.1)

where v is the local velocity field. The local momentum density g = mcv, where
m is the mass of a particle, obeys the dissipative equation of motion,

∂g(r, t)

∂t
= −ζv − ∇ · σ + fR, (31.2)

where ζ is a friction constant, fR is a Gaussian white-noise random force, and the
stress tensor is given by σ = w0cI + w1Qc, where w0 and w1 are constants. The
important part of the expression for the stress tensor is the term proportional to
Qc. It cannot be derived from a free energy, and is a reflection that nonequilibrium
active nematics are being considered. We shall be interested in situations where
the inertial term in Eq. (31.2) can be neglected. In this case we can solve for the
velocity field in terms of the order parameters:

v = −1

ζ
(w0∇c + w1∇ · (Qc)− fR) . (31.3)
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The equation of motion for the director field follows from the Frank free energy
functional in Eq. (11.6) with an additional term that accounts for the velocity field:

∂n̂
∂t

= λA · n̂ + ω × n̂ − δFn[n̂(r)]
δn̂(r)

+ fn, (31.4)

with

− δFn[n̂(r)]
δn̂(r)

= K1∇(∇ · n̂)−K2[(n̂ · (∇ × n̂))(∇ × n̂)+ ∇ × (n̂(n̂ · (∇ × n̂)))]
+K3[(n̂ × (∇ × n̂))× (∇ × n̂)+ ∇ × (n̂ × (n̂ × (∇ × n̂)))].

In these equations λ is the flow alignment parameter, Aij = (∇ivj + ∇j vi)/2,
ω = (∇ × v)/2, and fn is the random force. We are interested in small deviations
of both the director and the concentration fields from their equilibrium values,
δn̂⊥ = n̂− ẑ and δc = c−c0, respectively. We have selected the equilibrium value
of the director to lie along the z axis and used the fact that δn̂ is perpendicular to ẑ
to linear order. The linearized form of Eq. (31.4) is

∂δn̂⊥
∂t

= 1

2
(λ− 1)∇⊥vz + 1

2
(λ+ 1)∇zv⊥ +K ′

1∇⊥(∇⊥ · δn̂⊥)

+K2∇2⊥ · δn̂⊥ +K3∇2
z · δn̂⊥ + fn⊥, (31.5)

where K ′
1 = K1 − K2, and fn⊥ is the part of the Gaussian random force that is

perpendicular to ẑ. It has correlations given by

〈fn⊥i (r, t)fn⊥j (r′, t ′)〉 = δij�nδ(r − r′)δ(t − t ′). (31.6)

To obtain a closed set of equations for δn̂⊥ and δc, we can linearize Eq. (31.3)
and use the result to eliminate the velocity in Eqs. (31.1) and (31.5). The linearized
form of Eq. (31.3) is

vz = −a0∇⊥ · δn̂⊥ − (a1 + a2)∇zδc + 1

ζ
fRz,

v⊥ = −a0∇zδn̂⊥ − a1∇⊥δc + 1

ζ
fR⊥, (31.7)

where a0 = w1Sc0/ζ , a1 = (w0 − w1S/3)/ζ , a2 = w1S/ζ , and S is the scalar
order parameter defined in Eq. (11.2). This result may be substituted into Eqs. (31.1)
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and (31.5) to obtain the linearized equations of motion for the order parameters.
The equation of motion for the concentration field is

∂δc

∂t
= D⊥∇2⊥δc +Dz∇2

z δc

+ 2c0a0∇z(∇⊥ · δn̂⊥)− c0

ζ
∇ · fR , (31.8)

whereD⊥ = c0a1 andDz = c0(a1 +a2). The linearized equation for the deviation
of the director field from its equilibrium value is

∂δn̂⊥
∂t

=
(
Kz∇2

z +K⊥∇2⊥ +KL∇⊥∇⊥
)

· δn̂⊥
+Dcn∇z∇⊥δc + f⊥, (31.9)

where we have definedKz = K3−(λ+1)a0/2,K⊥ = K2,KL = K ′
1−(λ−1)a0/2,

and Dcn = −(λ − 1)(a1 + a2)/2 − (λ + 1)a1/2. The random force is given by
f⊥ = fn⊥ + 1

2 (λ − 1)∇⊥ fRz/ζ + 1
2 (λ + 1)∇zfR⊥/ζ . These linear equations can

be solved by Fourier transformation, and the correlation functions of the order
parameters can be computed. Using these solutions, the Fourier transform of the
concentration autocorrelation function can be shown to vary as

〈δc(k, t)δc(−k, t)〉 ∝ 1

k2 . (31.10)

Thus, we see that there are large fluctuations that diverge as k−2 as k → 0. This
result implies that an active nematic system containing on average N particles
should show large number fluctuations with a standard deviation proportional to
N in 2d systems. This result should be compared to that for systems in thermal
equilibrium away from a critical point where number fluctuations are proportional to√
N . One may also show that the velocity autocorrelation of a tagged particle should

decay slowly with time as t−1 in 2d systems. Active nematics behave qualitatively
differently from their equilibrium counterparts. The behavior of the anomalous
density fluctuations that appear to characterize flocking phenomena is also captured
by phase ordering in a model of hard-core particles sliding downwards under a
gravitational field on a one-dimensional fluctuating surface (Das and Barma, 2000;
Chatterjee and Barma, 2006).

31.2 Active Langmuir monolayers

As a second example, we consider the dynamics of Langmuir monolayers composed
of rod-like liquid crystal molecules containing chiral propellers. The presence of
chiral molecules in the monolayer, in combination with nonequilibrium fluxes of
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material through the layer, leads to cooperative motion and self-organization. Tabe
and Yokoyama (2003) carried out experiments on systems of this type where chi-
ral R-(OPOB) molecules were spread on a glycerol surface to form a monolayer
membrane (Fig. 31.2). Under appropriate coverage conditions the liquid crystal
molecules are tilted relative to the surface, as shown in the figure. Since the glyc-
erol contains water, and the water vapor pressure above the monolayer can be
controlled, there is in general a flux of water molecules across the membrane. The
transfer of water across the membrane causes the chiral propeller molecules to
undergo rotational motion. The molecular motion results in the synchronized col-
lective orientational precession of groups of molecules giving rise to self-organized
patterns that could be observed with a reflection-type polarizing microscope. An
example of the patterns seen in such experiments is given in Fig. 31.3, which shows
oscillating concentric rings of synchronized orientational order in the liquid crystal
monolayer. The resulting patterns are very similar to the target patterns observed
in excitable media, as discussed in Chapter 24.

The dynamics of such systems can be modeled by choosing a suitable set of
order parameters and extending the equations of motion for liquid crystal systems
to account for the presence of chiral molecules (Shibata and Mikhailov, 2006). As

Fig. 31.2. Schematic representation of oriented chiral R-(OPOB) molecules
spread on a glycerol surface. The chiral propellers are represented by small hori-
zontal wings. The chemical structure of the R-(OPOB) molecules is also shown in
the figure. Reprinted by permission from Tabe and Yokoyama (2003). Copyright
2003 Macmillan Publishers Ltd.
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Fig. 31.3. Series of frames at four different times, increasing from top to bottom
and left to right, showing the reflectivity of the monolayer. Reprinted by permission
from Tabe and Yokoyama (2003). Copyright 2003 Macmillan Publishers Ltd.

in Chapter 11, we let n̂(r) be the local director field for the liquid crystal. Also,
we let c(r) be the local concentration of chiral molecules. Then, the evolution
equation for the fraction of chiral molecules satisfies a diffusion equation with a
concentration-dependent diffusion coefficient. It can be written in the form

∂

∂t
c(r, t) = D

kBT
∇[c(r, t)(1 − c(r, t))∇μ(r, t)]. (31.11)

The chemical potential is given by the functional derivative of the free energy,
μ(r, t) = δF [c(r, t), n̂(r, t)]/δc(r, t), where the free energy functional is

F[c, n̂] =
∫
d2r

[1

2
K1(∇ · n̂)2 + kBT c ln c + kBT (1 − c) ln(1 − c)

+ 1

2
G|∇c|2 +�c∇ · n̂

]
. (31.12)

This free energy functional contains contributions that arise from the liquid crystal
director field and Ginzburg–Landau-like terms from the chiral molecule concen-
tration field. The liquid crystal contribution is just the splay contribution to the
Frank free energy density given in Eq. (11.6). The chiral molecule contribution is
analogous to that for a binary mixture discussed in Chapter 2. Finally, it is assumed
that the splay field couples to the concentration field, and this coupling is given by
the term �c∇ · n̂ in Eq. (31.12).
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The evolution equations for the components of the orientation field can also be
derived from the free energy functional, and are

∂

∂t
n̂x(r, t) = −�δF[c(r, t), n̂(r, t)]

δn̂x(r, t)
+�n̂y(r, t)

∂

∂t
n̂y(r, t) = −�δF[c(r, t), n̂(r, t)]

δn̂y(r, t)
−�n̂x(r, t). (31.13)

The new feature is the appearance of the added terms involving the frequency �.
These terms account for the assumption that the nonequilibrium water flux across
the membrane induces rotational motion of the director field. This flux prevents the
system from relaxing to equilibrium and, thus, more complex oscillatory states may
arise in this system. The precession depends on the presence of chiral molecules
in local spatial regions, and the precession frequency could also vary with spatial
position in the monolayer. To model this effect the precession frequency is assumed
to vary linearly with the local chiral molecule concentration, � ∼ c. Numerical
solutions of this model yield a variety of different spatiotemporal states, many of
which are similar to those observed in the experiments on this system (Shibata and
Mikhailov, 2006).

The examples chosen for illustration in the last several chapters have served
to show how elements that enter in the description of pattern formation and self-
assembly processes in equilibrium and far-from-equilibrium systems, which were
discussed in detail in the book, can be combined. The focus of much current research
is on the behavior of systems in the nonequilibrium domain. In biological systems
self-assembly and self-organization almost always occur under such conditions.
Physical systems are often studied under conditions that force them out of equilib-
rium, giving rise to a variety of pattern formation processes not seen in equilibrium
systems. The techniques described in this book should provide the background
needed to investigate the development of order in such systems.
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